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Local denaturation, the separation at specific sites of the two strands comprising the DNA double helix, is
one of the most fundamental processes in biology, required to allow the base sequence to be read both in DNA
transcription and in replication. In living organisms this process can be mediated by enzymes which regulate
the amount of superhelical stress imposed on the DNA. We present a numerically exact technique for analyzing
a model of denaturation in superhelically stressed DNA. This approach is capable of predicting the locations
and extents of transition in circular superhelical DNA molecules of kilobase lengths and specified base pair
sequences. It can also be used for closed loops of DNA which are typically fowieb to be kilobases long.

The analytic method consists of an integration over the DNA twist degrees of freedom followed by the
introduction of auxiliary variables to decouple the remaining degrees of freedom, which allows the use of the
transfer matrix method. The algorithm implementing our technique req@i@¢$’) operations andd(N)
memory to analyze a DNA domain containimg base pairs. However, to analyze kilobase length DNA
molecules it must be implemented in high precision floating point arithmetic. An accelerated algorithm is
constructed by imposing an upper bouvidon the number of base pairs that can simultaneously denature in a
state. This accelerated algorithm requi@@IN) operations, and has an analytically bounded error. Sample
calculations show that it achieves high accuré@gater than 15 decimal digitaith relatively small values of

M (M<0.05N) for kilobase length molecules under physiologically relevant conditions. Calculations are
performed on the superhelical pBR322 DNA sequence to test the accuracy of the method. With no free
parameters in the model, the locations and extents of local denaturation predicted by this analysis are in
quantitatively precise agreement with vitro experimental measurements. Calculations performed on the
fructose-1,6-bisphosphatase gene sequence from yeast show that this approach can also accumtelyareat
denaturation[S1063-651X99)06003-]

PACS numbegps): 87.15.By, 05.90+m

INTRODUCTION through the closed circle formed by the other strand. Equiva-
lently, L is the total number of turns either strand of the DNA
Unconstrained linear DNA molecules in solution at physi- makes about the central axis curve of the domain, counted
ological temperatures and ionic conditions adopt the well-according to sign, when that central axis curve is planar. The
known Watson-Crick B-form structure, a right handed linking numberL is a global topological invariant of the
double helix conformation. However, DNA can occur in sev-domain: so long as both strands of the DNA remain continu-
eral other conformations. The biologically most importantous, the value of. cannot change. However, enzymes can
alternate conformation is the locally denatur@eé., strand- alter the linking numbers of domains by processes involving
separatedstate, in which the base pairing between the twotransient strand breakage and relinkif8)]. In vivo, these
strands of theB-form DNA duplex is locally disrupted. Be- enzymes typically acfoften in concert with other processes
cause local denaturation is an essential step in both transcrigs decrease the linking numbkrbelow the valud., charac-
tion and replication, the two central functions of DNA, its teristic of the unstresse-form double helix[3,4]. The re-
occurrence must be stringently controliedvivo. One means  sulting (negative linking differencea=L—L,<0 imposes
of exerting this control involves topological regulation of the untwisting torsional stresses on the DNA domain involved,
unwinding torsional stresses that are imposed on the DNAlacing it in a(negatively superhelical state. The domain
[1]. can accommodate this condition in two ways. First, the
DNA within living systems is organized into topological B-form helix can bend and twist, deformations that require
domains, typically several kilobases in length, consisting eienergy. Second, local regions of the DNA domain can un-
ther of circular molecules or of closed loops within largerdergo conformational transitions, such as denaturation, that
molecules[2]. The topological constraint on a closed-loop decrease the helicity of the sites involved. These transitions
domain is precisely equivalent to that on a circular moleculeaccommodate part of the imposed linking differenee
In either case the linking numbeérof the domain is fixedL ~ which allows the rest of the domain to relax by a correspond-
is the number of times either strand of the DNA links ing amount. Denaturation will be energetically favored when
the energy of deformation relieved by this partial relaxation
exceeds the cost of the conformational transitigh The
*Author to whom correspondence should be addressed. localization of denaturation at specific sites within a domain
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results from the sequence dependence of the denaturatiamplicated in the termination of transcripti¢h9]. Sequence
energy. Under a wide variety of environmental conditiés  alterations that degrade the susceptibility to denature within
base pairs on average require less free energy to separdf@ 3 terminal flank of the yeast FBP1 gene decrease its
than doGC pairs, with significant modulation due to near frequency of correct terminatioim vivo. Stress-denaturable

neighbor effect§6-9]. Hence, sites of local denaturation SitéS are involved in the binding of DNA to other cellular
teng to be conf:[entrf]:lted afT-rich regions within a nega- structures. These include sites where the DNA attaches to the

) : . chromosomal matri20,21 as well as the centromere re-
tively superhelical doma'”' . ' N gion, where the DNA binds to the cellular apparatus that
The global superhelical constraint of flxeq linking numberseparates the two copies of a chromosome at cell division
L effectively couples together the conformational states of alf27].
the base pairs within a DNA domain. A transition at any one | ocal denaturation is the most extreme form of stress-
site alters its helical twist, which changes the distribution ofinduced DNA duplex destabilization. However, less extreme
the linking differencex throughout the domain, and thereby forms also may be biologically important. A process requir-
alters the stresses experienced by all other base pairs. Thigy local separation of the duplex strands may be controlled
effective global coupling can lead to qualitatively entirely by proteins that can contribute some energy to this unpairing
different types of transition behaviors than occur in the therevent, but not enough to drive it unless the site involved is
mal denaturation of unconstrained polymgt,11). In un-  already marginally destabilized. Such sites may become ac-
stressed linear polymers undergoing thermal denaturationive when stresses are imposed on the DNA that decrease the
the probability of transition of each monomer typically in- energy required for their local denaturation without necessar-
creases monotonically with temperature. However, the impoily causing complete opening. For this reason it is also im-
sition of negative superhelical on a DNA domain can lead tgportant to understand how imposed stresses affect the incre-
much more complex transition behavior. For example, themental energy required to denature individual sites within a
probability of denaturation of individual base pairs need notDNA sequence.
increase monotonically with the denaturing constraintn- Several approximate methods have been developed to
stead, as this negative superhelicity becomes more extremanalyze conformational transitions in superhelical DNA mol-
denaturation at new sites may be coupled to reversions badcules. The first theoretical treatment demonstrated that local
to B form (i.e., rejoining of sites that had been denatured denaturation can be energetically favored in molecules expe-
[1]. Moreover, whereas local changes of base sequence haviencing untwisting torsional stress¢23]. It performed a
at most local effects on thermally driven transitiga—14, simple two-state analysis in which only the competition be-
in stress-induced denaturation small local sequence altetween the untransformed state and the single energetically
ations can have global consequences. For example, deletionost favored denatured state was considered. Thereafter,
of a 16-bp(base pairregion in a 4-kb circular DNA com- three approximate statistical mechanical methods were de-
pletely changes the locations and extents of superhelical dereloped to treat this problem.
naturation throughout the molecUl#5,14. The first of these approaches was a modification of the
Stress-induced local denaturation has been shown expestandard method to analyze helix-coil transitions in uncon-
mentally to be involved in several important biological pro- strained linear moleculd4,25. DNA that is circular was
cesses. The unique replication origin in tBecoli genome  analyzed as though it were linear, with one unopenable base
contains a stress-destabilized site located at a specific pogair added to each end to reduce end effects. Then an energy
tion relative to other markefd5]. Sequences that have been renormalization step was performed to account approxi-
modified in a way that preserves the susceptibility of this sitemately for the effects of the superhelical constraint. This
to superhelical denaturation retain their vivo activity,  approach did not impose the correct topological condition on
while mutations that either degrade this susceptibility orthe DNA. It also incorrectly assumed that sites of denatur-
move the position of the denaturing region by as few as 5@tion were torsionally undeformable, so that no part of an
base pairs destroy the function of the replication origin. Noimposed linking differencex could be absorbed by inter-
other sequence specificity is observed around this positiorstrand twisting at the denatured sites. Single stranded DNA
Stress-induced denaturation also plays several known rolectually is highly flexible, so that large amounts of the im-
in DNA transcription. For example, expression of tinyc  posed linking difference can be absorbed by such twisting at
oncogene is regulated in part by the upstream far upstreatittle cost in energy[26]. These oversimplifications severely
sequence elemefUSE region, which is denatureid vivo  limited the accuracy and utility of this method. Recently this
under conditions where this gene is transcriptionally activeapproach has been extended by developing a more sophisti-
[17]. Transcription ofc-myc requires binding of the FUSE cated self-consistent renormalization technif@ig].
binding protein (FBP) regulatory protein to the unpaired A second approximate analytic method has been devel-
DNA strands at the FUSE site. In a second example, expresped that imposes the correct topological condition on the
sion of theil v Pg operon inE. coliis enhanced by binding of DNA domain and includes the torsional deformability of the
integration host factofiHF) to a site 90 base pairs upstream unpaired regiong5,16]. In this approach an energy threshold
of the transcription start site. However, this enhancemend is specified, and all states of denaturation are found whose
only occurs when the negative superhelicity of the DNA isenergies exceed that of the minimum energy state by no
sufficient to drive denaturation of the region abutting the IHFmore than this threshold amount. The cumulative effect of all
binding site. Under these circumstances IHF binding forcestates whose energies do not satisfy this threshold condition
this site to revert toB form, which causes the next most is estimated by a density of states calculation. From this
easily destabilized region, around the transcription start sitanformation an approximate partition function is constructed,
to denaturd 18]. Stress-induced denaturation also has beemand approximate ensemble average values of important pa-
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rameters are calculated. These include both the denaturatidrhis approach has several advantages over its predecessors.
probability and the destabilization energy of each base pait imposes the correct topological constraint on the DNA

in the DNA sequence. The accuracy of this method increasedomain, it can treat any dependence of base pair separation
as the energy thresholdlis raised, although the number of energies on base sequence, and it can handle many situations
included states, and hence also the computation time, gro\WhiCh other methods find intractable. These include large
approximately exponentially. This technique has internanumbers of simultaneously open regions, high temperatures,
controls that allow the user to achieve a specified level off€ar neighbor effects, and the presence of chemical modifi-
accuracy by setting the energy threshold appropriatelySations such as abasic sites, methylated bases, lesions, or
Sample calculations show that reasonable accuracy can us%dduqts.. It explicitly treatg fluctuations of !nterstrand tWIS't-
ally be achieved using moderate thresholds, for which thd19 Within denatured regions. Some earlier treatments ig-

algorithm implementing this approximate method execute£0red this phenomenon entire[¢4,25, while others as-
efficiently. sumed these torsional deformations occurred at a mechanical

Extensive calculations have shown that the predictions o;quilibrium configuration of minimum enerdy,16,23,21.

this approximate method are in close quantitative agreeme bthe exacgmet?odtglso C%n btﬁ ex:ended ]Eot trea_tfc ompztltlfhns
with experimental result$16]. Experimentally determined etween denaluration and other types of transitions. As the

energy parameter values are used in these calculations, Qﬁft Conttr:'b(;ﬂ.'ops _ftro(;n aIII S;at.?s are mctlut(_jed,lthe aliccuracy
they have no free parameters. However, comparisons witR i e mvs OI IS ('j'?"" ed only ylslcont]p(l; ationa _|mptenj|eni
experiments show that they correctly predict the sites andftion- We also discuss an accelerated approximate imple-

extents of denaturation as functions of the imposed Iinking[“em""t").':jOf the al%onthn; V‘gth ?nalyng errc;r boun?s dWhI(;}hI
difference, as well as the substantial effects on transitio an provide a speed-up ot about an order of magnituae whiie

behavior that can result from even modest base sequen&gt@ining high accuracy.

modifications. The close accord with experiment achieved by

this method has enabled its use to predict the stress-induced DERIVATION OF THE METHOD
destabilization properties of DNA sequences for which ex-
perimental information is not availablé,28].

Despite its successes, this approximate method has sev- We consider a closed circular DNA molecule containing
eral shortcomings. It treats denaturation as copolymeric, wittN base pairs, on which a linking differeneehas been im-
one separation energy ascribedAd base pairs and another posed. Each base pair is regarded as being susceptible to
to GC pairs. As presently constructed it cannot handle morearansition to an alternative secondary structfire., different
detailed transition energies, such as arise from the influendeelical structure and/or separation of the strands of the du-
of near neighbor base pair identities, chemical modificatiorplex). Here the alternative secondary structure is assumed to
of bases, bound ligands, abasic sites, pyrimidine dimers, dse local denaturatiofstrand separatignalthough other pos-
other molecular lesions. All of these local alterations ofsibilities can be treated with the same formalism. We will
DNA are known to occuin vivo, and all can have a variety describe each state available to the DNA molecule, and as-
of important biological effect§29—33. This method would cribe an energy to that state.
also be difficult to extend to analyze competitions between We explicity model only the DNA molecule itself. How-
local denaturation and other types of transitions in topologiever, because the energy parameters used as inputs into the
cally constrained DNA molecules. And for technical reasonsamodel have been determined framvitro experiments, they
it cannot handle cases where the low energy states contaimplicitly include the effects of solvation, ionic conditions,
four or more distinct sites of simultaneous denaturation, agand other environmental factors. The resulting “effective
can occur in very long molecule®N¢15 000 bp) or at high  Hamiltonian” therefore implicitly incorporates a dependence
temperatures. on these environmental conditions.

The third method that was developed to analyze confor- More generally, consider a Hamiltoniaty(X,y), where
mational transitions in superhelical DNA is a generalizedx refers to the DNA degrees of freedom which will be ex-
Monte Carlo sampling techniqu84]. This approach can pilicitly considered, ang refers to any other DNA degrees of
treat some of the special cases that neither of the previouslyeedom as well as to the environmental degrees of freedom.
described methods could handle, such as high temperatur&e constant temperature and pressure partition funztioin
and very long molecules. Also, it can be easily extended tahe DNA plus environmenii35] is then given by
treat multiple competing transitions. However, it is difficult .
to determine the frequency of occurrence of high energy Z=Trgy e AHoxY) N
states accurately using Monte Carlo sampling, so this method
can estimate the destabilization energies of only the moskith the Gibbs free energy
strongly destabilized base pairs. It is comparatively slow to
execute, and its accuracy in calculating many quantities is

o-|

“Effective Hamiltonian” and free energy considerations

often less than that achieved by alternative methods. For
these reasons Monte Carlo is the method of choice only in
cases where no alternative approach is feasible.

In this paper we present a numerically exact technique tdlere, Tk ; refers to sums or integrals ovérandy as appro-
calculate the equilibrium properties of the denaturationpriate andB=1/(kgT), wherekg is Boltzmann’s constant
(strand separatigntransition in circular superhelical DNA andT is the absolute temperature. Equatidh can also be
molecules of specified base sequence and kilobase lengtiritten in the form

- %) In(Z) =( - %) In[Try ;e A9 (2)



PRE 59 EXACT METHOD FOR NUMERICALLY ANALYZING A. .. 3411

Z=Trze AHX), (3)  With « and the secondary structure of each base pair speci-
fied, the torsional deformatiofand the residual linking dif-
where ferenceq, still can vary, provided they do so in a reciprocal
manner consistent with Eq7). We consider in turn each
1 : type of deformation and its associated energetics.
H(X)= ( - E) In[Try e~ FHoli9)], @ P 9

Local denaturation

giving Let n;, 1<j<N, be a variable whose value i5=1

- 'BH()Z)ZTI'); o BHO(XY) () when t‘r‘1e base pa,i’r at“positicj)ris denzituredsome_times also

called “separated” or “open’j andn;=0 when it is in theB

form (i.e., “bonded” or “closed”). Because the molecule is
circular, base pairs 1 arid are neighbors. To accommodate
this periodic boundary condition, we sg{, ;=n; as needed.
Specifying the value of eaa, determines a unique state of
secondary structure of the molecule, in which the total num-
ber of denatured base pairs is

Because of the form of Eq5), H(X) is sometimes consid-
ered to refer to the “free energy” of a particular systé
plus its environmenB, for a fixed configuration of that sys-
temA. Alternatively, one can considét(X) as an “effective
Hamiltonian,” with interactions between theé degrees of
freedom renormalized by the environméaihd possibly tem-
perature dependentWe will primarily use the terminology N
“effective Hamiltonian” and “energy” in this paper. B

For a quantity® which depends only upon thedegrees n—jZl n; .
of freedom[ O= O(X)], the expectation value is given by

®

- - We denote the energy required to denature basg fatr
| TriglOR)e Ao} TrfO(R)Tryfe FHotid]y 9y redt ure basq

(O) _ _ is at the edge of an open region by. The values ob; can
Try g{e™ Aoy} Trg{Trg[ e~ Aoy} be assigned individually to each base pair. In contrast to
) previous approachdg$], this method places no restrictions
Try{O(X)e™ AR on the values they can have. This energy of denaturation is
- Tri{ef,BH(i)} ' (6) known to vary in complex ways with base sequence and

environmental conditions. Values b]‘ have been measured

Thus, as long as an effective Hamiltonikix) is used, ex- experimentally as functions both of base pair composition

pectation values can be calculated as usual. This is the fof6] and of ionic strengtti37]. The near-neighbor sequence
mal basis for the procedure we will follow. dependence of the enthalpy and entropy of denaturation have

been determined under various environmental conditions
[7-9]. Energies of denaturation have been evaluated for me-
thylated bases, and for abasic sit84,32,38. Previous the-
In each state of the DNA molecule the linking difference oretical analyses of superhelical DNA denaturation assumed
« is partitioned among three factors. First, the secondargopolymeric transition energetics, with a single value;
structure is specified by describing which base pairs are deascribed to eaclAT base pair, and another valbg given
natured in that state. Denaturation decreases the unstressedeachGC pair [5]. Under the environmental conditions of
helicity of the involved base pairs from that characteristic ofthe experiments used to detect superhelical denaturation,
the B-form duplex to that of the untwisted condition. If there these ardo,t=0.26 kcal/mol andgc= 1.31 kcal/mol[16].
aren denatured base pairs in the molecule in the given state, A “run” is a region composed entirely of separated base
the total change in unstressed helicity resulting from thispairs. Sincen; only changes with at the boundary of a run,
transition is—n/A, whereA=10.4 bp/turn for denaturation the number of runs in a state of a circular molecule can be
[36]. Only whenn=—Aqa does the extent of denaturation expressed as
exactly relax the imposed linking difference. All states for
which n# —Aa will experience some level of uncompen- N
sated superhelicity. The resulting torsional stresses cause the r=>, Ni(1-=nj.q). 9
two single strands comprising a denatured region to twist =1
around each other. We denote the total change of twist aris-
ing from this effect byZ. Finally, the residual linking differ- An initiation energya is required to nucleate a run of dena-
enceg, is that portion ofa that is not expressed by either of turation. This arises in large part from the energy needed to
the above two structural alterations. According to the formalbreak the extra hydrophobic “stacking” interaction that
ism presented above, this residual deformation need not baust be disrupted when the first base pair in a run is sepa-
decomposed further, since the energetics associatedawith rated. The initiation energy for denaturation is large,
have been determined experimentally. ~10-13kcal/mol, depending on environmental conditions
These deformations are all coupled together by the topd-16,39—42. In the calculations reported below we use the
logical constraint arising from the constancy of the linking valuea=10.8 kcal/mol that is appropriate for the experimen-
differencec: tal conditions under which superhelical denaturation is mea-
sured[16].
@) Hence the total chemical energy needed to denature the
base pairs in the state is

States and their energies

n
a=—K+T+a,.
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N N quadratic functional form also has been experimentally
char+2 bjnJ:E {(a+bj)nj—anyn;,.}. (10  found for the residual linking difference when denaturation
=1 =1 does occuf16,47:

Interstrand twisting within denatured regions K a?

o K
T2 T2

n 2
a+ ——T) . (15

Because single stranded DNA is highly flexible and the A

denatured regions within a superhelical molecule generally

remain torsionally stressed, the unpaired strands comprisinghe coefficientk has been determined experimentally to
them will tend to interwind. If the base pair at sjtes dena- vary inversely with molecular lengtN, having the value&k
tured (n;=1), and has a helical twist of rad/bp, the energy ~222RT/N at the physiological temperature 37 °C.
associated with this deformation is The total energy associated with a state depends on the
manner in which the torsional deformations are being

H( ')_anTjZ (11) modeled. Adding all the contributions, we find that the
T T HamiltonianH, for case(1), whererj=r1, is
This energy arises in part from configurational restrictions nCr? K n nr\2
due to helical interwinding. The value of the torsional stiff- Hi=——+5lat 3= 5

ness, C~9.3x10 ?*ergcm, is known from experiments

[16,42. We do not explicitly model fluctuations in the twist N

of bonded(nondenaturedbase pairs, as the torsional stiff- +Z {(a+bj)n;—an;n;}. (16)
ness of B-form DNA is about two orders of magnitude =1

greater than that of the individual denatured straf28.

Instead, this effect is subsumed within , the residual su- In case(2), where each of the separated base pairs is tor-

perhelicity. sionally deformed at a rate of rad/bp, the Hamiltonian is
We will consider the torsional deformationsat two lev- N 5 N )
els of detail. In cas€l), 7; is set tor for each separated base o= 2 Cny;j N E . n 2 n;7;
pair j, so that the total twisT of the open regions is 2_]:1 2 21T A = 27
N
nr
T=5—. (12 +]Zl {(a+bj)n;—ann;,}. (17

This is done primarily to enable comparisons with previous _ N _
treatments[5,16]. In case(2), we allow the 7; associated Calculation of the partition function
with each denatured base pair to fluctuate independently, The calculation of the partition function involves sum-
giving ming and integrating the usual Boltzmann factor®™ over

N all the states available to the system, whdrbere refers to

n; 7; the Hamiltonian of a given state a 1/(kgT). We pro-
=3 07 (19 g B 1/(kgT) p

ceed by first eliminating the degrees of freedom associated
with the 7;’s, the twisting of the separated DNA strands.

Note thatn; , and hence this summand, is nonzero only at the First, consider casel), wherer;=r for each separated
n denatured base pairs in the state under consideration. Pas€ pair. For each numberof separated base pairs and
imposed linking differencex, we minimize Eq.(16) with
Residual superhelicity and total energy respect th-._'I_'hls leads to the condltlor_aer=_27r_Cr. [The
) ) ) same condition follows when Ed17) is minimized with
Once the separated base pairs and their torsional deformgsspect to the-’s.] If we replacer by this value, as was done
tions are specified, the residual linking difference is deterq, previous W(ljrk[S 16], the effective Hamiltoniar,, now

mined as dependent only on the;’s, becomes
n 2m?CK n2 XN
a=at =T (14 Hi=——|a+—| + a+b)ni—ann;,}.
A Y 4m2c+knll A 121 tarbyn—ann; .}

18
This residual linking difference is comprised of twisting of 18

the B-form regions, as well as bending deformations. HOW-(yqer this minimizing assumption the partition function as-
ever, for present purposes, need not be decomposed.mtc_) sociated withH, has the form
these constituents because the energy associated with it is
known from experiments.
The energy associated with superhelical deformations has Z,= E Ql(n)efﬂ}il{(ﬁbj)njfanjnjﬂ}, (19
been measured by several experimental techniques to be qua- s
dratic in the linking difference under conditions where no
denaturation occuifgt3—45. (In that casey,= a.) The same where
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—2m2BCK n\2 denotes summation over thé 2tates of secondary structure.
Qi(n)=ex 5 ( K) , (20 In case(2), where eachr; corresponding to an open base
4m°C+Kn pair is allowed to fluctuate, the partition function has a simi-

lar form, differing only in the prefactoQ,(n). One can
integrate over then continuous degrees of freedom to

1 1 1
>=> > > (21)  obtain the expression
8 =

and

(22

Performing a matrix version of the completion of squares,

one may evaluate this integral to be Q(n)= (N+1
m=0 k=0

7\"  47%C 2 (28)
[ﬁc] 472C+ Kn) ' @3 Placing this expression f@(n) into Eq.(24), using the fact
thatn= E _1n;, and rearranging terms, yields

NN 2mik(n—m)
> > Q(m)eXF<T)-

Q2(n)=Qy(n)

In each case the partition function may be expressed as N

N z=2, F(ka(k), (29
Z,=2 Qumexp — B2, [(a+byn—ann;.q] -
(249  where
where\ equals 1 or 2 depending on the case being consid- N 2mikm
ered. We will henceforth drop the subscriptinless specifi- a(k)= E_ Qimyexpy — 1 (30)
cally noted, as our calculation strategy will apply in both B
cases. and

In both caseq1) and (2) the partition function may be
written in the formZ, =Tr{exp(~BH,)}, whereH, is a
function of then;’s only. From Egs(20) and(23), one of the F(k)= 25" exp{— BH(K)}, (31)
terms in eachH, is In{Q,(n)}, which contains the factor
(a+n/A)2. Sincen?=3}, _;niny, this shows that a cou- \ih
pling is induced inH, between every paifj,k) of the base
pairs.

A naive calculation of the partition functions of E{4) H(k)= E cj(kynj—anjn; (32
would require a computation time growing exponentially
with the number of site®. However, an expression having

the functional form of Eq(24) can be evaluated in polyno- and
mial time using the following procedure. First we wripgn) 2 mik
as (K) = e
cj(k)=a+Db; BINTL) (33
Q(n)= 2, 8,,Q(mM), (259  H(k) has the form of a one-dimensional lattice o@s,
m=0 '

equivalently, Ising modegl in which the chemical potential
(magnetic fieldl is site dependent and complex.
The F(k) term derives only from the chemical energies
associated with base pair separations, while dfle) term
(26) depends upon mechanical parameters associated with topo-
logical and geometric factors. These are the imposed linking
differenceq, the residual superhelicity, , and the torsional
deformations of the denatured regions. Separating the factors
N ) arising from the denaturation transition from those derived
2 %ka(n—m)) 27) from the topological constraint enables efficient evaluation
k=0 N+1 ’ of the entire expressiork (k) requires a summation over all
statesS of the secondary structure of the molecule. This
wherei=/—1, we obtain summation will be performed using the transfer matrix

where dp,, , is the Kroneckerts function:

s 1 if m=n
mn— |0 otherwise.

Expressing the function in the form

5m,n

N+1/¢
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method[46], as described below. Onégk) and the appro-  poseM,,... My areqx g square matrices. We number rows
priate prefactorQ(m) have been evaluated, the balance ofand columns of these matrices from 0 ge-1, and here

the computation is straightforward. We will show that all the denote the element in thi¢h row and thejth column ofM,
expectation values of interest can be calculated using equ@yy m! .. The product of all these matrices is

tions having the general form of EqR9)—(33). o

N
Transfer matrix method P=M;M;---My= |1:[1 My, (39

We begin by briefly reviewing the transfer matrix method
[46], originally formulated for the Ising model. First, sup- and the trace oP is

q-1 q-1 q-1
— = ooom emN
Tr(P)_J—Zo p“_joE:o iN§=0 (mloJl STt mlN—lvlo)' (35

To illustrate the transfer matrix method, we calculateRtik) of Eq. (31) needed to compute the partition function. We set

N
H(k>=§1 H(K), (36)

where we here choosH, (k) to have the symmetric form
Hi(k)=z{ci(k)n+¢ 1 (K)ny. .} —ann;;q, (37

which is the form we will use in our algorithmic implementatigmhis choice is somewhat arbitrary; we know of no particular
advantage to using a symmetric versus a non-symmetric fdeach#, (k) only depends upon the variablagandn,, ;.
Because the collection of all states of the systgis exhausted by permitting each variablg 1=1,...N, to take on every
possible value, it follows that

1 1
F(k);% e BHK = 20 20 (e—ﬁHl(k)[nlxnz]...e—ﬁH|(k)[ﬂ| ,”|+1]...e—ﬁHN(k)[nN,nﬂ)_ (39
ni= nN=

In this formF (k) has the same structure as that given in Eqassociated with different base pairs will not be identical. As
(35), with g=2. This shows thaF (k) can be expressed as multiplication of these matrices does not commute, this op-
the trace of the product of’22 transfer matrice$,(k), | eration must be performed numerically. The numerical
=1,... N, one for each base pair in the molecule. Theimplementation of this approach is described in a later sec-
transfer matrix M,(k) has entry m(k)!'j (i=0,1 andj tion.

=0,1) corresponding, respectively, to the valuegofi®)

arising whem;=0,1 andn;;=0,1. Thus, the matri¥, (k) Calculation of ensemble averages

that occurs when one uses the symmetric fornt#fk) in

the evaluation of (k) is The ensemble average values of several quantities provide

important insights into the transition behavior of a superhe-
lical DNA molecule. These include the average numiveo$
. (39 denatured base pairs amdof runs of transition, and the

average total twisT of the denatured regions. The ensemble

This shows that the functioR (k) in Eq. (31) may be ex- average residual linking differencg , obtainable front, is
pressed as an important parameter to calculate because it can be experi-
N mentally measured using gel electrophoresis technigt&s
_ The biologically most interesting information involves the
F(k)—Tr( |1;[1 M'(k)) ' (40 locations where denaturation occurs, and the relative extents
and energy costs of transition at those locations. We evaluate
Computations using this method require an evaluation ofocations and extents of transition by calculating the prob-
products of large numbers of matrices. In the standard oneability of transitionp,=n, individually for each base pair 1
dimensional Ising model, the transition energetics are identiI<N. The resulting transition profile is typically displayed
cal at every position, so the transfer matrices are all the samgraphically by plottingp, against sequence locatidn(An
and the trace can be expressed as the sum of powers ekample is displayed as the upper graph in Fig. 4 beléw.
eigenvalue$46]. In the present case the energy of transitionmethod to calculate the destabilization energies of individual
varies with base sequence, so the transfer matfi¢gk) base pairs is described in a later section.

e Bc+1(0/2
e—BC|(k)/2 e*,B(*aJr{q(k)+C|+1(k)}/2)

M, (k)=
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The additional quantities that must be calculated in order Inp,
to evaluate these ensemble averages all have the functional AG()=(=kgT){InZ(n))=InZ}=— R (47)
forms expressed in Eq$29)—(33). Only the forms of the
prefactorsQ(m) and the summands df(k) may differ.

Hence they can be evaluated by the general procedure that Calculation of the average number of runs

was described above for the partition function. The ensemble average number of runs of transitigns
given by
Calculation of the average number mf separated base pairs
The ensemble average number of separated basenpairs T= Z(r) (48)
Z L
_ Z(n)
=— (4)  where
N
where Z(r)=2, Q(n)re AZj=d@+bpn—anniia} (49
S
Z(n)=2 nQ(n)e ALd@rbn-anniial - (4) Expressing as
S
N
This expression may be evaluated using the same te_chnlque r=> (N—nny1q), (50)
as was described above for the partition function, with the =1
sole modification tha®(n) is replaced bynQ(n). As this is _
still a function ofn alone, the procedure applies unchangedone obtains
Alternatively, one may evaluate as the sum of the transi- N
tion probabilitiesn, of the individual base pairs, which we
oo ! P 2(n=3, [z(n)~Z(nni, )], (51)
Calculation of n; where

The transition profile of a DNA sequence at linking dif-
ferencea is a graph of the eqU|I|br|L_Jm probability of transi- Z(n|”|+1)=2 Q(n)n;n; . ;e AZj-al(a+bpn;—annj, 1}
tion p;, 1=<I<N, of each base pair in the molecule. Here S
p,=n, is given by (52

Z(n) The expression&(n,) have been calculated above for edch
n= 7 (43)  The termZ(nin,,4) again has the functional form of Eq.

(29), with F(k) now replaced by

whereZ(n,) is the contribution to the partition function from N
all states in which base pdilis separated: Frioa(k)=> n|n|+1exl{ -B>, Hj(k)). (53)
' S =1

— N . — . .
Z(n)=2 Q(mnje Axj=d@rbpn=amniel - (44) |y this case the transfer matrid (k) is replaced by that
S .
corresponding tayn, ., exp(— BH, (k)),

Z(n;) may be cast in the functional form of Eq9), with

0 0
F(k) replaced by Mi'(k)=(o eB(a+{C|+1(k)+C|(k)}/2))v (54)
N
Fi(k)=> n exp(—BE H,—(k)). (45) while all other transfer matrices remain unchanged.
S i=1 [Equivalently, one could replace e&p B8H,(k)) by

ny exp(— BH,(k)) and exig— BH,+1(k)) by
Here thet;(k)’s are the same as those used in the evaluatiom, , ; exp(— 8H, ,1(k)), giving two matrices having the form
of the partition function. This has the effect of replacing of Eq. (46).]
the transfer matrix M(k) by that corresponding to

n; exp(—BH,(k)), Calculation of the average total twisT
0 We now consider the ensemble average total t@istf
M/ (k)= o B (k)2 e_ﬁ(_a+{cl(k)+clH(k)}/z)). (46)  the unpairedopen regions, which we write in the form
10 z
All the otherN—1 transfer matrices remain unchanged, as T _2 Ny = (ﬂ' (55)
do theq(k)’s. BecauseZ(n)) is the partition function with 2ni= M 2z

base paill always separated, one can calculate the free en-
ergy AG(l) required to separate base phas For both case¢l) and(2) (A=1 and 2, we find that
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Z\(T)=2 Q. (me Ail@rbpn—annial - (56)
> Qs
where
Qu7(M=Qy(n) ol s
n)= n)| —— —.
M "N amzcrkn/\ YA

The expression®, rthat result are functions of alone, so
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Z(H)

H==2

(62)
Z, has already been evaluated, afiy{H) is given by

Zy(H)=2, {Rz(n)e‘BEJNﬂ{<a+ bj)nj—anini1h)
5

N N
+J§l <a+bj>zz<nj>—j§l azy(ninj1),

the evaluations oZ(7) proceed in the same manner as was

described above for the partition function.

Calculation of residual twistinge,

Using Eq.(7) to expressy, in terms of the other defor-
mations, one obtains

a,=a+ -7 (58

> 5|

(63

where

2m°CK

Ra(M)=Qal)| 55+ 25— | a

(64)

+nz
K .

Calculation with fixed base pair separations

Several types of externally imposed conditions may affect

The procedures used to calculate the two average values éh€ secondary structure of specific base pairsivo. Site-
the right hand side of this equation have already been desPecific DNA binding proteins or enzymes may hold particu-

scribed.

Calculation of “energy” H

lar base pais) either open;=1) or closed (,=0). Alter-

natively, abasic sites are created when the purine or
pyrimidine base at a site is lost. This does not disrupt the
continuity of the sugar-phosphate backbone, so the topologi-

We now calculate thél,’s, the ensemble averages of the cal constraint is unaffected. However, there being no base at

effective Hamiltonians of Eq$16) and(17). These averages

that site, Watson-Crick pairing is impossible. Enforced open-

are used in the calculations of base pair destabilization enemmgs or closures can have a significant effect on the destabi-

gies, discussed below. As a reminder=1 and 2 refer to

lization experienced by other base pairs throughout the do-

our different assumptions regarding twisting deformationsmain. For example, the externally enforced separation of a

with A =2 the more generally physically relevant.
For casg1l) (A=1), we use théd; of Eq. (16) to obtain

S oHiel A1) Z,(H)

H: Ese(fﬁHl) Zl

(59

The partition functiorZ, has already been calculateti.(H)
is given by

Zy(H)=, {Ry(n)e Ajzal(arbpn —ann; iy
S

N N
+,Zl (a+b,—)zl(nj)—j§l az;(njn; 1),

(60)

where, from Eq(18),

272CK

Ry(n)=| — ="
= e kn

Qa(n) (61)

r-]2
+ —
wt )

As the first term of Eq.(60) has the general form of the
partition function of Eq.(24), and Z,(n;) and Zy(n;n;, )
have been evaluated abow¢; can be calculated using the
procedure developed above for E¢@9)—(33).

Integrating over ther;’s, we find that cas€2) reduces to
the form of Eqs.(60) and(61) as well. Specifically,

base pair, as occurs at an abasic site, permanently nucleates
denaturation at that site, so the large initiation eneagy
needed to start a run at any other position is not needed there.
This increases the probability that additional denaturation
will occur in that region over what would be expected in the
intact moleculd 23].

The partition function that arises when base pag con-
strained to be open is given by

Z(n)=2, Q(nyme FEj-al@rbpni—anni 1} (g5
S

which is a sum only over states wharg=1. Similarly, the
partition function with base pairheld closed is

> Q(n)(1—nye FEmall@ e -ann a7 7(n)),
S
(66)

If base paird and|’ are both held open, for example, the
partition function becomes

Z(n,n)= Q(n)nyn, e AZsal@rbpni—ann;. g}
S
(67)

The ensemble averages derived previously can all be cal-
culated with these base pairing constraints. For example, the
probabilityn;(1") that sitel is separated when sité is held
open(n,, fixed at J is given by
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. Z(n,,n) affect strand separation. If these other molecules can contrib-
n(l")= Zin) (68 ute only marginally to the energy needed to denature their
! target DNA site, they may be able to induce separation only

The probability that sité is separated with the base pair at When that site is already partially destabilized. In this way

sitel’ held closed is similarly given by imposed torsi_o_nal stresséﬁ_ych as those _produ_ced by nega-
tive superhelicity may facilitate events involving denatur-
Z(n)—Z(ny,ns) ation, even where these stresses do not drive separation to
Z-Z(n,) (69 completion. The calculations of destabilization energies de-

veloped here are designed to find such partially destabilized
For certain averages and under general base pair separatigggions.
constraints it is necessary to calculate quantities of the gen- One estimator of the energy required to separate a particu-
eral form lar base pail can be obtained by comparing the usual en-

semble averageél with the ensemble averagé(l) found
when base paim, is held open. The differencaH(l)
=H(l)—H provides a measure of the extent to which base
_ —psN b)ni—an n;
—; Qmny ny,...my, @ FFi=al@rbm=annal, pair| is destabilized by the imposed stresses: the smaller this
difference, the more destabilized the base p2d.
(70) This effective destabilization enerdy(l) must be calcu-

This is accomplished by modifying the appropriate transfefated for each sité. Restoring the\ subscript referring to

Z(n|l,n|2...n|M)

matrices, as has been done in E@) and (54) above. twisting assumptions, we have
. .- . . T Z(nl 1H)\)
Calculation of destabilization energies H, ()= W’ (72
[

Sites where stress-induced destabilization occurs but is
not sufficient to drive denaturation may be important as tar-
gets for other molecules, such as helicases, whose activitiegith

N N
Z(n, ,HA)ZES‘J {R}\(n)nle*ﬁiz\lzl{(a+bj)nj7anjnj+1}}+jgl (a+ bJ-)ZA(nJ-m)—JZl azy(njnjny). (72

The methods to evaluate each term in this expression haweetic “potential” would give practically indistinguishable

been described above. THeH(1)’s are typically less noisy results. However, this approach is not well controlled for the
estimators of site-specific destabilization energies than thg8ystems we treat.

AG(l)’s of Eq. (47) [28]; however, they are also computa-  First, this approach is not strictly applicable in our case
tionally more expensive. because the linking number is not an extensive variable in

the usual sense. That is, there is no intensive “linking den-
sity” whose integration over the molecule yieltls To see
Evaluation of an alternate strategy for treating the linking this, consider two curves. The first is a figure eight with a
number constraint single contact point, and the second is the same curve after a
As seen from Eq(7), we impose an exact constraint on strand passage t.hr.Ol:Igh.the contac_t poin't. As these conforma-
the linking numberx. Another possible approach could be to t|orlls'd|ffer only |nf|n|.tesm'1al'ly., aII' intensive pargmeters de-
use a “linking number potential(LNP), which we denote Scribing them also differ infinitesimally. So the integrals of
by . This strategy would be implemented by retainiggas ~ @ny intensive quantities, as they are taken over a fixed and
an independent variable, usigx?/2 in Egs.(16) and (17) finite length, will also differ infinitesimally. But the linking
instead of the rightmost term of Eql15), adding a term humbers of these configurations differ by 2. It follows that
— u[— (n/A) +T+ a,] to the effective Hamiltonians of Eqgs. the linking number is not generally computable from an in-
(16) and (17), and then adjusting: until the expectation tensive density. Instead it is expressed using a Gaussian
value of the right side of Eq(7) achieves the desired value double integral. This means it does not depend on strictly
of . This type of approach, analogous to going for exampldocal quantities, but rather on how each part of the molecule
from the canonical to the grand canonical ensemble, can his positioned relative to every other pa#7].
effective in cases where the Hamiltonians are homogeneous Second, the thermodynamic limit itself is much more
(at least on some length scpla the limit of large systems. problematic in our model, in part because nonrandom hetero-
One example of such a “thermodynamic limit” system is a geneity can lead to situations where only a small part or parts
homogeneous Ising ring of a few thousand sites, where af the system are active. As a simple example, inserting 100
constraint on total spin and the use of the appropriate magAT base pairs into a superhelical circular DNA molecule
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consisting of 5000GC base pairs would have a dramatic To describe how these calculations are implemented nu-
effect on whether and where denaturation would occur, thenerically, we consider three illustrative cases—the calcula-

property we are interested in. But the addition of 100 sites tqjon of the ensemble average total twit of the transition
a 5 K bphomogeneous Ising ring would in general have aprofile (which involves evaluating all they’s, 1<I<N), and

negligible physical effect. This behavior has been observeds e average number of rums= EN:l(ﬁj_njnj-}-l)- The

. leal en ; : i
experimentally: in a circular 4000 base pair plasmid, the réyepnigues needed in these cases also apply to all others. We

moval of a particular 16 consecutive base pairs was shown i@y show how all of these calculations together can be per-
dramatically affect when and where local denaturation OCtormed in O(N?) steps withO(N) memory.[A minimal

curred [15].' In g(‘a‘neral, it is not' clggr',that the systems Wememory ofO(N) is required simply for storing the base pair
study are in the “thermodynamic limit” in the usual sense. sequenca.

'_I'hird, t_he use of a linking number pote_znti_,aj requires We consider first the calculation of the partition function
taking weighted averages over ranges of linking dlfference% dth | twisiT In th lculati 7 th K) of
a. However,a can only assume values that differ by discrete and the total twis. In the calculation oZ, the p(k) ot

integers, while use of a LNR places no such constraints on EQ. (73) is given by theq(k) of Eq. (30). In calculating?
the right side of Eq(7). Moreover, when local denaturation =Z(7)/Z, thep(k) for Z(7) derives from the Fourier trans-
first occurs, the case in which we are often most interestedorm of the Q(n) of Eq. (57). For bothZ andZ(7), F(K)
experimental system@nd our modélare very sensitive to is given by theF (k) in Egs.(31)—(33).
the precise value of the linking number, with smifiteger- Each F(k) in the sum of Eq(73) requiresO(N) opera-
valued changes having large effects on the denaturation betions to evaluate, as it involves the multiplication 22
havior. Under these circumstances it is not clear how accumatrices. Calculating eagh(k) also requires no more than
rate a weighted average over a continuous range of linkin(N) operations. As there aifé+ 1 different values ok, a
differences would be for ouffinite) systems. total of O(N?) operations is required to compufeand 7.
Lastly and perhaps most importantly, as discussed followfThe prefactor can be reduced somewhat by using the fast
ing Eq. (24), direct long-range interactions between all the Fourier transform, which requires rough®(N In N) rather
base pairs are generated in our model when the twist varthanO(N?) operations to compute @l + 1p(k)’s; however,
ables are integrated over. However, only nearest-neighbap(N?) total operations are still required for tifgk)’s.]
interactions between base pairs are generated if one uses thewe now consider the transition profile and the total num-
LNP approach and integrates ovgrand the twist variables. ber of runsr. TheN differentZ(n;)’s andZ(njn,, ;)’s, nec-

In general, it is not a well controlled strategy to try to calcu- essary to compute thg’s andT, are given by
late the effects of long-range interactions using a model that

contains only nearest-neighbor interactions. N

Using a “linking number potential” approach might lead Z(ny)= Z Fi(k)ack) (74)
to accurate results some of the time, perhaps often. However, k=0
we do not in general know how well controlled such ang,q
approach is for our systems. Indeed, it seems most likely to
fail precisely in the cases in which we have the greatest N
interest. In fact, the only way to reliably test an LNP ap- Z(n|n|+1)=2 Fii+1(k)ack), (75)
proach would be to compare with a numerically exact k=0
method such as the one presented in this paper. Further, Weh F

develop below a fast, approximate but well-controlled and (k) and Fy15(K) given by Eqs.(45 and (53), re-

; . . pectively. A direct calculation of theséN2quantities would
very accurate implementation of the preceding exact metho 3 . .
: . e mvolve O(N*) operations. However, this can be reduced to
that can simulate problems of biological interésiolecules

several kilobase pairs longn a few hours on a high-end O(N?) by using the fact that the transfer matrices whose
P g 9 roducts must be evaluated have a high degree of similarity.

work station. This makes the implementation of a fast bu@ o .
. . pecifically, the matrix products used to evalu&ték),
uncontrolled approximate approach even less important. F\(K), andF, | 1(K) differ only in the matrix at positioh, as

was noted previousljsee Eqs(46) and (54)].
ALGORITHM IMPLEMENTATION To take advantage of this similarity, we compute two sets
Operations count of matrix productsP(") and PP, 1<I<N. P{") is the
“left” product of the transfer matrices from 1 th

In this analysis all quantities requiring calculation are

sums having the general structure of E29): Pf")= MM, = PI(E)l' M, . (76)
N
S K p(k). (73 P{? is the “right” product of the transfer matrices frohto
= N,

Although thep(k)’s generally will differ in the calculation PR=M,--My=M,-PR,. (77)

of different quantities, all involve a discrete Fourier trans-

form of N+ 1 terms[see, e.g., Eq30)]. The F(k)’s, which  Recursive evaluation of all the{") and P{®’ matrices in-
will also typically vary in calculations of different quantities, volves O(N) operations, and their storage requi®$N)

are expressed as traces of productdl@Xx 2 transfer matri- space. Once these matrices have been calculg{ékl, may
ces. then be evaluated as
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Fi(k)=Tr(P~,- M/ -P{R), (7 ~and
andF;,1(k) as Flic1(K)=Tr(M{- (M)~ 1-P). (84)

— (L) .nm7.p(R
Frisa(kK)=Tr(P=y- M- Pri), (79) However, because of the repeated applicatiomath M,’s

with M/ andM] given by Eqs.(46) and (54). This again and M))""s, this alternative procedure is numerically un-

requiresO(N) operations for alN values ofl. Hence, using stable. . " 2
this approach, alN of the F,(k)’s and F, . 1(K)’s for a It requires an additionalD(N“) steps to compute the

given | may be computed inO(N) time using O(N) above quantities for a given set of imposed base pair sepa-

. . . 3
memory. Therefore, the separation probabilitesnd aver- gtﬁgs or closutres. IHeIncée 'thr%qu'{ég.(lN )t' steps ar_1d
age number of runs can all be calculated i®(N?) time ( ) memory to calculate a estabilization energies

with O(N) memory. This matrix multiplication procedure is AH(l), 1<I<N, from Egs.(71) and(72).

numerically stable. One can use the following procedure to reduce the num-
A possible alternative procedure with the same time ander of operations required by approximately a factor of 2.
memory scaling would be to define We will illustrate with the calculation of the partition func-
tion Z= Ek:OF(k)q(k) since, as discussed above, calcula-
Pi=M---My-Myg---M_y. (80) tions of all the observables involve similar techniques.

) , Becausam is an integer, it follows from Eq(30) that
Starting with

Pr=M;---My, (81) d(N+1-k)=g*(k), (85)
one could recursively calculate all th&’s: where the star denotes complex conjugation. Similarly,
’P|=(I\/I|,1)7l~’P|71-M|,l_ (82) F(N+1—k)=F*(k) (86)

Using the cyclic property of the trace, one then has
, . sincen= EN 1n;j can also assume only integer values\lis
Fi(k)=Tr(M{-(M)"~-P)) (83  even, we hence have

N/2 N/2 N/2

N
2 F(a(k=F(0)a(0)+ 2, F(ka(k)+ 2, F*(ka*(k=F(0)q(0)+22, Re[F(ka(k}}, (87)

where Ref) denotes the real part of a complex numbelf N is odd, we obtain

N

N+1
E F(k)q(k)=F(0)q(0)+F| ——

(N=1)/2
2 )q

N+1
+2 2 Re[F(k)q(k)}. (88)

2

Since only half thek values are now required, the computa- the magnitude of the largest term in its summand. If the ratio

tional time is halved. of the total sum to this largest term becomes smaller in mag-
As mentioned above, th&(k) terms in Eq.(73) derive  nitude than machine precision, then the final sum will consist

from the chemical properties of denaturation, while theonly of round-off noise. In our calculations this ratio be-

p(k)’s are determined by mechanical properties associatedomes small exponentially with molecular length.

with the twisting deformations and residual superhelicity. To illustrate how this problem arises, consider a simple

Thus the same set af(k)’s can be used with different example. Suppose that the energy of initiateois zero and

p(k)’s if only twisting parameters are changédnd vice that the base pair separation enerdiesare also zero. Fur-

versa. In particular, once theF(k)’s have been calculated ther, assume tha@(n) has the form

for one value of the linking difference, they do not need to be B

recalculated to handle additional values. So the incremental Q(n)=e™"", (89)

t of treati f linking diff is reduced.
cost ot freating a range of finking difierences 15 reduce with «>0. This simplifiedQ(n) shares the essential feature

_ _ with the Q(n)’s of Egs.(20) and(23) in that it decays with
Catastrophic cancellation an exponent that is asymptotically linear mn for large n.

This algorithm can experience a severe sign cancellatioMVith these assumptions, the partition functidibecomes
problem when applied to large DNA molecules. A loss of
precision occurs when certain summations are performed, 7= 2 Q(n)= E e~ sz Ni=(1+e N, (90)
because the magnitude of the final sum is much smaller than
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In our algorithmZ is written in the form of Eq(29), 35
30
z=2 z(k), (91)
k=0
25
where
§ 20
z(k)=F(k)q(k). (92) ®
©
Under the conditions of this examplg,0) may be shown to E 15
have the real part of greatest magnitude of all #k)’s.
From Egs.(31)—(33), one finds that 10
F(0)=2N. (93 .
Also,
04— . . . -
N 1—e k(N+1) 0.0 0.5 1.0 1.5 2.0
(N+1)g(0)= Eo e KM= -6~ >1, (94 Sequence Length (kb)
m=
FIG. 1. Stress-induced denaturation is analyzed in molecules of
so that different lengths whose linking differences are chosen so that each
has a superhelix density= a/L,= —0.055, a common physiologi-
2(0)=F(0)q(0)> N (95) cal value. This analysis is performed using the exact method in both
N+1 guadratic precision and in high precision with 200 decimal digits of

accuracy. The number of significant digits of accuracy of the qua-
dratic precision implementation was assessed by comparing its ex-
tent of agreement with the high precision results in each case. The

Hence, the ratio of the partition functiahto its largest term
z(0) obeys

N
: (96)

1+e™

Z<N+1
(N+1)| —,

z(0)

figure plots this accuracy at various sequence lengths as squares,
and the fitted regression line is also shown. One sees a rapid, linear,
loss in the number of significant digits with sequence length due to

catastrophic cancellation. Extrapolation of this regression line al-
which decays exponentially with system size. For any fixedows one to estimate the arithmetic precision needed to achieve a
machine precision, there will be a molecular lengttbe-  prescribed accuracy in the analysis of a DNA domain of any length.
yond which the calculation o will consist entirely of
round-off error. to zero at a molecular length ®i=2400 base pairs. The

Sample calculations have been performed to determinebserved decrease in the number of significant digits was
the extent of this problem in realistic cases. Molecules ohearly linear with molecular length, as the regression line
varying lengths were analyzed, each at a linking differencghows, in qualitative agreement with the exponential form of
a=—0.059_, which corresponds to physiological levels of Eq. (96).
superhelicity in bacteria. The energy parameters used in These results demonstrate the need to implement this al-
these calculations are the ones which have been shown twrithm in high precision arithmetic. The calculations
apply in the environmental conditions of the experimentalneeded to analyze a 10 000-bp molecule under these condi-
procedure of Kowalski and co-workers, by which superheli-tions can be estimated from these sample runs to suffer the
cal denaturation is detect¢l6,48. The sequences analyzed loss of approximately 140 decimal digits of accuracy due to
were the firstN base pairgi.e.,j=1...,N) of the pBR322 catastrophic cancellation. Thus high precision implementa-
DNA molecule, for 106=N=<2400. The transition probabil- tions using floating point arithmetic with 200 decimal digits
ity p, of each base pair was calculated, both in quadratiof accuracy will generally suffice to analyze biological se-
precision(on a 32 bit machineand using the arbitrary pre- quences of this size. Our calculations were implemented us-
cision FORTRAN package developed by Bail¢¢9] with 200  ing Bailey’s multiprecisiorFORTRAN packageviPFuN, which
decimal digits of precision. The degradation of precision ofallows the user to specify the level of precisiget8].
the quadratic precision calculation with molecular length was Implementing these calculations using multiprecision
measured by determining the number of decimal digits ofarithmetic significantly slows their execution speed. The
agreement between tipg's calculated each of the two ways, CPU times required in the sample calculations described
and selecting its minimum value over the sequence analyzeabove are shown in Fig. 2 as functions of molecular length.
1<I=<N. (We note that the measured average number oThese computations were performed with 200-decimal-digit
decimal digits of agreement over the entire sequence differedccuracy on one R10000 64-bit processor of a Silicon Graph-
from this minimum value by less than 1% in all calcula- ics Power Challenge computer. These execution times grow
tions) quadratically with molecular lengtN, as expected.

The results of this procedure are shown in Fig. 1. The As noted above, lower precision calculations suffice for
number of digits of accuracy of the quadratic precision cal-small molecules, while higher precision is required to treat
culation fell from the maximum of 33.7 that is available in larger ones. If the run time for a particular problem depended
the Hewlett-Packard implementation of quadratic precisiorstrongly on the required precision, an additional scaling with
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400 M
ZM=>" z(m). (99)
m=0
300 To find an upper bound/ that suffices to guarantee a
3 specified level of accuracy we proceed as follows. For each
g value of m, we find a lower boundZ, (m) and an upper
g boundZ(m) for the termZ(m):
~ 200
g 0<Z, (m<Z(m)<Zy(m), 1=m<N. (100
=
= Then
o
O 1001 N N
z-zM= > zZm= > Zy(m=2z,-2{",
m=M+1 m=M+1
0 (101
0.0 0.5 1.0 15 20 25
Sequence Length (kb) WhereZ(UM)ZEM:OZU(m) andZy=3}_,Zy(m). Also,
N
FIG. 2. The CPU time required for an exact calculation using _
Bailey’s MPFUN high precisionFORTRAN package[49] with 200 ZL_mE:O Zy(m)<Z. (102
decimal digits of accuracy is plotted as a function of molecular
sequence lengtfsquares These calculations were performed on a Hence,
single R10000 64-bit RISC-based Silicon Graphics processor. The
curve gives the best quadratic fit to the data points. z—7zM) 7 _7(M)
<U v (103
z Z

system sizeN could be introduced. However, the run time

for calculations of up to 1000 decimal digits of accuracy InThe expression on the right hand side of this inequality is an

the multiprecision implementation of Bailey used here is . i o
dominated by the overhead from invoking the arbitrary pre_upper bound on the fractional accuracy that is sacrificed

cision subroutines, so that execution speed does not depemptﬁn th? trueb?a_rtmgn fr:mctutnﬁts rﬁp'?‘ced by’ ﬂ?ll WhIC||'1
significantly on the precision specifi¢d9]. IS the value obtained when states having more tasmu'-

taneously open base pairs are ignored. Suppose that, for a
. specifiede, we can find arM such that
Accelerated algorithm

Under typical physiological conditions the most fre- Zy—-z"
quently occupied states of superhelical DNA denaturation Z—L< €. (104
will have a relatively small number of open base pairs. We
have taken advantage of this fact to develop a modified alThen Eq.(103 shows that this also bounds the error aris-
gorithm that retains a prescribed degree of accuracy ghg whenz is approximated byzM):
greatly reduced computational cost. In essence, this confines
attention in a controlled way to the terms that dominate the Z—7ZM)
partition function. - <€ (109
Combining Eq.(24) for the partition functionZ with Eq.
(25) for Q(n), rearranging terms, and dropping the subscript \ye note that the same bound also applies to calculations
A referring to different treatments of the twist, we obtain  of other quantities needed to evaluate ensemble averages.
N N For example, consider the quanti§{n,) that is defined in
7= E Z(m)= E Q(m) Z(m), (97) Eq_. (44) and used to calculate the probabiliy t_hat_base
m=0 m=0 pairl is separated. Denote B¥(n;)}(m) the contribution to
Z(n;) from all states withm open base pairs. Because 0

where <n<1,{Z(n)}(m)<Z(m) for all m. Therefore

N M N

Am)=2 dnnexp —A2 [@rbyn—amnall. z)- 3 Zopim=_ 3 {zn)km)
1= m=1 m=M+1
(98) |

The indexm in Egs.(97) and (98) refers to the number of < > zZm=z-zZM<ez.
open base pairs in the states being considered. Fome&uh m=M+1
set of states summed over in E§8) are those for which the (106)

total number of open base pairsi§:1nj=m. In what fol-
lows we denote bz the partial sum of the terms in the So the approximation involved in ignoring states with more
partition function up to and includingy=M: thanM open base pairs will result in an error in the calcula-



3422
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its largest value g,

to Z(n,;,n,) and the other quantities used to calculate en=f(2)/f,(1). This yields the following bounds:

semble averages.

Upper and lower bounds may be calculated as follows.
Let by, and b,.x denote the minimum and the maximum

values of the separation energy paramdtgiover the se-
guence being considered, and assWwpRg ,bma>0. (In the
copolymer analysisb,i, and bya would beb,t and bgc,

"max

S A< (DL + ppt p2t---]= fm(1)

1-pm’

(113

Moreover, whene #3(N—m—1)(m—1)<1, one has
pm<0.5 for allm, so that the upper bound does not exceed

respectively. One determines a lower bound on the energyz f_(1). Under the above posited conditions this occurs for

of every state if one ascribes the valyg, to each open base 3|l m wheneverN< 13200 base pairs. Alsd,(1)=e 42

pair. Because the energies enter the partition function with ghdependent ofn. Insertion of these bounds into Eq401)

negative exponent, this will provide an upper bouhe{m)
=Z(m) for everym. Similarly, ascribing the energy,., to
every open base pair yields a lower bouid m)<Z(m).

One can easily enumerate the contributions to the partition
function from all states witlm open base pairs under circum-
stances where all base pairs have the same transition energy

b (i.e., the transition is homopolymejicSpecifically, one
has (n+0)

"max

Z(m)=Q(m)e‘Bbm;1 N(m,r)e”Far, (107

where the maximum number of open regiang,=m if m
<N/2, andr ,,,,=N—m otherwise.(Recall that the molecule
under consideration is circulatdere A{m,r) is the number
of states havingn open base pairs inruns, which ig[5]

;
<N /m—-1}/N-m-1
N(m,r)=r217(r_1)( (1 (109
Therefore,Z, (m) andZ,;(m) both have the form
r
<N/m—-1}/N-m-1
— —Bbm _ — par
Z(m=Q(me ;lr(r_l (1 )e ,
(109

whereb=Db,,, when calculatingZ,(m), andb=Db,,,, when
calculatingZ, (m).

One may then compute easily calculable boundsZpn
andZy by considering bounds on the sum

"max e—Bal’ ( m-—1

N_m_l rmax
r—1

—1 )= 2 fa(n). (110

r=1 I
The ratio of successive terms in this sum is

fa(r+1)

_Ba(m—r)(N—m—r)
r(r+1) '

(111

fm(r)

which is monotonically decreasing with For givenm and
N, ther=1 termf (1) is the largest of thé,(r)’s when
(m—1)(N—m—1)<2e?, (112

This will be true for allm when it holds for them which

and (102 gives the upper bound

N
Z-ZM<2oNe F2 D

m=M+

) Q(m)e FominM=B,;(M)
(114

and the lower bound

N
Z>e PKa®21 Ng A2 Q(m)e Fomam=PB, .
m=1

(115

It requiresO(N) operations in total to calculat®, and all
the upper boundB (M) (0O=<M=N). If we can find anM
for which By,(M)/B, <e, then Egs(103), (114), and(115
together show that also provides an upper bound on the
error that arises when one disregards states with moreMhan
open base pairs. This simplification reduces the operation
count fromO(N?) to O(MN), which in practice can reduce
the computational time by an order of magnitude or more.
For example, consider the pBR322 DNA molecule contain-
ing 4363 base pairs, short enough for the above bounds to be
valid under physiological conditions. This analysis guaran-
tees that an accuracy of at least 10 ° will be achieved
when M =442, In practice the actual accuracy may greatly
exceed that suggested by the above estimate.

We also note that, in the accelerated algorithoth the
summation variablem andk in Egs.(29)—(33) now take on
only the valueqO0, ..., M] rather than0, . .., N]. Hence,
for a given temperature and base pair sequence, each calcu-
lation at an additional linking difference requires only the
smallerO(M?) incremental computational time.

Performance of the accelerated algorithm

Sample calculations were performed to evaluate the de-
pendence oM of the execution time and accuracy achieved
by this accelerated algorithm. The strand separation behavior
was analyzed in pBR322 DNAN=4363 base paijssuper-
coiled to a linking difference oftvr=—27 turns. This is the
linking difference the molecule is found to have, on average,
when it is extracted from bacteria. The energy parameters
were assigned the values that apply under the conditions of
the nuclease digestion procedure by which superhelical
strand separation is experimentally detedt&6,49.

The analysis was performed using the accelerated algo-

makes the left hand side of this inequality largest, which isrithm with various values for the upper bouhtlin the range

m=N/2. At T=310°K with a=10.84 kcal/mol, one finds
that the above inequality holds for ath wheneverN
<18700 base pairs. Because the ratjg(r+21)/f(r) is

100<=M =200 base pairs. For comparison this transition was
also analyzed using the complete exact algorittie., M
=N). In both cases the probability, of strand separation
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FIG. 4. The top graph shows the ensemble average probability
FIG. 3. The top graph plots the average accuraguaresand  of denaturation of each base pair in the pBR322 DNA molecule

the minimum accuracycircles achieved by the accelerated algo- (4363 bp, on which a linking difference o= —27 turns is im-
rithm as functions of the bounill imposed on the number of de- posed. The exact algorithm was used in this calculation. The bottom
natured base pairs in a state. The bottom graph plots the executigmaph plots the “free energy” of denaturatidnG(l) vs positionl,
time of the accelerated algorithm as a functioMofwhich is seen  computed using Eq47). The sites where denaturation is experi-
to be linear inM to high accuracy. These calculations were per-mentally observed to occur are denoted by bars. The predictions of
formed on the pBR322 DNA sequence referred to in the text, andhese calculations are in precise quantitative accord with experi-
implemented on a dedicated HP 9000/735 RISC-based work stanental observations, as described in the text.
tion.

method for calculating superhelical strand separation behav-

ior under a wide variety of circumstances.
was calculated for every base pai<l<N. For each value
of M the accuracy of each, was calculated as COMPARISONS WITH EXPERIMENTAL RESULTS

A(l)=—logidpi— pi(M)], (116) In vitro experiments
The locations and extents of vitro superhelical denatur-

the number of decimal digits of agreement with the exactation can be determined experimentally using the mung bean
value.[Here p; and p,(M), respectively, denote the values nuclease digestion procedure developed by Kowalski,
calculated using the exact and accelerated algorithms, tHdatale, and Eddy48]. This enzyme cuts single strands of
latter with thresholdM.] The accuracy of the accelerated DNA but does not cut the duplex. Sites of cutting may then
algorithm was evaluated by finding both the minimum valuebe located by sequencing, and the relative frequencies of
of A(l) over the entire sequence and its average value. Figeutting at different locations may be determined. The most
ure 3 plots these two values as functions of the bolhd detailed experimental analysis of superhelical denaturation
These results show that the accelerated algorithm achieveégplied these procedures to the pBR322 DNA moleciie (
very high accuracy at values M considerably smaller than =4363 bp)[48].
those estimated in the previous section. More than 18 deci- Sample calculations have been performed on the pBR322
mal digits of accuracy are achieved whigin=200, which is DNA molecule using the exact algorithm developed above.
less than 5% of the number of base pairs in this molecule. The linking difference was chosen to be= — 27 turns, con-

Figure 3 also displays the dependence of execution timaistent with physiological values. Copolymeric transition en-
on M when the calculations are performed on an HP 9000¢rgies were assumed, which ascribe one vélygto each
735 computer, which has a RISC-based 32-bit processoAT base pair, and another valbg to eachGC base pair.
The CPU time required to perform these calculations is seefhese and all other energy parameters were assigned values
to increase linearly wittM to high accuracy. that were previously shown to be accurate under Kowalski

The above results show that under reasonable conditiorsnd Eddy’s experimental conditioh6]. Figure 4 shows the
one can retain a very high degree of accuracy with a moderesults of these calculations. The top portion of Fig. 4 gives
ate value ofM~0.03N, reducing the required computation the computed transition profile, the graph of the ensemble
time by an order of magnitude or more. The valuevbtan  average probability, of denaturation versus positidnThe
be selected using formulas giving rigorous bounds, as walottom graph depicts the variation of the destabilization free
done in the preceding section, drcan be estimated and the energyAG(l) with position, as calculated froq, using Eq.
accuracy checked by comparing simulation results for differ{47). The bars denote the locations where denaturation has
ent values ofM. We find that simulations analyzing DNA been experimentally determined to oc¢d8].
molecules having lengths of biological interésgveral kilo- Denaturation under these conditions was found experi-
base pairstypically require a few hours on a high-end work- mentally to be confined to two locations. The primary loca-
station, which makes the accelerated algorithm a practicdion is between positions 3181 and 3300, coincident with the
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terminator of theB-lactamase gene. The secondary location

> 1.00
B

is between positions 4130 and 4250, at the promoter of the = ..
. =] .

same gene. The amount of denaturation detected at the sec- S 050
ondary site was 7% of that found at the primary site. The ©

A 0.25

predictions of the exact method, like those of the previously
developed approximate method, are in precise quantitative °~°°010 T s 1a a0 52 aa a: 1o
agreement with these experimental results. Transition is pre- ‘ ' Séquel;ce L(;catic;)n (k'b) ' '
dicted to be confined to these two sites. Moreover, the areas

under the transition probability curve in these regions, which —_—

>
give the expected number of denatured base pairs in each, E 10
agree with the relative amounts of denaturation experimen- < 075
tally observed there. This shows that the exact method de- 5 9°
veloped here, applied to the model of Ef7) with no ad- & 0.25
justable parameters, can provide quantitatively correct 10.00% . . , . . k
predictions of the denaturation behavior of DNA under the .50 1.55  1.60  1.65 1.0 175  1.80
conditions of the nuclease digestion procedure by which it is Sequence Location (kb)

experimentally detectef#8]. It also suggests that the sites FIG. 5. The top graph shows the ensemble average probability
that are destabilized by superhelical stresses do not occur gt genaturation of each base pair in the 4 kb region of yeast DNA
random, but rather coincide with specific regulatory regionscontaining the FBP1 gene sequence. A linking difference-ag
turns was assumed, which gives the level of stress commonly found
Comparison with in vivo results in DNA that has been extracted from living cells. The lower graph
. . . shows a detailed view of the region where denaturation is predicted
Calculations performed using a previously developed, ap

fo occur. In both graphs the bar indicates the region where denatur-

proximate, method have demonstrated close associations bgs, - is experimentally detected.

tween stress-destabilized sites and several specific classes of

regulatory region$1,28]. Experiments have established that ;. This was the assumption made in the previously devel-
stress-induced denaturation does odowrivo[19]. Here we  gneq, approximate methd8]. In case(2) the s can fluc-
assess the accuracy of the presently developed techniqueghte independently. Figure 6 shows the profiles calculated in
predictingin vivo stress-induced denaturation by analyzinghese two cases. The differences between the two profiles are

the 4-_kb region con;aining the yeast FBP1 gene sequencgite slight, and are confined to the boundaries of the dena-
used in these experiments. We note that this region is nQ{yring region.

circularin vivo. However, because the superhelical constraint || the locations that denature in the two sequences ana-

of imposed linking difference is functionally identical in cir- ;e in this section serve important regulatory functions. In
cular and in looped domains, one can treat regions that age pBR322 plasmid denaturation is confined to two regions,
not circular by a simple modification of the approach pre-ihe terminator and the promoter of teeng gene. In the
sented above. One simply conceptually closes the region intg. a5t sequence denaturation occurs only at the terminal re-
a circle by connecting its ends with a short run@C base  4ion of the FBP1 gene. These and many other results show
pairs, and then imposes a linking difference on the resultingh ¢ sjtes of stress-induced destabilization are closely associ-
doma[n. If the region were cwculanzgd by d!rectly joining its 5ted with several types of regulatory regidds28,21. This

ends instead of connecting them with an insert, one WOU"%uggests that the interplay between base sequence and tor-

run the risk of creating a spurious susceptible site in casesiona| stress provides a biologically important mechanism
where the ends were reasonalfiyt T rich. A G+C-rich {5 regulatory activity.

insert is chosen because it has a high energy of denaturation,
and hence will join the ends without either assisting their
destabilization or itself constituting an introduced destabi-
lized site. [Alternatively, one can join the two ends with  This paper presents a method for calculating equilibrium
a base pair which is constrained to remain clodszhded.] local denaturatior{strand separatigrproperties of superhe-
The results of this analysis, applied to the model of Eqlical DNA having kilobase lengths and specified sequences.
(17), are shown in Fig. 5. Here the linking difference se-The effective Hamiltonian includes the energies of denatur-
lected is that which gives the level of torsional stress foundation of the AT and GC base pairs, the energies associated
in extracted plasmids. The bar denotes the region where devith the torsional deformations of the denatured regions, and
naturation was experimentally deteciedszivo. One sees that interactions between denaturation and torsional deformations
this analysis provides a quantitatively precise depiction oinduced by the topological constraint of constant linking
the denaturation experienced in this region, even though theumberL. The partition function and ensemble averages are
in vivo conditions are much more complex than those envicalculated in a formally exact manner from the states of the
sioned in the present model. system and their given energies. Through the introduction of
To determine what effect the alternative methods of treatauxiliary variables, the calculations can be implemented by
ing the twists7; might have on the results, sample calcula-an algorithm that is stable and has quadratic complexity with
tions using each assumption were performed on this samolecular lengtiN. The computations can require relatively
quence. In cas€l) the 7;’s are assumed all to have the samelong execution times, however, since they must in general be
value 7, which equilibrates with the residual superhelicity implemented in arbitrary precision. An accelerated algorithm

DISCUSSION
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was also developed which treats only states in which fewer > .00

thanM base pairs are separated, and rigorous bounds on the = .-

resulting systematic error were established. This alternative 2

method hasO(MN) complexity, although it still must be § 0:50

implemented in multiprecision arithmetic. It typically gives &~ 0-2°

highly accurate results with modest choices Mf (M 0.00+; ‘ } . e . .
~0.08N), and can execute a realistic problem in less than .50 1.55  1.60  1.65 1.70 175 1.80
one hour on a fast RISC-based work station. Calculations for Sequence Location (kb)

additional linking numbers. can be obtained at a low incre- FIG. 6. Sample calculations were performed on the yeast FBP1

mental COStO(MZ) for each. . . .gene region to determine the effect of the different ways used to
The methods developed here can be applied either {0 Citeat the twistsr; in the denatured regions. In ca, all 7;'s have
cular or, by a simple modification, to looped domains whichhe same value, the one which minimizes the Hamiltonian. In case
are not topologically circular. Comparison with experiments(y), the 7;’s are allowed to fluctuate independently. The results from
indicates that this method, with no adjustable parametersase(1) are plotted with a solid line, and those from c48pwith a
can provide quantitatively precise predictions for the locadashed line. There are very slight differences between the two re-
tions and extents of superhelical DNA denaturation, bnth  sults, which are confined to the edges of the denatured region.
vitro andin vivo. )
Our approach has numerous advantages over the oth]gcal base sequences required by these alternate conforma-

techniques that have been previously used to treat superhefl®nS: AN gnalyjis in thiCh: dif{grent cl_?nformatior][s com- .
cal denaturation. First, it correctly includes the topologicalpete requirecxc transter matrices. Fowever, at presen

constraint imposed by the domain structure, be it circular oihere_tl_s notcompegllr\llgAexp?rlmer:fcal ewflhenct?] to Tuggle dSt that
looped, which is the fixing of the linking number Second, ~ ranstions to any coniormations otheér than local dena-

it permits the two inherently flexible single strands compris—tur""t'pn sefrvr? b|o|o|g|cal fgnchons;gnd, In any case, tEe en-
ing a separated region to twist around each other. In thigr_gr(]encsﬁp.t tese a.te.rnatlve trargslltlons atr.(te POtanW nO\;vn
paper we present two levels of detail with which this twistingWlt suflicient precision 1o enable quantitalively accurate
can be treated—either as a mechanical equilibrium torsiondi"edictions of multistate competing transitions to be made.
deformation or as a locally fluctuating quantity. Sample cal- 'S approach also can be easily extended to include the

culations show that these two alternatives give very similafs?zss'_?_'rl]'.ty of Ig bsequence—de?endent nluclee;]tmn enlerg_y
results. Third, the approach correctly includes the exact32- This could be important, for example, when analyzing

P ; ; . the effects of the presence of abasic sites on transitions.
contributions from all states, weighted according to their L o .
g J Future work will include the application of this method to

Boltzmann factors. As this is the only method able to evalu- iotv of DNA f X ith .
ate the exact equilibrium distribution in polynomial time, it & Va&rety o séquences for comparison with éxperimen-

clearly improves on other techniques which either calculatd®! data. The possibly important effects of various types and

an approximation of, or only sample from, that distribution. 1°cations of defects, as mentioned above, will also be ex-

This exact method can also treat many types of interestinBlorEd'
cases that the other approximate methods, as presently for-
mulated, cannot handle. These include near-neighbor base
pair identity effects and alterations in the energies of base The work of R.M.F. was supported by the U.S. DOE
pair separation that result from such events as base methyl®ICS Program under Contract No. DE-ACO4-94AL8500.
tion, protein or ligand binding, or the presence of pyrimidineSandia is a multiprogram laboratory operated by Sandia Cor-
dimers or abasic sites. Structural alterations that decrease theration, a Lockheed Martin Company, for the U.S. DOE.
energies of denaturation of the base pairs involved have beerhe work of C.J.B. was supported by Grant No. BIR 93-
predicted to significantly affect the transition behavior of 10252 from the National Science Foundation and Grant No.
stressed DNA5Q]. The method can treat cases where one o0R0O1-GM47012 from the National Institutes of Health. We
more of the base pairs is externally constrained to remaimould like to acknowledge the hospitality of the Aspen Cen-
open or closed, and is applicable to transitions at any temter for Physics, where part of this work was performed.
perature. R.M.F. would also like to acknowledge helpful conversa-

The approach presented in this paper can easily be exions with R. Allen, D. Day, J. Delaurentis, and B. Hendrick-
tended to include the possibility of other competing transi-son. We are especially grateful for the assistance of David
tions, such as cruciform extrusion at inverted repeat seBailey in implementing an arbitrary precision version of the
qguences, oZ-DNA or H-DNA formation at sites having the algorithm.
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