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Mean first-passage time of a bistable kinetic model driven by cross-correlated noises
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The transient properties of a bistable system driven by cross-correlated noises are investigated; the correla-
tion times of the correlations between the noises are nonzero. The mean first-passage time~MFPT! is calcu-
lated. From numerical computations we find the following:~1! The MFPT of the system is affected by both the
correlation timet and the correlation strengthl; ~2! t andl play opposing roles in the MFPT;~3! whenl or
a/D(a andD are the additive and multiplicative noise intensities respectively! are far away from 1, the MFPT
as a function oft is monotonic; however, when botha/D andl approach 1, the MFPT as a function oft is
nonmonotonic;~4! for the case of perfectly correlated noises~l51!, the MFPT corresponding toa.D and
a,D exhibit the same behaviors and the MFPT fora5D is continuous, which is very different from the case
of the t50 @Phys. Rev. E53, 5764~1996!#. @S1063-651X~99!14203-X#

PACS number~s!: 05.40.Ca
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I. INTRODUCTION

On the level of a Langevin-type description of a dynam
cal system, the presence of correlation between no
change the dynamics of the system@1–7#. Recently the
steady-state statistical properties of a bistable kinetic mo
with correlations between additive and multiplicative no
for case of zero correlation time (t50) are investigated in
Ref. @3#. They showed that in thea-D parameter plane, the
critical curve separating the unimodal and bimodal regio
of stationary probability distribution~SPD! of the model is
shown to be affected byl, the strength of correlations be
tween additive and multiplicative noise terms, the area of
bimodal region in thea-D plane is contracted asl is in-
creased; Whena andD are fixed, the form of SPD change
from a bimodal to a unimodal structure asl is increased. For
the case of perfectly correlated noises~l51!, the SPD’s cor-
responding toa/D.1 anda/D,1 exhibit a very different
shape of divergence, anda/D51 plays the role of a critica
ratio. However, whentÞ0, there is not the phenomenon
critical ratio (a/D51) on the steady-state statistical prope
ties of the model@5#. The transient properties of the mod
for the case oft50 are discussed in Ref.@4#. They showed
that the mean first-passage time~MFPT! of the system is
affected byl. For casel51, the MFPT corresponding to
a/D.1 anda/D,1 exhibit very different behaviors, an
the MFPT for a/D51 diverges to infinity. However, the
transient properties of the model for the case oftÞ0 are not
investigated. A natural question is whether the presenc
nonzero correlation time changes the transient propertie
the system.

In this paper, the transient properties of the model for
case of nonzero correlation times of correlations betw
additive and multiplicative noise sources are investigated
Sec. II the analytic expressions of SPD and MFPT of
system are presented. In Sec. III discussion and conclus
end the paper.
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II. DISTRIBUTION AND MEAN FIRST-PASSAGE TIME
OF A BISTABLE KINETIC MODEL

Consider a one-dimensional bistable kinetic system

dx

dt
5x2x31xj~ t !1h~ t !, ~1!

where j(t) and h(t) are Gaussian white noises with ze
mean, and

^j~ t !j~ t8!&52Dd~ t2t8!, ~2!

^h~ t !h~ t8!&52ad~ t2t8!. ~3!

Herea andD are the additive and multiplicative noise inte
sities, respectively. Assume that the correlation times of
correlations betweenj(t) andh(t) are nonzero@5–7#. Here,
assume

^j~ t !h~ t8!&5^h~ t !j~ t8!&5
lAaD

t
exp@2ut2t8u/t#

→2lAaDd~ t2t8! as t→0, ~4!

wheret is the correlation time of the correlations betwe
j(t) andh(t), andl denotes the strength of correlation b
tween theh(t) andj(t). The potential

U~x!52 1
2 x21 1

4 x4 ~5!

corresponding to Eq.~1! has two stable statesx15
21, Fx251 and an unstable statex050. By virtue of the
Novikov theorem@8#, Fox’s approach@9#, and the ansatz o
Hanggi et al. @10#, the approximate Fokker-Plank equatio
corresponding to Eq.~1! with Eqs. ~2!, ~3!, and ~4!, is ob-
tained@5#:

]P~x,t !

]t
52

]

]x
A~x!P~x,t !1

]2

]x2
B~x!P~x,t !, ~6!
3880 ©1999 The American Physical Society



b

dr

-

te

io

PRE 59 3881MEAN FIRST-PASSAGE TIME OF A BISTABLE . . .
where

A~x!5x2x31Dx1
2lAaD

112t
~7!

and

B~x!5Dx21
2lAaD

112t
x1a. ~8!

The stationary probability distribution of system can be o
tained from Eq.~6! with Eqs.~7! and ~8! and is given by

Pst~x!5NB~x!21/2 expS 2
UW ~x!

D
D for 0<l<1, ~9!

where the generalized potential is given in terms of a qua
ture by

UW ~x!52Ex ~z2z3!dz

z21
2l

112tAa

D
z1

a

D

, ~10!

and N is the normalization constant of Eq.~9!. It must be
pointed out that the correlation timet must be zero when the
strength of the correlation between noisesl is zero; however,
Eq. ~9! is valid whent50. The form of the stationary prob
ability had been investigated previously in Ref.@5#. Our
prime concern here is the transient properties of the sys
i.e., the MFPT of a particle escapes from a stable state.

We now proceed with the MFPT. The exact express
for the MFPT for a particle to reach the final pointx2 , from
the initial pointx1 is given by@11–13#

T~x1→x2!5E
x1

x2 dx

B~x!Pst~x!
E

2`

x

Pst~y!dy. ~11!

In particular, we choosex1521 as the initial point, andx2
50 as the final point. Substituting Eqs.~8! and ~9! into Eq.
~11!, the expression of MFPT is obtained:

FIG. 1. The MFPT of the bistable system~12! as a function ofl
for t50.2 with a50.1 andD50.1 ~straight line!, a50.12 andD
50.1 ~dotted line!, a50.1 andD50.11 ~dashed line!.
-

a-

m,

n

T~21→0!5D21E
21

0

dx F~x!exp@UW ~x!/D#

E
2`

x

dy F~y!exp@2UW ~y!/D#, ~12!

where

FIG. 2. ~a! The MFPT of the bistable system~12! as a function
of t for l50.5 with a50.1 andD50.1 ~straight line!, a50.11 and
D50.1 ~dotted line!, a50.09 andD50.1 ~dashed line!. ~b! The
MFPT of the bistable system~12! as a function oft for a5D
50.1, with l50.5 ~straight line!, l50.8 ~dashed line!, l50.95
~dash-dotted line!, l51 ~dotted line!. ~c! The MFPT of the bistable
system~12! as a function oft for l51 with a50.1 andD50.2
~straight line!, a50.1 andD50.12 ~dashed line!, a50.1 andD
50.105~dash-dotted line!, a5D50.1 ~dotted line!.
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F~x!5S x21
2l

112t
Aa

D
x1

a

D D 2~1/2!

. ~13!

From Eq.~13!, we can see that whentÞ0, asx→21 the
value of theF(x) for the case ofl51 anda5D does not
diverge to infinity. However, for the case of that, the value
theF(x) approaches infinity as well asUW (x) ~10! diverges to
infinity as t→0 and x→21, therefore, the value of th
MFPT @Eq. ~12!# approaches to infinity. The transition from
x521 to x50 of a particle is suppressed.

III. DISCUSSION AND CONCLUSIONS

When the correlation timet is zero, the MFPT of the
bistable kinetic model has been discussed in Ref.@4#, and
will not be recounted here. Our aim in this paper is to disc
the MFPT of the bistable system when the correlation timt
is nonzero. By virtue of numerical calculation of the MFP
@Eq. ~12!#, we have plotted the MFPT for the different valu
of parameters~t, l, a, andD! in Figs. 1–4. All quantities
plotted are dimensionless as in Ref.@4#. The conclusions tha
can be drawn from these figures are as follows.

When we fix the value of the correlation time~e.g.,
t50.2! and take the valuesa andD in the neighborhood of
a5D, Figures 1~a! and 1~b! show that the MFPT@Eq. ~12!#
increases as thel increases. Figure 1~a! shows that the
MFPT @Eq. ~12!# for a,D is the biggest in the three case
a.D, a5D, and a,D under the samel as l,0.175.
However, the MFPT@Eq. ~12!# for a.D is the biggest in
these cases under the samel asl.0.175.

When we fix the valuel ~e.g.,l50.5! and take the values
a andD in the neighborhood ofa5D, Fig. 2~a! shows that
the MFPT@Eq. ~12!# decreases as thet increases. It is inter-
esting to point out that the MFPT@Eq. ~12!# for a.D is the
biggest in the three casesa.D, a5D, anda,D under the
samet as shown in Fig. 2~a!. l ~l is far away from 1! andt
play an opposing role in the MFPT of the system. Howev

FIG. 3. The MFPT of the bistable system~12! as a function ofD
for l51 andt50.1 witha50.1 ~straight line! a50.18~dotted line!,
a50.3 ~dashed line!.
f

s

r,

from Fig. 2~b!, we can see that whenl came close to 1, the
MFPT @Eq. ~12!# for casea5D increases ast increases and
when t exceeded a certain value~i.e., 0.1!, then that de-
creases ast incteases. From Fig. 2~c!, we also can see tha
whena/D approached 1, the MFPT@Eq. ~12!# for casel51
increases ast increased and whent exceeded a certain valu
~i.e., 0.1! then that decreases ast increases. Stated briefly
whenl or a/D are far away from 1, the MFPT as a functio
of t is monotonic. However, when botha/D andl approach
1, the MFPT as a function oft is nonmonotonic.

The MFPT@Eq. ~12!# corresponding toa,D anda.D
exhibits the same behavior, namely the MFPT@Eq. ~12!#
decreases with botha andD increasing, and the MFPT@Eq.
~12!# for a5D is continuous, which coincides with the con
clusions of the casel50 ~t50! in Ref. @14#. However, when
the t approaches zero~t50.02 andt50.01!, the MFPT@Eq.
~12!# exhibits a big peak at positiona5D as shown in Fig.
4, that is, the MFPT@Eq. ~12!# corresponding toa.D and
a,D exhibits very different behaviors@4#: For a.D, the
MFPT @Eq. ~12!# increases withD increasing under the sam
a (a50.05); However, fora,D, the MFPT @Eq. ~12!#
decreases withD increasing under the samea (a50.05).

The value of theF(x) @Eq. ~13!# is finite, the MFPT@Eq.
~12!# corresponding toa,D and a.D exhibits the same
behavior, namely the MFPT@Eq. ~12!# decreases witha and
D increasing. However, ast→0 andx→21, for casel51
and a5D, F(x) @Eq. ~13!# approaches infinity, then the
MFPT @Eq. ~12!# approaches infinity. Therefore, the MFP
@Eq. ~12!# exhibits a big peak at positiona5D as thet
approached zero. The MFPT@Eq. ~12!# corresponding toa
.D anda,D exhibits very different behaviors.
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FIG. 4. The MFPT of the bistable system~12! as a function ofD
for l51 and a50.05 with t50.1 ~straight line!, t50.02 ~dash-
dotted line!, t50.01 ~dotted line!.
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