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Frictional mechanics of wet granular material
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The mechanical response of a wet granular layer to imposed shear is studied experimentally at low applied
normal stress. The granular material is immersed in water and the shear is applied by sliding a plate resting on
the upper surface of the layer. We monitor simultaneously the horizontal and the vertical displacements of the
plate to submicron accuracy with millisecond time resolution. The relations between the plate displacement,
the dilation of the layer and the measured frictional force are analyzed in detail. When slip begins, the dilation
increases exponentially over a slip distance comparable to the particle radius. We find that the total dilation and
the steady state frictional force do not depend on the driving velocity, but do depend linearly on the applied
normal stress. The frictional force also depends linearly on the dilation rate~rather than the dilation itself!, and
reaches a maximum value during the transient acceleration. We find that the layer can temporarily sustain a
shear stress that is in excess of the critical value that will eventually lead to slip. We describe an empirical
model that describes much of what we observe. This model differs in some respects from those used previously
at stresses 106 times larger.@S1063-651X~99!13605-5#

PACS number~s!: 83.70.Fn, 47.55.Kf, 62.40.1i, 81.40.Pq
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I. INTRODUCTION

The response of any material to an applied shear stre
an important mechanical property. We are concerned h
with granular materials, for which the response to sh
stress amounts to friction. We have previously reported
extensive study of dry granular friction under low appli
normal stress@1,2#, and here we extend that work to the ca
of wet materials. Although our motivation is primarily fun
damental, it should be recognized that a study of gran
friction, including the wet case, is of potential interest
connection with applications such as the processing of p
ders. It may also be of conceptual or heuristic interest
connection with seismic phenomena, though the app
stresses in our work are lower by a factor of 106. Do the
friction laws obtained at pressures of 100 MPa extrapolat
such low stresses, or do completely new effects occur?
excellent review of geophysically inspired experiments c
ducted at high pressures has been given by Marone@3#.
Much of the work described in that review was concern
with the determination of friction laws that incorpora
memory effects. These state variable friction laws are a
reviewed in the book by Scholz@4#, and a recent review o
friction that includes consideration of microscopic phys
has been given by Persson@5#.

We have several different motivations in considering
case of a granular medium that is immersed in a fluid. I
well known that even slight amounts of water adsorbed o
granular medium~or a rough surface! can affect friction. In
one recent paper, the condensation of small amounts of w
near points of contact was shown to produce substan
strengthening of a granular material@6#. To eliminate this
effect, one can fill the pore spaces entirely with a fluid, i.
submerge the material. Once we undertook such an exp
ment, we found that immersion has additional merits: Lub
cation reduces the friction so that the transition from sti
PRE 591063-651X/99/59~5!/5881~10!/$15.00
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slip dynamics to continuous sliding occurs at very lo
velocity. Thus, one can study the dynamics of the transit
from rest to steady sliding over a wide range of velocitie
which turns out to allow delicate tests of friction laws.

Broad references to the literature on granular friction w
given in the introduction to our previous paper@1#, and we
do not repeat that material here. Works specifically co
cerned with friction in wet granular materials appear to
rather limited. However, it is important to mention the e
perimental work of Maroneet al. on the frictional behavior
of simulated fault gouge@7#. They studied the response o
immersed granular material subjected to shear deforma
and observed both a noticeable dilation of the material an
consequent velocity strengthening. These results were
tained at large normal stress~50–190 MPa! in sand. The
work presented here differs from their work in two essen
respects: First, the normal stress applied to the layer i
least six orders of magnitude smaller in our work~typically
20 Pa!. Second, the granular material considered here c
sists of spherical glass beads with a narrow size distribut
We point out in a later section the similiarities and diffe
ences in the resulting frictional dynamics. A thorough co
trolled study of the frictional behavior of an immersed gran
lar material under low stress, comparable to what we h
presented previously for dry materials, has not appeared
viously to our knowledge.

The experimental setup is similar to that described
Refs.@1,2,8,9#. The sensitivity achieved in the present pap
is an advance over previous work. We are able to meas
both vertical and horizontal displacements to a precision
about 0.1 mm, and are able to do so with excellent tim
resolution of less than 1 ms. It is true, but surprising, th
precision for displacement measurements much better
the particle size is necessary in order to explore the dynam
fully. We focus attention here particularly on the vertic
dilation that accompanies slip, since it is clear that dilation
5881 ©1999 The American Physical Society
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5882 PRE 59GÉMINARD, LOSERT, AND GOLLUB
a necessary dynamical variable in any granular friction la
The present article is organized as follows. Our expe

mental methods are described in Sec. II and the observa
are presented in detail in Sec. III. In Sec. IV we compare
results to an empirical model and previous work, and th
we conclude.

II. EXPERIMENTAL METHODS

A. Introduction

A schematic diagram of the experimental setup is sho
in Fig. 1. The granular material resides in a rectangular t
whose lower surface has been coated permanently wi
layer of particles to ensure that no sliding occurs at this
terface when the layer is sheared. A given amount of gra
lar material is then spread out on the tray and it is filled w
distilled water. A homogeneous layer of material 3-mm de
is obtained by sliding a straight rod along the side edge
the tray. The sliding plate is gently placed on top of t
granular layer, additional water is added to ensure that
submerged and covered by about 1 mm of water, an
visual check is made to ensure that no air bubble has b
trapped underneath the plate.

Shear stress is imposed on the granular layer by tran
ing the plate over its upper surface. In order to transmit
shear stress, the bottom surface of the sliding plate is rou
ened in one of two ways:~a! If visualization is not required,
a glass plate is used with a monolayer of granular mate
glued to its lower surface.~b! When visualization is desired
a transparent acrylic plate is used; its lower surface is ru
with parallel grooves 2 mm apart and about 0.1 mm dee
pin the material. Most of the experiments reported here h
been done using~b!, but we have checked that~a! gives
essentially the same results.

The dimensions of the sliding plate are lengthL
58.15 cm, widthW55.28 cm, and thicknessT50.88 cm;
the direction of travel is along the length. The in-plane
mensions of the tray~i.e., 11318.5 cm2) are much larger
than those of the sliding plate; no boundary effect has b
observed.

The granular material used in most of the experime
reported here consists of spherical glass beads with a m
diameter of 103mm and a standard deviation that is 14mm
from Jaygo, Inc. We have checked that our conclusions
main valid for other samples with mean diameters of ab
200 and 500mm.

Whether or not a layer of beads was glued to the bott
of the container did not affect the experimental results
scribed in this paper. We conclude that the shear zon
smaller than the layer height in all cases considered.

FIG. 1. Schematic diagram of the experimental setup for stu
ing a fluid-saturated granular layer with sensitive measuremen
horizontal and vertical positions.
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small total vertical dilation of the granular layer durin
shear, described in Sec. III, indicates that the shear z
height is, at most, a few beads. The size of the shear zone
become comparable to the height of the granular layer for
largest beads~for which the layer height is approximately si
bead diameters! at low pulling velocities. However, such
case is not included in the experimental results.

Visual inspection of the top layer of beads underneath
transparent acrylic plate shows that the beads are arra
randomly. The arrangement remains random after repe
sliding of the plate. The organization of beads in deeper l
ers cannot be determined visually.

The volume fraction of glass beads is 0.6360.02 for both
wet and dry cases. We find that shaking and pressing of
material does not increase the volume fraction measura
The measured value is close to the numerically obained
timate of 0.63 for random close packing of uniform sphe
@10#; a slightly larger value would be expected for rando
close packing if there is some variation in bead size.

B. Driving system and frictional force measurement

In order to control the stiffness of the driving system, t
plate is pushed with a blue tempered steel leaf spring~con-
stantk5189.5 N/m) connected to a translation stage. T
stage is driven at constant velocityV ~between 0.1mm/s and
1 mm/s) by a computer-controlled stepping motor, whi
turns a precision micrometer. The coupling between
spring and the plate is accomplished through a rounded
that is glued to one end of the plate. This makes it poss
for the plate to move both horizontally and vertically as t
thickness of the granular layer varies during the motion.

The elastic coupling through the spring allows relati
motion of the plate with respect to the translator. The ho
zontal relative motion is monitored by measuring the d
placementd(t) of the spring from its rest position at th
coupling point with an inductive sensor, model EMD105
from Electro Corporation, as in Refs.@1,8#. A typical trace of
d as a function of time is shown in Fig. 2~a!.

The differential equation governing the positionx(t) of
the sliding plate in the laboratory frame reads

M
d2x

dt2
5k~Vt2x!2F5kd2F, ~1!

where M is the mass of the sliding plate,k is the spring
constant, andV is the pulling velocity. HereF denotes the
frictional force, which depends on time. For the parame
range used in the experiment, the inertia of the sliding pl
can be neglected and the frictional force is thenF5kd. We
estimate that the displacementd(t) is known within 0.1mm
so that the frictional forceF is measured within 2
31025 N. This is typically about 0.01% of the norma
stress.

C. Vertical displacement measurement

The vertical displacementh(t) of the plate is monitored
with a second inductive sensor as shown in Fig. 2~b!. The
target of the sensor is a blue tempered steel plate conne
to the sliding plate with the help of five pillars~diameter
53.4 mm). The target is not perfectly flat and parallel to t
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PRE 59 5883FRICTIONAL MECHANICS OF WET GRANULAR MATERIAL
sliding plate; the measurements must be corrected to exc
this source of error at the micron level of sensitivity. On
this is done, we estimate that the vertical position of the p
is known within about 0.2mm. We also point out thath(t)
is determined only to within an additive constant; we choo
the constant so thath(t→`)50 in the steady-state regim
@e.g., the right hand side of Fig. 2~b!#.

D. Applied normal stress: Effect of immersion

The plate is immersed in water, so it experiences a bu
ant force. The massm of the displaced volume of wate
~volume of the plate1 volume of 1 mm length of the pil-
lars! is m5(12.560.5) g. In the following, we define the
mass of the sliding plateM to be its real mass reduced bym.
For instance, most of the results given below are obtai
with a sliding plate whose actual mass is 27 g, so thatM
5(14.560.5) g. The mass of the plate must be sm
enough that the plate does not sink significantly into
granular layer. We estimate the density of the water-gl
beads mixture to be about 2 g/cm3. Then, assuming that th
granular layer behaves like a dense fluid, estimating the e
librium depth of the bottom surface of the plate, and assu
ing that the plate sinks~during translation! when this depth
equals the plate thickness, we determine that the plate sh
be expected to sink into the granular bed for masses la
than 40 g. Experimentally, we find that the granular lay
can sustain somewhat larger loads but we limited our st
to M,40 g.

III. EXPERIMENTAL RESULTS

A. Basic observations

We always prepare the system for measurements in
same way to assure reproducible experimental conditio
The granular layer is first installed as previously describ

FIG. 2. Typical behavior~a! of the spring displacementd(t) and
~b! of the vertical positionh(t) as a function of timet (k
5189.5 N/m, M514.5 g, V528.17 mm/s). The different
stages of the plate motion, labeledA–E, are discussed in Sec
III C 1.
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and the plate is then pushed at constant velocity (20mm/s)
until a steady-state regime is reached. During this ini
‘‘break-in’’ phase, the plate slightly sinks in the granul
layer and a small heap forms at the leading edge. This h
has been proven to have a negligible effect on the frictio
force by turning the plate through 90°. The results obtain
by pushing the plate either along its length or along its wid
differ only slightly, despite the factor of 1.5 difference
dimensions. The spring is then pulled back until it loses c
tact with the rounded tip so that no stress is initially appli
for the measurements of interest.

Once the sample has been prepared as just described
spring is pushed at constant velocity, and both the spr
horizontal displacementd(t), and the vertical position of the
plateh(t) are monitored during the motion as shown in F
2. The horizontal positionx(t) of the plate in the laboratory
frame is deduced fromd(t) through the relationx(t)5Vt
2d(t) ~Fig. 3!. After a transient regime~which is discussed
in Sec. III C!, both the frictional force and the vertical pos
tion of the plate are found to reach steady asymptotic valu
provided that the spring is pushed at a velocity larger th
about 1 mm/s. We focus next on the behavior in this stead
state regime.

B. Steady-state regime

The frictional forceFd in the steady-state dynamical re
gime is proportional to the massM of the sliding plate as
shown in Fig. 4. The frictional force is then written:

Fd5mdMg, ~2!

wheremd is the frictional coefficient in the steady-state r
gime, which might depend on the plate velocity. There is
evidence of an additional viscous contribution to the fr
tional force, which could arise due to the surrounding wa
Indeed, the linear interpolation leads toFd.0 for M50.

FIG. 3. Position of the platex as a function of timet (k
5189.5 N/m, M514.5 g, V528.17 mm/s). The dashed line in-
dicates the asymptotic regime.
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5884 PRE 59GÉMINARD, LOSERT, AND GOLLUB
@We findFd50.0002 N forM50, a value that is consisten
with zero, given the uncertainty inM.# It is important to
know that such a contribution is insignificant, since it wou
be independent of the normal applied stress. The experim
tal slope in Fig. 4 leads to a friction coefficientmd50.236
60.004 for the 103-mm-diameter beads. This value is si
nificantly smaller than that measured for the same mate
when dry. In that case, we observe stick-slip motion
which md is found to vary between about 0.4 and 0.6@1#.

We also analyzed the dependence of the frictional fo
on the velocity in the steady-state regime that arises after
initial transient. Within the experimental resolution, we fin
that the frictional force does not depend on the pulling
locity V over four orders of magnitude, as shown in Fig.

However, when the velocity is very small~less than abou
0.1 mm/s), we findstick-slip motion @11# ~Fig. 6!. In this
case, which corresponds to the leftmost point in Fig. 5,
have used the time average frictional force as an estim
The steady state, which could presumably be reached
such small velocities by increasing the spring consta
would probably have a somewhat higher friction coefficie
since velocity weakening is a requirement for the stick-s
instability. Except for such very low velocities~typically V
,0.1 mm/s), it is safe to conclude that the friction coef
cient is independent of velocity.

C. Transient regime

1. Description

The sequence of events in the transient regime is as
lows. When the spring first comes into contact with t
rounded tip atA in Fig. 2~a!, the applied stress increase
linearly with time, and the plate remains at rest~Fig. 3! until
a minimum horizontal applied stress is reached atB. During
this initial stress loading over the intervalAB, no significant

FIG. 4. Frictional forceF in the steady-state dynamical regim
as a function of the massM; the slope givesmd50.236
60.004 (k5189.5 N/m, V528.17 mm/s). The circle denotes
the plate used in most of the experiments.
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change in the vertical position of the plate is observed@Fig.
2~b!#. When the applied stress is large enough, the plate
gins to slide significantly. The layer begins to dilate wh
the applied stress continues to increase alongBC, reaches a
maximum at C, and then decreases alongCD to its
asymptotic value atE. The total variation of the vertical po
sition of the plate is only a few micrometers~typically
5 mm).

FIG. 5. Frictional forceF in the steady-state regime as a fun
tion of the pulling velocityV. There is no evidence of a dependen
of the frictional coefficient md on V (k5189.5 N/m, M
514.5 g).

FIG. 6. Typicalstick-slipmotion observed for very small veloci
ties. The rising parts ofd(t) correspond todx/dt50; the plate is at
rest and the applied stress increases linearly with time. The sud
decreases ofd correspond to the slip events; the maximal velocity
then about 2mm/s. The amplitude of oscillation is about 10mm
around the mean value^d&5192 mm (k5189.5 N/m, M
514.5 g, V50.11 mm/s).
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PRE 59 5885FRICTIONAL MECHANICS OF WET GRANULAR MATERIAL
2. Layer dilation

We find that the vertical position of the plate tends to
asymptotic value roughly exponentially with the sliding d
tance as shown in Fig. 7, and that the dilationh(x) is roughly
independent of the driving velocityV ~Fig. 8!. This result
suggests that the dilation ratedh/dt may be expressed as
function of the dilationh and of the plate velocitydx/dt as
follows:

dh

dt
52

h

R

dx

dt
, ~3!

FIG. 7. Vertical displacementh as a function of the horizonta
displacement x of the plate (k5189.5 N/m, M514.5 g, V
528.17 mm/s). Dots, experimental points; line, exponential inte
polation withR559 mm in Eq. ~3!. The slope is finite atx50.

FIG. 8. Vertical positionh(x) as a function of the horizonta
position x of the plate for different velocities. The granular lay
dilates over a distance comparable to the bead radiusk
5189.5 N/m, M514.5 g).
whereR is the characteristic distance over which the lay
dilates. The experimental behavior ofdh/dt as a function of
h and dx/dt is shown in Fig. 9. Although the law given in
Eq. ~3! is only roughly satisfied, the mean slope of the cur
leads toR.59 mm, which is approximately the mean radiu
of the glass beads. The corresponding exponential varia
of h(x) shown in Fig. 7 demonstrates good agreement
tween Eq.~3! and the experimental data.

We measure no systematic dependence of the total d
tion Dh5h(`)2h(0) on the driving velocityV for layers
prepared in the same way. Any variation is, at most, 1mm
over the full velocity range accessible to the experimen
setup. Since we expect the initial compaction of the laye
be the reproducible~given identical preparation!, we con-
clude that the mean density of the sheared granular la
does not depend on the shear rate within the experime
resolution. In contrast, the total dilationDh decreases when
the normal applied stress is increased;Dh typically decreases
by 0.3mm when the massM of the plate is increased by 1 g

The total dilationDh depends strongly on the initial con
ditions. For instance, we show in Fig. 10 the different beh
iors of h and d as functions of time in two cases:~1! The
horizontal stress is released prior to the experiment.@The
layer is prepared as described in Sec. III A with resu
shown in Fig. 2.# In this case we findDh.5 mm. ~2! The
horizontal stress is not released between runs.@The plate is
initially pushed at constant velocity (20mm/s) until the
steady-state regime is reached. The motion of the transl
is suddenly stopped and the plate stops at a well-defi
horizontal applied stress (F53.231022 N.Fd). The trans-
lator motion is then started again.# In this second case we
find that the total dilation of the layer during the motion
only Dh.1 mm. The smaller dilation observed in case~2!
suggests that the continuously applied horizontal stress
vents the layer from compacting freely between runs.

The small magnitude of the total dilation, roughly 10%
(

FIG. 9. Dilation ratedh/dt as a function ofh(dx/dt). The lin-
ear interpolation of Eq.~3! leads toR.59 mm, which is compa-
rable to the bead radius (k5189.5 N/m, M514.5 g, V
528.17 mm/s). The arrows indicate increasing time.
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5886 PRE 59GÉMINARD, LOSERT, AND GOLLUB
the bead radius, implies that the shear zone is localized t
most, a few layers of beads. The near constancy of the
tical displacement during sliding suggests that shear may
ganize the beads into horizontal layers.

In summary, a significant dilation of the granular lay
accompanies the horizontal motion of the plate. During
transient regime, the layer dilates from its initial compacti
to allow the horizontal motion of the plate. This slight e
pansion of less than one tenth of the bead diameter oc
over a characteristic horizontal displacement comparabl
the bead radius. The total dynamical dilation decreases w
the normal stress is increased and does not depend on
driving velocity. Experiments performed with 200- an
500-mm-diameter beads show that the total dilation sca
with the bead size.

3. Frictional force

The frictional forceF reaches a maximumFmax during
the initial transient, while the layer dilates~labelC in Fig. 2!.
For a given layer under the same experimental conditio
the measured value ofFmax is reproducible to within 10%.
As explained in the following, this experimental scatt
originates essentially in fluctuations of the initial compa
tion. This scatter is small enough not to interfere with
measurement of the maximum frictional force as a funct
of V andDh.

In contrast to the behavior of the steady-state frictio
force Fd , the maximum frictional forceFmax increases with
V over the whole range of accessible driving velocities. N
ertheless, we find thatFmax increases only slowly forV
,100 mm/s as shown in Fig. 11.

When layers of new material are prepared, the initial co
paction fluctuates somewhat. We infer this fact from the

FIG. 10. Behavior~a! of the spring displacementd(t) and~b! of
the vertical positionh(t) as functions of timet in two different
cases:~1! The horizontal stress is released before the experim
~2! The horizontal stress is continuously applied. In the second c
the layer is initially less packed and, as a consequence, the
dilation Dh observed during the experiment is lessk
5189.5 N/m, M514.5 g, V528.17 mm/s).
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pendence of the maximum frictional forceFmax on the total
dilation Dh for many layers that have not been subjected
an initial horizontal stress. The results are plotted in Fig.
where one can see that the maximum frictional force
creases linearly withDh:

Fmax5Fd1a1bDh, ~4!

whith a5(7.960.4) 1023 N and b5(8.461.0) 1024

N/mm.
Thus, the initial overshoot of the frictional force is at lea

partially related to the additional energy the system requ
to dilate. In Fig. 13, we show the variation of the friction
forceF with the dilation ratedh/dt during a single transien

t.
e,
tal

FIG. 11. Maximum frictional forceFmax as a function of the
driving velocity V (k5189.5 N/m, M514.5 g).

FIG. 12. Maximum frictional forceFmax as a function of the
total dilation Dh5h(`)2h(0). The layer is initially unstressed
(k5189.5 N/m, M514.5 g, V528.17 mm/s).
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PRE 59 5887FRICTIONAL MECHANICS OF WET GRANULAR MATERIAL
event. As soon as the plate moves significantly in the h
zontal plane (B and afterwards!, F increases roughly linearly
with the dilation ratedh/dt and can be described by

F.Fd1n
dh

dt
, ~5!

with n5(10.760.5) 103 Kg/s. Note thatF depends linearly
on the dilation ratedh/dt rather than on the dilationh itself.
This result is surprising. If we suppose that the overshoo
the frictional force originates in the potential energy used
lift the plate, one would expect the frictional force to depe
linearly on h: The energy balance between the additio
potential energy acquired by the weight per unit timeU
5Mg(dh/dt) and the power provided by the driving syste
P5F(dx/dt) would lead toF5Fd1Mg(dh/dt)/(dx/dt)
5Fd2Mgh/R according to Eq.~3!. The experiment per-
formed by Maroneet al. at large stress agrees with this pr
diction @7#. Nevertheless, such a dependence is not obse
in our experiments. The excess work done by the driv
system during the overshoot is experimentally about tw
the increase in the potential energy.

We also notice from Fig. 13 that Eq.~5! fails to describe
the initial stage of the motion, when the velocity and t
displacement of the plate remain small~typically dx/dt
,3 mm/s andx,3 mm). The total displacement of the pla
is then only 6% of the bead radius and the velocity is
small that we can expect the system to respond as an el
medium. However, the experimental setup does not curre
allow us to study in detail the very early response of
granular layer to a stress loading and unloading becaus
play in the driving system.

In summary, the experimental results exhibit the imp
tant role played by the dilation of the layer on the friction
force F, which depends roughly linearly on the dilation ra
dh/dt when the plate experiences a significant motion in

FIG. 13. Frictional forceF as a function of the dilation rate
dh/dt, showing thatF increases roughly linearly withdh/dt be-
tween B and D (k5189.5 N/m, M514.5 g, V528.17 mm/s).
The initial oscillations fromA to B are experimental artifacts due t
the differentiation of experimental data containing noise.
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horizontal plane. As a consequence, the maximum va
reached by the frictional force during the transient for
given driving velocityV depends linearly on the total dilatio
Dh of the layer between its initial state and the steady-s
regime.

D. Response to a static shear stress
larger than the critical value

Let us now consider the response of a compact gran
layer to a static horizontal applied forceF. The layer is pre-
pared by driving the system in the steady-state regime
large velocity~typically 20 mm/s), stopping the motor sud
denly, and pulling the spring back until the applied stress
fully released (F50). Afterwards, the spring is again pushe
ahead but at lower velocity~typically 1 mm/s) and is
stopped at a given value of the applied stressF.

We find that the granular layer can sustain the appl
stress for a long time~several minutes! when F,1.15 Fd
typically. Nevertheless, the plate creeps slowly and the f
tional force gradually declines. Small amplitude oscillatio
of the vertical position of the plate are observed~typically
0.2 mm in amplitude as shown in Fig. 14, case 1! without a
mean rise of the plate; the horizontal velocitydx/dt ~not
shown! does not exhibit measurable oscillations. In contra
when the applied stress is larger~e.g.,F.1.17 Fd , case 2
of Fig. 14!, the granular layer sustains the stress only fo
few minutes. The plate creeps slowly at first while a sign
cant dilation of the layer is observed~typically 1 mm!. After
a few minutes a large slip event occurs during which
stress is released. The plate slides rapidly for a few ten
micrometers in the horizontal plane and compacts by ab
2 mm vertically. After the slip event, the horizontal motio
of the plate is again hardly noticeable and vertical osci
tions are observed as for lower applied stress. The plate

FIG. 14. ~a! Applied stressF and ~b! vertical positionh as
functions of time when a static stress larger than the critical valu
applied (k5189.5 N/m, M514.5 g, V50). Two cases are
shown:~1! F.1.1 Fd ; ~2! F.1.17 Fd .
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then sustain the remaining stress, which is now smaller, f
long time. We do not understand the oscillations of the v
tical position of the plate, but they cannot be experimen
artifacts, to the best of our knowledge.

IV. DISCUSSION AND CONCLUSION

A. Recapitulation of the main experimental results
and empirical model

The experiments performed on immersed granular m
rial allow us to propose an empirical model for the mecha
cal behavior of a sheared granular layer under very
stress. The model may also be applicable to dry materials
a stiffer measurement system would be required to ve
this. The main results are as follows.

1. Layer dilation

Any horizontal motion of the plate involves a dilation o
the granular layer.

~i! The vertical position of the plateh tends roughly ex-
ponentially~Fig. 7! to its asymptotic value over a distanceR,
which is approximately the bead radius. The dilation r
dh/dt then obeys Eq.~3!.

~ii ! The total dilationDh of the layer does not depend o
the driving velocityV when the plate slides continuously.

~iii ! The total dilationDh of the layer decreases when th
normal applied stress is increased.

~iv! The total dilationDh of the layer scales like the bea
size.

2. Frictional force

After a transient, the plate generally slides continuous
The measured frictional force in the steady-state regim
proportional to the normal applied stress~Fig. 4! and does
not depend on the driving velocityV over the whole velocity
range accessible to the experimental setup~Fig. 5!. Never-
theless, the existence of a stick-slip motion~Fig. 6! and the
response of the granular layer to a static applied stress~Fig.
14! are consistent with a velocity weakening of the granu
layer at very small velocity~typically 0.1mm/s).

During the transient, while the layer is dilating signifi
cantly, the frictional forceF depends roughly linearly on th
dilation ratedh/dt @Eq. ~5! and Fig. 13#, and the frictional
force reaches a maximum value that increases with the d
ing velocity V ~Fig. 11! and increases linearly with the tota
dilation Dh of the layer@Eq. ~4! and Fig. 12#.

3. Empirical model

The motion of the plate is approximately governed by
differential equation given by Eq.~1!, in which F must be
replaced by its empirical expression proposed in Eq.~5!. The
vertical position of the plate obeys Eq.~3!. The system of
differential equations that governs the time evolution ox
andh can be written:

M
d2x

dt2
5k~Vt2x!2Fd2n

dh

dt
,

dh

dt
52

h

R

dx

dt
, ~6!
a
r-
l

e-
i-

ut
y

e

.
is

r

v-

e

with the initial conditions

x~0!50;
dx

dt
~0!50,

h~0!52h0 . ~7!

The initial value2h0 of h is provided by the experiment
The system of differential equations@Eqs.~6! and~7!# is then
integrated numerically using the Runge-Kutta method@12#.

In the next section, we discuss the results of our sim
fied empirical model and compare them to the experime
measurements.

4. Comparison of the empirical model
to the experimental results

We show in Fig. 15 the result of integrating the empiric
model and comparing it to the experimental data. The mo
is expected to describe the dynamics of the plate only fromB
to E. We take as the initial value ofh its value atB. The
model correctly describes the dilation of the layer. Howev
the agreement between the experimental and the theore
instantaneous values of the force is imperfect; the small
crepancy is mainly due to the fact that the model equation~3!
does not account for the detailed behavior ofdh/dt in the
cycle shown in Fig. 9. Nevertheless, the empirical mode
in qualitative agreement with the experimental results a
allows one to predict an increase of the maximum friction
forceFmax with the total dilationDh and the driving velocity
V.

On the other hand, the empirical model cannot descr
the very early stageA to B of the plate motion and the re
sponse of the granular layer to a static applied stress. Fur
experimental studies would be required to obtain a comp
description of these phenomena. Our experimental se

FIG. 15. Experimental behavior compared with the theoreti
model ~a! of the spring displacementd(t) and ~b! of the vertical
position h(t) as a function of time t (k5189.5 N/m, M
514.5 g, V528.17 mm/s). Dots, experimental data; lines, em
pirical model.
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does not allow us to perform these experiments in its pre
configuration.

B. Comparison to previous work

Both this work and previous studies@3# point out the im-
portant role played by the dilation on the frictional propert
of the sheared granular material. However, the results
tained at small stress differ significantly from previous e
perimental results obtained at much larger stress.

To explain these differences, we first summarize the f
tion law given by Maroneet al. @7#. The first law decribes
the dependence of the frictional force on the slip velocityV
and on the surface’s slip historyvia a state variableC @13#:

F5MgS m01bC1a ln
V

V* D , ~8!

whereF is the shear stress,Mg is the normal applied stress
m0 is a constant~which can be understood as the over
frictional coefficient!, V* is an arbitrary reference velocity
anda andb are two empirical constants. The evolution of t
state variableC is governed by

dC

dt
52

V

RS C1 ln
V

V* D , ~9!

whereR is a characteristic distance over which the friction
force changes following a change in the slip velocityV. Ac-
cording to Eqs.~8! and ~9!, the steady-state value of th
frictional force Fd depends onV and dFd /d(ln V)5a2b.
The experiments performed at large normal applied st
qualitatively agree with this theoretical description.

We find experimentally that the steady-state value of
frictional forceFd does not depend on the driving velocityV
at low stress. In the absence of any velocity strengthenin
weakening,a5b so thatdFd /d(ln V)50, and the frictional
force reads

F5Fd2aMgR
dC/dt

V
, ~10!

where we have setMgm05Fd becausedC/dt50 in the
steady-state regime. Equation~10! agrees with the energeti
argument~equality of work done and potential energy gai!
mentioned in Sec. III C 3, provided thataC52h/R. We
tentatively assume this connection between the state var
C and the vertical displacementh in our work in order to
allow an interpretation of our results in terms of their theo
. E

g

nt

b-
-

-

l

l

ss

e

or

le

.

With this assumption, the model of Maroneet al. leads to
F5Fd1Mg(dh/dx). Our experiments performed at sma
applied stress disagree qualitatively with these results.
deed, the frictional coefficient is found to increase linea
with the dilation ratedh/dt @Eq. ~5!# rather than withdh/dx.
However, in making a comparison one should also note
the normal and tangential forces are applied independent
the granular material in our work, while in Ref.@7#, the two
are equal.

C. Conclusion

The immersion of the material presents several exp
mental advantages. First, it allows one to work in we
defined conditions and to suppress any variability related
humidity changes. Efforts to eliminate water are rarely a
equate because of adsorption. Second, a continuous m
of the sliding plate is observed even at low driving veloc
~that is, stick-slip motion is avoided! and an extremely pre
cise study of the steady frictional properties of the granu
layer is then possible. The transient behavior that prece
the steady-state continuous motion allows a precise stud
the dynamics of the frictional force for granular materia
under low stress. A comparison with previous work sho
that there are significant differences from the high stress c
most relevant to geophysics.

Certainly, there are different physical processes at wor
high pressures, where the individual particles can be fr
tured by the stress and plastic flow may also occur. We h
to obtain additional insight by imaging the granular lay
during the motion of the plate. The response of the granu
layer on very long time scales to static applied stress, incl
ing the slow strengthening of the material in the presence
stress, will be analyzed in a further publication@14#. We
believe that our proposed friction law would also apply
dry material at low stress, although further experime
would be required to demonstrate this.
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