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Capillary condensation transitions in a slab geometry
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A simple model, previously used to explore wetting transitions, is evaluated for the case of a slab geometry
in which adsorption occurs between two semi-infinite solids, with parallel faces separated by a distEmee
model yields auniversal description of possible wetting and capillary condensatio®) transitions. The
system’s thermodynamic behavior is predicted from the values of two dimensionless parameterghe
reduced gas-surface interaction strength, a function of temperatndd_* (the reduced separatipnif D*
< 2.9, negligible adsorption occurs at all pressures below saturated vapor pi&éBre-or somewhat larger
values ofD*, CC occurs for sufficiently small* close to SVP. For very large values Bff, an additional
prewetting transitior(formation of a film) is predicted for large.*; this is accompanied by a CC transition
close to SVP. The model is generally consistent with limited results of density-functional calculations for the
He liquids at zero temperaturg51063-651X99)10804-3

PACS numbegs): 68.10—m, 68.15+€, 67.70+n

I. INTRODUCTION The outline of this paper is the following. In the next
section we introduce the model and show that it leads to a
Capillary condensation, the condensation in small poresingle equation from which the behavior can be deduced for
of liquid at ambient pressure below saturation, has long bee@ach of the possible phases that may be present. That equa-
known to occur{1-9]. In some cases, this behavior can betion expresses a reduced grand free endidyin terms of
understood adequately in terms of the Kelvin equatioB),  three reduced dimensionless variables: the streDgtif the
which expresses the adsorption below saturated vapor pregdsorption potential, the separatioh between the confining
sure(SVP) in terms of the surface tensida) and radiusR of walls, andA, the chemical potential difference from SVP.
the pore, assuming typically a cylindrical geometry for sim-(Another relevant variable, temperatufeplays an implicit
plicity. However, the KE description has long been known torole in the determination of the reduced variablésom the
fail quantitatively (and even qualitatively in some circum- minimum value of2* one predicts which of three possible
stancesfor small pores. The reason is that its simplicity is aphases is present. These include an “empty” phase, meaning
result of sacrificing the role of gas-surface interactionsnegligible adsorption, a “film” phase, meaning multilayer
which can be crucially important in wetting problems. film adsorption, and a capillary condensed phase, which fills
For wide pores and a strongly attracting host medium, théhe space with liquid. This approach leads to a generalized
error in using the KE is small; then the KE can be corrected'phase diagram,” which expresses the predicted behavior in
by subtracting fromR the thickness of the film prior to the terms of two of the possible three variables fixed value of
capillary condensation CC transition. This approach does ndghe third; see, e.g., Fig. 1. While a three-dimensional repre-
suffice if the adsorption interaction is weak andRis small. ~ sentation of the behavior is possible, we have found that to
It is, therefore, useful to seek an alternative formulation,be less useful than a set of two-dimensional figures.
which predicts more accurately and generally the wide range This paper extends and generalizes the method applied by
of behavior which can occur. Cheng, Swift, and Cole some years d@3. In Sec. Ill, we
In this paper we present such a simple model of CC for &éompare the results of our present simple model with their
“slab” geometry in which the adsorption space is boundedresults of density-function&ll5,1¢ calculations for*He and
by two semi-infinite solids, whose surfaces are parallewith new results for’He [12,17. The agreement overall is
planes separated by a distaricelike the KE, our model is quite good. In future publications, we will present more ex-
derived from a simple set of assumptions and, therefore, satensive and general results, currently being obtained with
rifices some degree of quantitative accuracy. The approadieliable methods for both classical and quantum systems. We
used here is analogous to one which we have used in studi@ote that our simple model is not capable of describing other
of wetting transitions. The predictions have been tested important transition phenomena, such as layering transitions,
that context by comparing the results with both relialpe.,  which have been studied previously with more accurate
“exact” Monte Carlo classical and density-functional quan- models[18].
tum) calculations, and even experimenfd0-14. The
method has proven to be accurate in general. That success II. MODEL CALCULATIONS
has encouraged us to extend the method in the present paper. ) )
A. General discussion
Throughout our analysis we have employed a 3—9 form of
* Author to whom correspondence should be addressed. Electronttie adsorption potential arising froreach of the solids
address: mwc@psu.edu bounding the adsorption domain:
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V(z)= {4C3/[27D 2]}2—9_ cz 3. ) TABLE I. The values of,, (in A) and dimensionless well depth
D*, in parentheses, for inert gases angddd various surfaces. The
Here the atom lies at distane€rom the image plane posi- original data are found in Ref$10], [14], and[19]. The tempera-
tion, a quantity which has been computed and measured efures areT=0 for °*He and“He, andTy, for the other gases.
perimentally[19]. This functional form(used in much previ- : :
ous work on wetting captures the key aspects of the Gases Cs Li Au Graphite
potential and includes parameters, which are relatively welbq 455(9.42 3.95(20.9 2.66(88.9 1.93(110
known in many cases:D is the well depth ancC is the 4, 455(550 3.95(12.2 2.66(51.89 1.93(64.4

streng.th of thg van der V.V.aalls asymptotic_ interacfial. H, 366(3.33 321 (7.7) 2.34(261 1.86 (26.8
For this potential, the equilibrium distance is Ne 355(159 3.40 (317 2.48(12.8 1.92 (13.4
Zm=[2C/(3D)]l/3. ) Ar 2.78(1.60 3.02(3.22 2.40(10.2 2.03(9.77

Kr 256(1.70 291340 2.39(9.99 2.10(9.195

The net potential in the slab geometry is taken to be a sum ofe 259(1.68 2.88(3.46 2.41(9.28 2.16(8.09

the respective contributions from the two surfag2@|. The
adsorption behavior is to be predicted by evaluating the equi- o _

librium number of atoms adsorbed per unit afdg, as a with the !ower I|m|t set equg] to unity and the upper set equal
function of chemical potentigk. The value ofNoq and the © Y- This function is positive for the relevant regimg (
other thermodynamic properties may be determined by mini= 1) @nd has an asymptotic behavior,

umr:izt”;%é:,s a function of variabl&\) the grand potential per a(y)~11/16-3/(4y?) (y>1).

_ _ With this general approach and notation, we may evaluate
Q(N)= . ; i ; X
(N)=F(N) =N, @ the grand potential for any hypothetical film configuration.

whereF is the Helmholtz free energy per unit af@i]. The  Figures 1-6 present the thermodynamically stable phases de-

value of T is implicitly present in botiF andQ. One may, in rlve_d from this approach. As exempllﬂe_d in Fig. 1, there is a

principle, carry out this minimization procedure exactly by 'egime of parameter space that exhibits no adsorptidh (

Monte Carlo methodgexcept for metastable or unstable >0). @ regime where a film is stable, and a capillary con-

ranges of parametersbut here we exploit instead a very densed CC region.

simple model. The model assumes that the solid-liquid inter-

facial tension consists of the sum of the bulk liquid-vapor B. Capillary condensed phase

interfacial tensioru and the integral of the gas-surface inter-

action over the region occupied by liqui@shich has a num-

ber densityn). This really ought to be supplemented by twice

the surface tension of the bare substrate, but we omit that

additive quantity throughout this paper. Qcc=20+ 2”] dzM2)—(p—po)n(L—=22zy,). (5
For the sake of generality of application, we discuss our

predictions in terms of dimensionless quantities. These inHere, the integration domain extends fram to L—zpy,

clude a reduced grand potential, gap distance, chemical p@ince that is the region occupied kgpproximately uniform

ger}ftialdrelative to its value o) at SVP, and well depth, density fluid. The factor of 2 multiplying the integral ap-
efined as

If the liquid is capillary condensed, the grand free energy
per unit area is taken to be

O*=0lo, 30
L*=L/z,,

A=(po—p)nzylo, 2l
CcC

Table | presents values af, andD* for selected systems
of interest(using the “best” values of the potential energy 10}

parameters one should bear in mind that the valuesf
increase withT, thus increasing the tendency to condense.
Note the extended range of values®f, indicating a wide EMPTY

variety of possible behaviors. Note in particular the strong . ‘ .

tendency of the He liquids to condense; their large values of 0 10 20 ED 20 50

D* arise from the small ratio of surface tension to density. L

Another dimensionless quantity is an integral: FIG. 1. Universal “phase diagram” showing regimes of empty,
capillary condensed, and adsorbed film as a function of reduced

4) well depth and gap spacing, defined in the text, for the case of
reduced chemical potentidl=0.1.

a(y)= f dx — V(zo)/D],
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FIG. 2. Curves analogous to those in Fig. 1, exhibiting phases FIG. 4. Same as Fig. 3, except ttiat =20.9(e.g.,°He on Li at
present at varying degrees of undersaturation, expressed in terms B£0).
the reduced chemical potential differenteFor the casé =0, the
line satisfies Eq(7); all values above the curve correspond to the the Gibbs-Duheni21] relation for the liquid,[ (u— uo)n
case of capillary condensation, while those below are “empty.” For=(P—P,)], neglecting any compression of the film. Equa-
the other cases, there is a “triple point” below which the space istion (6) expresses the pressure reduction for condensation in
empty, to_ the upper right_ of which there i_s a f_iIm, _and to the uppefierms of the effective gapL(-2z,). This paper’s goal is to
left of which there is capillary condensatidas in Fig. 3. evaluate both the explicit dependence on the substrate poten-

) _tial and the role of film formation on the adsorption behavior,

pears because we assume that the total potential energy is tjg,g generalizing the KE.
sum of contributions from each surface, i.&/(z)+V(z From explicit integration of Eq(5), using Eq.(4) we

—L). While this approach is analogous to that used previgptain an expression for the reduced grand potential,
ously to describe wetting transitions, the detailed calculation

involves some differences: in the wetting case, the factor of 2 Qccf=2-D*g(L*—1)+A(L*—2),
is absent and the integral’s upper limit is infinity when com-
puting the wetting transition, because an infinitely thick film The case of SVP yields a particularly simple criterion for CC
appears at that transitidl0]. From Eq.(5), we may “de-  to occur. The resultinginiversaltransition line,
rive” the modified Kelvin equation for CC,
D*=2/(gL*-1), 7
0=20.s+(P—Py)(L—2z,), (6)

appears in Fig. 24=0). That curve separates the behavior
by settingQ) =0, writing the first two terms of Eq5) as  into two regimes: capillary condensatiof)gc«<<0) or
twice the substrate-liquid interfacial tensien, and using empty (Qc>0). This provides an explicit dependence on
the values of the parametet§ and D*. One observes a
possibly surprising behavior: the threshold value f

20 | © 4 (above which CC occuyslecreasessL* increasegsinceg
FILM
1 10
L* EMPTY
10 |
CcC
L* 51
*
o .
0 1 2 3
A
FIG. 3. Reduced phase diagram @t =9.42 (e.g.,®He on Cs 0 . . .

at T=0). The curves are calculated with the present model. The 0 0 A% 8

diamonds indicate the prewetting transition results of Rutledge and
Taborek[11] (open, which are consistent with density-functional FIG. 5. Same as Fig. 3, except that =88.8(e.g.,°He on Au
results of Calbiet al. (closed. atT=0).
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30 T ' " ' CC (the A term) becomes large relative to the benefftom
the potential and the decrease in surface tensitbe F to E
transition curve is rather insensitive t§ because that tran-
sition occurs for such large* that it nearly coincides with
the transition for a single surface. Figure 2 shows how the
CC regime shrinks, at the expense of the@hase, with in-
creasing distance from SVe., A). Figures 3-5 reveal the
evolution of the phases as tle* value changes in the case
of 3He (but the trends are geneyaFor the weakest substrate
shown (Cs), the CC regime dominates the behavior except
for very largeL* (> 15, i.e.,L>50A). For largeD* (Li
and Au, the F and CC regimes extend to much larger un-
. , , . dersaturation anB appears at much smallet* (~5) than in
1 3 5 7 o the Cs case.
While the shapes of the phase boundaries in Figs. 3-5 are

FIG. 6. Dimensionless grand potentiél atA=2, for films of ~ qualitatively similar to one another, they differ in detail.
various (hypothetical reduced thicknes&) of *He on Li (curved ~ There is, however, a common limiting behavior of theo
lines), to be compared with values 6. (horizontal line$. The  CC transition for the case of very larde’. In that case,

curves correspond to different valuesldf as shown in the inset. \whereA is very small, one may prove that the transition line
Only for L* =6 is the CC phase stable, since that curve is lowest. Inggtisfies

the case oL* =10 and 20, the film is stable and the equilibrium
thickness is found from the minimum 6% as a function of. L* ~(2/A)[1+(3D*A%/32)Y3+---].

is a _mon_otonic func_tioh The reason _Why this may be a C. Thresholds for capillary condensation and film formation
surprise is that CC is typically found in small pores rather

trend. Indeed, the former trerid the prototypical behavior Sponding threshold condition for CC:
found hereaway fromSVP. At SVP, however, the energy * _ _ _
balance in favor of CC grows with because the magnitude cc=2/g(%) =32/11~2.9. (10
of the integrated potential energy term increases With
The general problem of behavior below SVP is more

complicated be_cg_use of the_ presence ofz_khmrm and the 5, Eq. (5)] the simple wetting model of Chered al.[10] is
attendant possibility that a film configuratiéhhas a lower so similar to the present model, it is not surprising that a

free energy than _that O.f the capillary condensed phase. T.kheimple relation exists between the CC threshold and the wet-
free energy functional in the case of such films, symmetrl-tmg transition condition:

cally adsorbed on both surfacésach of thicknessl), re-

This equation may be compared with the criterion derived
previously for the wetting transition. Sin¢as discussed be-

duces straightforwardly to D}=2D%-~5.8. (11
QF=4-D*{g(x)+g(L* —1)—g(L* —=x)}+2A(x—1), This threshold substrate attraction for wetting is thus twice as
large as that for CC. The reason is simply the fact that the
x=d/zy,. (8)  attractive potential contributes at both interfaces in the case

) o ) of CC. A patrticularly intriguing test of this calculation is that
It is then necessary to evaluate the minimum of this expresss 4e/Cs. While the single surface exhibits a wetting tran-
sion as a function of the variableand compare the result gjiion nearT=2 K it is predicted here that CC ought to occur
with the quantityQ . Note that the difference between (at A=0) for all temperature¢sinceD* =5.5 atT=0).
this free energy and that of the CC case is Other systems shown in Table | involve valuesf,
sk _ « o Cx which lie below the 2.9 threshold at the triple point, but
QF —Qcc=2+D™{g(L* —x)—g(x)}+2A(x~L /2)'(9) should exhibit CC at higheF. Let us suppose that we know

the value oD* at the triple poinD;*p as in Table I. From the

Here, the first term represents the extra surface energy of tHiefinition of D*, we may determine the value at any otfier
film and the second represents the interaction between tHgom
solid surfaces and the atoms, which fill the gap wherihe
CC transition occurs; the third represents the free energy cost
pecause t_h_e system (B genera) below SVP. The. problem o we define a function
is exemplified in Fig. 6, which shows these functions for the
case of*He interacting with Li. Only for smallL* is the CC f(TITy) ={a/n}p/{o/n}r. (13
phase stable.

The general behavior seen far# 0 is expected. Increas- The right-hand side of this equation isiniversalfunction of
ing D* favorsF or CC phases, as opposed to théempty)  T/T, if the law of corresponding states is obeyed. Then Eqg.
phase. Which of the condensed phases is stable depends @) may be inverted to yield an implicit relation for the CC
L*. For largeL*, F is typically favored because the cost of threshold:

D*(T)=Dg, f(T/Ty), (12
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FIG. 7. Domain of temperaturE€ (relative toT,) in which cap-
illary condensatior(at SVP and/or wetting of a single surface oc-
cur, as a function of the value (Dfp of the reduced substrate at-
traction at the triple point. Curves calculated from E@sl)—(14),
with dashes indicating limited reliability of the model near the criti-
cal temperatureT/T,=1.8). The curve becomes dashed when the

FIG. 8. Comparison between predictions of the transition from
film to CC using the simple model of this papeurves and those
from DF calculations of Cheng, Swift, and Cdig] for *He: full
curve and asterisks areD*=11.89 (corresponding to C
1000 K A%) and dashed curve and triangles &&=14.96 C

vapor/liquid density ratio exceeds 0.1.

f(T/Ty) =2.9D,. (14)

=2000K A%).

The slab geometry sacrifices some of this benefit of the long-

range potential; this loss exceeds the “gain” created by the

Figure 7 displays this dependence, derived from experimerpresence of the second surface. Hence, there is no greater

tal data for the density and surface tension of [&R,23.

tendency to condense a film in the slab geometry than at a

Note that even very small values Df;, yield CC transitions ~ Single surface.

at sufficiently highT. One should bear in mind that tempera-
tures approaching the critical point{T,~ 1.8) will not be
well described by our model, which neglects the vapor den-
sity in Eq. (5), assumes that the interface is discontinuous, We have explored a simple model to determine the behav-
and neglects fluctuations in general. In the regime of exior expected for adsorption between parallel faces of a ma-
tremely weak substrate, for example, one expects a capillafgrial. The model predicts a rich variety of phases. The phase

IIl. COMMENTS

drying transition to occur aA <0, i.e., above SVP13].

diagrams can be understood in terms of two system-

It is interesting that the same threshold condition applieglependent parameters: a dimensionless well depth and a di-
to film formation in the slab geometry and to the wetting of mensionless gap size. This finding is remarkably simple and,

a single surfacéi.e., Eq.(11)]. This may be proved as fol-
lows. SinceA>0, Eq.(8) implies that if a film is stable,

4—D*{g(x)+g(L*-1)—g(L* —x)}<0. (15
Hence,

D*>44g(x)+g(L* —1)—g(L* —x)}. (16)
We may derive an inequality for the denominator:

g(L* =) —[g(L* =x) —g(x)]<g(L* —1)<g(),
7

where we have usexd<<L/2 and the monotonicity of(x).
Hence, we arrive at a criterion for film formation in the slab

geometry:
D* > 4/g(x). (18)

This is precisely the single surface wetting condition, Eq
(11). What is surprisingorima facieabout this result is that

therefore, esthetically appealing.

We are led to address the crucial question of whether the
model is as reliable as its predecessor, which worked well in
describing wetting behavior on a single surf4&6]. To do
so, we have embarked on a set of numerical calculations,
which will be completed and described in the future. These
are density-functionalDF) calculations for both isotopes of
He and classical Monte Carlo simulations of Ne respectively
[17,18. Since we have already obtained a few results for the
case of'He, we may compare them with those of our simple
model. Other comparisons will be presented elsewhere.
Overall, the model seems to work well, as judged from the
data points appearing in Figs. 3-5. In Fig. 3, there are two
kinds of comparison in the case Bff =9.42. For the case of
L* =20, one observes that the film appears in the DF calcu-
lation at nearly the same value dAf as that predicted here.
Moreover, this common value is very close to that found
experimentally[12] for He in the case of a single Cs sur-

face; such a comparison is appropriate because suchléarge

films do not differ significantly from those on single sur-

one might have expected the film formation criterion to befaces. Note the possibly more interesting fécr L* <5)
less stringent in the slab geometry than for a single surfacehat the CC transition occurs in the DF results at virtually the
The reason why this is not true is that the single surfacesame value ofA as found in the simple model. This agree-

wetting condition permits films of infinite thickness to form.

ment is noteworthy.
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In the case ofD* =20.9, presented in Fig. 4, one finds duced variableson a single parametdd*. This “corre-
similarly good agreement. AL* =10, the film forms at sponding states” behavior has not been recognized
nearly the predicted value df. At L*=6, theEto F andF  previously, to our knowledge. Finally, the method has been
to CC transitions also agree rather well with our simple mod-alidated thus far in tests foHe and*He, obtained with DF
el's predictions. Finally, foD* =88.8, the agreement seen methods. More extensive tests for both these and classical
in Fig. 5 is also quite good for the value afat theEto F  fluids are in progress.
transition.

Figure 8 compares density-functional results of Cheng
Swift, and Cold 8] for CC of “He, in the case of two differ- ACKNOWLEDGMENTS
ent potentials. Here, too, the agreement is good.

We may summarize the results of this work as follows. We are grateful to Mary J. Bojan, Bill Steele, George
An extremely simple model of capillary condensation hasStan, Flavio Toigo, and Moses Chan for helpful discussions.
been explored. The resulting behavior corresponds to a uniFhis research was supported by the National Science Foun-
versal dependence of the phase diagr@xpressed in re- dation and by the University of Buenos Aires.
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