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Time delayed chaotic systems and their synchronization
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Synchronization of chaotic systems can be used in communications and control. However, time delay
phenomena frequently appear in applications. Time delay can defy synchronization in coupled systems with
simple connection. This paper has presented a complex structure of coupled chaotic systems. With this struc-
ture it is shown that synchronization can exist in coupled chaotic systems with time delay.
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I. INTRODUCTION Il. TIME DELAYED UNIDIRECTIONAL SYSTEMS

Setup of synchronization in unidirectional chaotic systems
Since chaotic synchronization was found, it has attracteds simple. Consider a system offirst-order ordinary differ-
the attention of many researchers. Basically, there are twéntial equations:
types of synchronous chaotic systems. One is a unidirec- )
tional [1-3] system. A unidirectional system consists of a x=1(t,x), @)
driving system and a response system. The mformatu_)n_ OJvhere %= dx/dt:
the response system will not be sent back to the driving_ (D). Xo(1), F=(E1(t.%),... F.(£.X)). As shown in

system. Another type is coupled chaotic systefs7] 1 5 e systentl) is subdivided into two subsysternsand
where one system sends driving signals to other systems angl

) . . o : > With these subsystems, a driving system is given by
in the meantime, receives driving signals from other systems.

x and f are the vectors x

In this case, synchronization can exist in those subsystems u=h(t,u,v),
that do not explicitly contain driving signals. The potential )
applications of synchronization in communicatiof&-14] v=g(t,u,v),

and contro[15] have been studied. However, in the applica-
tions, it may be in such situations: information exchanged and a response system is given by
among systems is time delayed information. For example,

there exists time delay in very long distance communica- u'=u,
tions. Time delay naturally raises one question: are the cha- (3)
otic systems still synchronized when their driving signals are v =g(t,u’,v').

time delayed signals?

In general, time delay increases the dimensionality, and Suppose that the driving signal in Ed8) is a time de-
hence the complexity, of dynamical systems, and most eflayed driving signal, i.e., the systef@) sends the driving
forts have focused on those domains where time delay is ngignal u at time t and the systent3) receives the driving
a major factof16]. Thus, the ubiquitous nature of time delay Signalu at imet— 4, wheredis delayed time. Usuallygis
leads naturally to the subject of this paper: an exploration ofMall. Actually, it may be very common in practice that a
the dynamic behavior in the synchronous chaotic system&SPonse system needs small time to get information from a
with time delay. driving system, or_the response system needs small time to

Usually, time delay will defy synchronization in coupled re_spond to the o_lrlvmg system. For the purpose of conve-
chaotic systems because time delay changes the structures Frce, denote time delayed components with subsdipt

coupled systems and it is hard to get synchronization in nons. eredis the length of delayed time. For exampig, rep-

resents the value af(t) at time ¢—6), i.e.,u(t—4). Using

identical subsystems. Howgver, when special strgctu'res This notation, the response system with time delay is written
coupled systems are established, perfect synchronization can

be obtained.
V,:g(tvuﬁvvr)' (4)
* Author to whom correspondence should be addressed. Address The solution ofv in the systen{2) at timet— & is denoted
correspondence to Department of Thermal Engineering, Tsinghully V(t— ). Obviously, if the system$2) and (3) are syn-

University, Beijing 100084, P.R. China. FAX+86-10-62770209. chronized, the solution’ (t) of Eq. (4) synchronizes with the
Electronic address: herong@te.tsinghua.edu.cn solutionv(t—68) of Eq. (2).
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FIG. 1. The block diagram of synchronous coupled systems.

These systems can be synchronized with time delay driving signals. sl (b)
11l. SYNCHRONIZATION OF TIME DELAYED COUPLED 4
SYSTEMS -
. 2r
For the purpose of convenience, coupled systems are gen- oy
erated from the systeifi). Divide the systenil) into three ot
subsystems:
2 L . n .
. 0 1 2 3 4
:q) ty lrls 1
d ( q ) Time (sec)
r=y(t.qr.s), ) FIG. 2. (a) The trajectory of the systeifil) in x; andz; phase
5=0(Lq.r,) plane. (b) The synchronization between the systgiy and(12).

o=10, p=60, andB=13.
Now, x is decomposed intq, r, ands. A coupled system

can be created from the above subsystems. It consists of two q'=h(t,q",s",w),
systems. The first system is given by 9
§'=g(t,q',s',w).
q=®(t,q.r,s),
System 3,
r=r’, (6)
w=p(t,q,s,w). (10
s=0(t,q,r,s),
Consider that the systent8), (9), and(10) are in chaos
and the second system is given by and their initial conditions are different. Look at an example
, constructed from the Lorenz equation.
q =q, System 1,
F=y(t,q',r',s), 7 X1 =0(y—X1),
11
§=0(,q',r',s). 21=X1y—=Bz;.

In general, despite of different initial conditions of the  System 2,
systems(6) and (7), under certain conditions the above two

systems can be synchronized. However, when the informa- Xa=0o(Y—Xa),
tion exchanged between the above two systems are time de- _ (12
layed signals, such as; or r 5, they will no longer be syn- =Xy~ BZ;.

chronized if these systems are chaotic, because the
subsystems, which do not explicitly contain driving signals,
are not identical due to time delay. .
In order to get synchronous coupled chaotic systems with y=pXimy T Xaza. (13
time delay, a synchronous structure of coupled system,

System 3,

They can be written as follows. among the systen(8), (9) and(10) are time delayed signals,

System 1, i.e., the third system receives the signgljsands; at time
g=h(t,q,sw), t— 6 instead ofq and s’ at timet. Such systems can be
(8) written as follows.
5=9(t,q,sw). System 1,

System 2, a=h(t,q,s,w), (14
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FIG. 3. (a) The chaotic trajectory of the syste(h7). (b) The
synchronization between the systertt7) and (18). ¢=10, p
=60, andB= % and the delayed timéis 0.001 sec.

S=g(t,q,s,w).
System 2,
q'=nh(t,q",s",w),
(15
§'=g(t,q',s",w).
System 3,
W=p(t,d;,S5,W). (16)
An example is given as follows.
System 1,
).(1: U(y_xl)v
_ 1”
2)=X1y~ Bz;.
System 2,
Xo=0(y—Xp),
. (18)
=Xy~ B2Z;.
System 3,
Y=pX15— Y~ X16Z25- (19

System 3 receives the time delayed signals and z, 4
from the systemg17) and(18), respectively. Again the pa-
rameters are taken as=10, p=60, andg=%, and the de-
layed timedis 0.001 sec fok; s andz, 5. Figure 3a) shows
that these systems are chaotic. Figutk) 3hows that they
are synchronized in spite of their different initial conditions.

Without loss of generality, the signal in the systems
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length of time delay foqg as &, ; and the length of time delay
for ' as 83. Thus, the system is written as follows.
System 1,

q: h(thasawél)l

: (20
S= g(thrsvwél)-
System 2,
q,:h(t,ql,S,,W(gl),
., L (21
§'=g(t,q",s",w;s).
System 3,
W=p(t,05,,S5,,W). (22

From[2], it can be seen that the necessary and sufficient
condition of the synchronization between the systd2®
and (21) is that these subsystems are asymptotically stable.
For example, consider the following systems.

System 1,
Xlza(yﬁl_xl)!
. (23)
21=X1Y5—BZ.
System 2,
X3=0(Ys,~X2),
' (24)
2;=X2Y 5~ BZy.
System 3,
Y=pX15,~Y = X15,225, (29

2 3

Time (sec)

FIG. 4. (a) The trajectory of Eq(23) in X, via z; phase plane.

(14) and (15) can also be a time delayed signal, and theo=10, p=60, andB=$%; 5,=0.004 sec foy s ; 9,=0.001 sec for

lengths of time delay for the driving signads s’, andw can
be different. Denote the length of time delay feras d; ; the

X15,; and 3=0.006 sec forz,; . (b) Synchronization of the sys-
tems(23) and(24).
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The system(25) gets the time delayed signaks 5, and IV. CONCLUSIONS

Z5, from the systemg23) and (24), and the systemé23) In this paper, synchronization in chaotic systems with
and (24) get the time delayed signaylsl from the system time delayed driving signals has been discussed. Synchroni-

(25). The parameters are taken as-10, p=60, and 3 zation is unlikely to exist in time delayed coupled chaotic
=% Now, let the delayed time be differents, systems with §|mple connection. The complex structures of
—0.004sec forys: 8,=0.001sec forx,s; and & coupled chaotic systems have been presented in this paper.
oy U2 1oy 3 With these structures it has been shown that synchronization
=0.006 sec for, s . In this case, the above systems are cha- R ;
) 203" S can exist in time delayed coupled chaotic systems. Several
otic and synchronized, as shown in Fig. 4. However, 10 gefypes of time delayed systems have been described. Since
the identical form of the subsysteni®3) and (24), the de-  {ime delay phenomena frequently appear in communications

layed time 5, of y5 must be the same for these two sub- ang control, further study of synchronization of time delayed

systems, which may not be true in practice. chaotic systems is worthwhile.
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