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Control of harmonic generation in a free-electron laser
with a quasiperiodic wiggler configuration

M. G. Kong and A. Vourdas
Department of Electrical Engineering and Electronics, University of Liverpool, Liverpool L69 3GJ, United Kingdom

~Received 6 July 1998!

A quasiperiodic wiggler configuration made from two periodic wigglers of irrational period ratio is consid-
ered for application to free-electron lasers~FEL’s!. With an analytical formulation of its spontaneous emission,
spectral behavior of a quasiperiodic wiggler is studied. It is found that the nonlinear coupling between the two
constituent wigglers of the quasiperiodic wiggler configuration leads to significant spontaneous emission at
both the usual FEL harmonic frequencies and new frequencies that are irrational multiples of the fundamental
FEL radiation frequency. By adjusting the relative field strengths of the two constituent wigglers and their
period ratio, the usual FEL harmonics can be suppressed considerably. This unique spectral characteristic of
quasiperiodic wigglers may be used to relieve the problem of mirror damage in some free electron lasers
operating in ultraviolet and x-ray wavelengths.
@S1063-651X~99!14702-0#

PACS number~s!: 41.60.Cr, 07.77.2n, 41.85.Lc, 52.75.Ms
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I. INTRODUCTION

For many electron beam devices, electron interaction w
a single-frequency electromagnetic field is relatively well u
derstood. New interaction mechanisms may be produ
when the electron beam is strongly coupled to an elec
magnetic field at different frequencies. In the case of fr
electron lasers~FEL’s!, such new interaction mechanisms a
often enhanced for their exploration by altering the char
teristics of the wiggler magnet. For instance, it has been s
gested to use an auxiliary harmonic wiggler to enhance
diation at higher harmonics when the field strength of
main wiggler is only modest@1,2#. A different harmonic wig-
gler configuration has also been shown to be capable of
hancing the gain of optical klystron devices at the fundam
tal radiation frequency@3#. For high gain Compton FEL’s
however, it has been found useful to employ a magnet s
tem comprising two wigglers of similar periods to control t
generation of sidebands@4,5#. In addition, a wiggler system
of a double period structure has been proposed for m
selection purpose in low gain waveguide FEL’s@6#.

In a recent paper, we have studied an unusual FEL in
action mechanism in which the electron beam is premo
lated at two different frequencies@7#. We have shown that if
the two modulation frequencies are not integrally but irrat
nally related then considerable radiation is generated at
quencies that are irrational multiples of the fundamental F
radiation frequency. The generation of these irrationally
lated harmonics modifies the basic FEL interaction mec
nism and as such they may be utilized to manipulate the F
spectrum. In this paper, we extend our previous results
consider the realization of electron beam modulation at
irrationally related frequencies by means of a quasiperio
wiggler configuration consisting of two conventional pe
odic wigglers. In order to understand the characteristics
this quasiperiodic wiggler configuration, spontaneous em
sion of a general dual-wiggler structure is formulated. Nu
ber theory arguments@8# are then used to derive the resona
PRE 591063-651X/99/59~2!/2339~8!/$15.00
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condition for an FEL interaction in an infinitively long qua
siperiodic wiggler. Subsequently numerical examples
used to demonstrate that significant radiations can be ge
ated simultaneously at both the usual FEL harmonics, wh
are integer multiples of the fundamental FEL radiation f
quency, and the irrationally related harmonics. When the
terference between the two constituent wigglers of the q
siperiodic wiggler configuration is appropriately adjust
and enhanced, the integrally related harmonics are s
pressed considerably. This may be used to relieve the p
lem of mirror degradation for some FEL’s operated at ult
violet and x-ray wavelengths@9,10#.

It is worth pointing out that in subjects such as solid-st
physics and crystallography, studies of which have, in
past, been centered around periodic structures, the lates
velopment has been the study of quasiperiodic systems
instance, quasicrystals@11#. Motivated by this, our work
aims to study possible benefits of quasiperiodic modulat
of electron beams in free-electron laser devices.

II. SPONTANEOUS EMISSION IN A
DUAL-WIGGLER MAGNET

We consider a magnet system composed of two differ
conventional wigglers of periodslw1 andlw2 , respectively.
For the simplicity, we assumelw1.lw2 and that the on-axis
magnetic field of this dual-wiggler configuration may be a
proximated as

BW w5 ŷ~Bw1 coskw1z1Bw2 coskw2z!, ~1!

where kwn52p/lwn(n51,2). Suppose the lengths of th
two constituent wigglers areL15N1lw1 and L25N2lw2 ,
respectively, whereN1 and N2 are integers. We further as
sume 0<L22L1<lw2 such that N2511Int@L1 /lw2#.
Therefore Eq. ~1! is valid for 0,z<L1 whereas BW w

5 ŷBw2 coskw2z in the small region ofL1,z<L2 .
Under the perturbation of the alternating magnetic field

Eq. ~1!, an energetic electron beam traveling along the w
2339 ©1999 The American Physical Society
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2340 PRE 59M. G. KONG AND A. VOURDAS
gler axis radiates and the induced electromagnetic radia
may be represented by its on-axis electric field componen

EW 5 x̂E0 sinF5 x̂E0 sin~vt2kz1f!. ~2!

The trajectory of an electron beam in the combined fi
of the wiggler magnet and the electron induced radiation
in general governed by its equation of motion,

d~gmvW !

dt
52e~EW 1vW 3BW w!. ~3!

In the limit of small radiation field, the transverse velocity
an electron entering the dual wiggler along the magnet a
may be easily obtained from Eq.~3! as

bx5
1

g
~aw1 sinkw1z1aw2 sinkw2z!, ~4!

whereawn5eBwn /mckwn is the dimensionless field streng
of thenth constituent wiggler (n51,2). Once again with the
small radiation field assumption, the electron energy
change with the radiation field may be considered to be n
ligible in the calculation of electron trajectory and as su
the longitudinal electron velocity can be derived fromb0

2

5bx
21bz

2 (b0c being the initial electron velocity! as

bz5F12
11~aw1 sinkw1z1aw2 sinkw2z!2

g2 G 1/2

. ~5!

For most short-wavelength free-electron lasers driven b
linacs and electron storage rings, the electron energ
highly relativistic @12#. Thusg2@1 and the above equatio
may be approximated as

bz'12
1

2g2
~aw1 sinkw1z1aw2 sinkw2!2

512
1

4g2
$~11aw1

2 1aw2
2 !2aw1

2 cos 2kw1z

2aw1
2 cos 2kw1z22aw1aw2 cos~kw11kw2!z

12aw1aw2 cos~kw22kw1!z%. ~6!

It is seen that due to the nonlinear dependence ofbz on the
two wiggler fields in Eq.~5! the electron’s longitudinal ve
locity contains oscillations at not only the externally impos
wave numbers ofkw1 andkw2 but also the sums and differ
ences of these wave numbers. More specifically, we ob
terms dependent upon 2kw1 ,2kw2 ,(kw11kw2), and (kw2
2kw1). These wave numbers play a very significant role
determining the FEL spectrum as will be shown in Sec.
Note that the high-order terms neglected in deriving Eq.~6!
contain many other wave numbers, which have very sm
amplitudes for highly relativistic electron beams.

The energy exchange of an electron with its radiation fi
is governed by the energy conservation law

d~gmc2!

dt
52eEW •vW . ~7!
n
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Substitution of Eq.~2! into the above equation gives

dg

dt
52

eE0

2gmc (
n51

2

awn@cos~F2kwnz!2cos~F1kwnz!#.

~8!

As illustrated in Eq.~8!, the longitudinal electron velo-
city of Eq. ~6! affects crucially the beam-wave interactio
described by Eq.~7! via the phase angles ofF7kwnz5vt
2(k6kwn)z1f in which the electron spatial locationz
needs to be expressed in terms oft. To this end, the electron
average velocity in the longitudinal direction,bz0c, needs to
be formulated first. Integration of Eq.~6! gives the average
longitudinal velocity

bz0'12
1

2g2
~11 1

2 aw1
2 1 1

2 aw2
2 1jaw1aw2!, ~9!

where

j5
sin~2pN1lw1 /lw2!

N1p~lw1
2 /lw2

2 21!
. ~10!

Note thatj51 whenlw15lw2 . However,j!1 if the two
wiggler periods differ from each other appreciably. Withbz0
formulated in Eq.~9!, Eq. ~6! becomes

bz5bz01
1

4g2
@aw1

2 cos 2kw1z1aw2
2 cos 2kw2z#

1
aw1aw2

2g2
@j1cos~kw11kw2!z2cos~kw12kw2!z#.

~11!

If we approximatez with the nominal electron positionz0
5cbz0t on the right-hand side of the above equation,
straightforward integration ofbz in Eq. ~11! leads to the
formulation of the electron spatial location as

z5cE
0

z0 /bz0c

bz~t!dt5z01
1

k
@p~z0!1q~z0!#, ~12!

where

p~z0!5
kaw1

2

8g2bz0kw1
(
n51

2 Fawn

aw1
G2lwn

lw1
sin 2kwnz0, ~13a!

q~z0!5
kaw1aw2

2g2bz0kw1
Fjkw1z01

sin~kw11kw2!z0

11lw1 /lw2

2
sin~kw12kw2!z0

12lw1 /lw2
G . ~13b!

The termsp(z0) andq(z0) are related to the nonlinear cou
pling between the two wiggler components of the du
wiggler structure, and as will be shown in Sec. IV they affe
crucially the FEL spectrum. Using Eq.~12!, the phase angles
in Eq. ~8! become
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PRE 59 2341CONTROL OF HARMONIC GENERATION IN A FREE- . . .
F7kwnz'F v

cbz0
2~k6kwn!Gz01f2@p~z0!1q~z0!#

5Dkn
6z01f2@p~z0!1q~z0!#, ~14!

where Dkn
6z5@v/(cbz0)2(k6kwn)#z and the approxima-

tion of (k6kwn)/k'1 has been assumed.
In Eq. ~14!, all phase angles of relevance to Eq.~8! are

expressed in terms of the nominal electron position on
This allows Eq.~8! to be integrated directly to give the ele
tron energy change over the entire length of the dual wigg
Dg. According to Madey’s theorem, on the other hand,
spontaneous emission of the electron beam is proportion
^(Dg)2& where ^•••& denotes an average over the initi
electron phase. Without the angular dependence of the s
taneous emission taken into account, this relationship in
units is given by@13,14#

d2W

dvdV
5

m2cv2

8p2e0E0
2 ^~Dg!2&. ~15!

Therefore^(Dg)2& needs to be formulated fromDg. From
Eqs.~8! and ~14!, we obtain

Dg52
eE0L

2gbz0mc2 (
n51

2

awn~T n
12T n

2!, ~16!

where

T n
6~f!5ReH 1

LE0

L

expi ~Dkn
6z02p~z0!2q~z0!1f!dz0J

5Re$eif@an
61 ibn

6#% ~17!

and

an
65

1

LE0

L

cos@Dkn
6z02p~z0!2q~z0!#dz0 , ~18a!

bn
65

1

LE0

L

sin@Dkn
6z02p~z0!2q~z0!#dz0 . ~18b!

Thus the summation term in Eq.~16! becomes

(
n51

2

awn~T n
12T n

2!

5ReHeifF( awn~an
12an

2!1 i( awn~bn
12bn

2!G J
5 H F( awn~an

12an
2!G2

1F( awn~bn
12bn

2!G2J 1/2

3cos~f1u!, ~19!

where

u5tan21S ( awn~an
12an

2!

( awn~bn
12bn

2!
D . ~20!
.

r,
e
to

n-
I

The relationship in Eq.~19! can then be used to derive th
electron energy change in Eqs.~15! and ~16!. Introducing

F 25F( awn~an
12an

2!G2

1F( awn~bn
12bn

2!G2

~21!

we have

~Dg!25S eE0L

2gbz0mc2D 2

F 2 cos2~f1u! ~22a!

^~Dg!2&5
1

2S eE0L

2gbz0mc2D 2

F 2. ~22b!

Consequently the spontaneous emission in Eq.~15! is formu-
lated from Eq.~22b! to give

d2W

dvdV
5

1

4
Am0

e0
F eN1

2g~12bz0!G
2S v

v r1

L

L1
D 2

F 2, ~23!

wherev r15kw1cbz0 /(12bz0) is the fundamental resonan
frequency in the first constituent wiggler. To emphasize
spectral features of spontaneous emission, we introduc
spontaneous emission function of

S[
v2

v r1
2

F 2

aw1
2

. ~24!

In Fig. 1, we plot the spontaneous emission function aga
the normalized radiation frequencyv/v r1 under the condi-
tion of aw151 andaw250. When normalized to the value o
the spontaneous emission at the fundamental frequency
values at the third, fifth, and seventh harmonics are found
be 0.4866, 0.1485, and 0.0424, respectively. These fig
compare very well with those predicted with the followin
relationship@15#:

d2W

dvdV
}h2@J~h21!/2~ f z!2J~h11!/2~ f z!#2, ~25!

where z5(aw
2 /4)/(11aw

2 /2) and h is the number of har-
monic. In other words, the formulation in Eqs.~21! and~23!

FIG. 1. Spontaneous emission as a function of the radia
frequency normalized to the fundamental frequency for a sin
wiggler of aw51.
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2342 PRE 59M. G. KONG AND A. VOURDAS
developed for dual wigglers reproduces the well known
sults of Eq.~25! for the single-wiggler case.

III. RESONANT CONDITION IN A DUAL WIGGLER

With the eight spatial integrals defined in Eq.~18!, Eq.
~23! may be used to calculate numerically the spontane
emission in a dual-wiggler configuration for different com
bination of wiggler fields and periods. To aid such a stu
however, it is desirable to identify first conditions und
which there is a strong spontaneous emission.

It is well known that an electron beam radiates m
strongly when it is in resonance with its radiating elect
magnetic field. For the case of a dual wiggler, this resona
condition is satisfied when one or more spatial integrals
Eq. ~18! become maximized. However the analytical co
plexity of Eq. ~18! makes it difficult and ineffective to for-
mulate exactly the resonant condition in a dual wiggler
finite length. To simplify the mathematical derivation, w
approximate the finite dual-wiggler configuration with an i
finite dual wiggler and consider the following integral:

J5 lim
L→`

1

LE0

L

expi „Dkn
6z02p~z0!2q~z0!…. ~26!

Herep(z0) andq(z0) may be reexpressed from Eq.~13! as

p~z0!52u1 sin 2kw1z02u2sin2kw2z0 , ~27a!

q~z0!52u0kw1z02u3 sin~kw11kw2!z0

2u4 sin~kw22kw1!z0 , ~27b!

where

x5aw1
2 /@8g2~12bz0!#, ~28a!

u0524~aw2 /aw1!~v/v r1!jx, ~28b!

u152~v/v r1!x, ~28c!

u25~aw2 /aw1!2~lw2 /lw1!u1 , ~28d!

u354~aw2 /aw1!u1 /~11lw1 /lw2!, ~28e!

u454~aw2 /aw1!u1 /~12lw1 /lw2!. ~28f!

Note that

ei ~h sinaz!5 (
n52`

1`

Jn~h!einaz, ~29!

thus the phase angle in Eq.~26! becomes

expi „Dkn
6z02p~z0!2q~z0!…

5expi @Dkn
6z01u0kw1z01u1 sin 2kw1z01u2 sin 2kw2z0

1u3 sin~kw11kw2!z01u4 sin~kw22kw1!z0#

5exp@ i ~Dkn
6z01u0kw1z0!#

3(
n1

Jn1
~u1!ei2n1kw1z0(

n2

Jn2
~u2!ei2n2kw2z0
-

s

,

t
-
e

n
-

f

3(
n3

Jn3
~u3!ein3~kw11kw2!z0(

n4

Jn4
~u4!ein4~kw22kw1!z0

5(
n1

(
n2

(
n3

(
n4

Jn1
~u1!Jn2

~u2!Jn3
~u3!Jn4

~u4!

3exp@ i „Dkn
6z01~2n11n32n41u0!kw1z0

1~2n21n31n4!kw2z0…#. ~30!

As illustrated in their definition in Eq.~28!, u0 ,u1 ,u2 ,u3 ,
andu4 are independent ofz0 . Hence the infinite integral of
Eq. ~26! may be reduced to

J5(
n1

(
n2

(
n3

(
n4

Jn1
~u1!Jn2

~u2!Jn3
~u3!Jn4

~u4!

3 lim
L→`

1

LE0

L

$exp@ i „Dkn
61~2n11n32n41u0!kw1

1~2n21n31n4!kw2…z0#%dz0 . ~31!

Note that

lim
T→`

1

TE2T/2

T/2

eiVt0dt5 H0 if VÞ0,
1 if V50. ~32!

ThereforeJ is finite only when

Dkn
61~2n11n32n41u0!kw11~2n21n31n4!kw250

~33!

is satisfied. Sincej is small whenlw1Þlw2 ,

uu0u5
jaw1aw2~v/v r1!

11aw1
2 /21aw2

2 /21jaw1aw2

!
v

v r1
. ~34!

Also from Eq.~14!, we have

Dkn
65

v

cbz0
2k7kwn5kw1

v

v r1
7kwn . ~35!

Using the condition of Eqs.~34! and~35!, Eq. ~33! becomes

v

v r1
2 l 2n

lw1

lw2
50, ~36!

where l ,n are integers. This is the resonant condition for
strong spontaneous emission in dual wigglers of infin
length.

We first consider the case where the ratio of the two w
gler periods is a rational number. This implies that there e
a pair of integersh1 andh2 such thatlw1 /lw25h1 /h2 . As
a result, Eq.~36! becomes

v

v r1
5 l 1n

h1

h2
. ~37!

The above equation suggests that if the wiggler periods
of rational ratio, the radiation frequency of a dual wiggler
also a rational multiple of the fundamental resonant f
quency of its first constituent wiggler~and also of the second
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PRE 59 2343CONTROL OF HARMONIC GENERATION IN A FREE- . . .
wiggler!. In other words, the induced radiation in the du
wiggler occurs at one or more integral harmonics ofv r1 . In
the special case ofl 50,n51 andh251, Eq.~37! reduces to

lw1 /lw25h1 , v/v r15h1 , ~38!

suggesting that if the period of the second wiggler is a h
monic of that of the first then the radiation of the dual wi
gler is at the same harmonic of the resonant frequency o
first constituent wiggler. Therefore Eq.~40! is essentially the
resonant condition in the two harmonic wiggler configurati
@1,2,16#. As an extension from the conventional wiggler co
figuration, the two harmonic wiggler concept has been p
posed to enhance FEL radiation at a particular harmo
frequency@1#. However, these two different wiggler configu
rations are similar in the sense that their spontaneous e
sions are both induced at integer harmonics of the fundam
tal radiation frequency of one of the constituent wigglers

On the other hand, if the wiggler period ratio is an irr
tional number, then there exist no two integersh1 andh2 that
satisfy Eq.~37! @8#. In other words,

v

v r1
Þ l 1n

h1

h2
. ~39!

For such cases, the spontaneous emission peaks at a
quency that is not rationally related tov r1 and is said to
occur at an ‘‘irrational harmonic’’ of the fundamental radi
tion frequency of the first constituent wiggler@7#. It is con-
ceivable that based on such an unique spectral property
techniques may be derived to relieve the long-standing p
lem of mirror damage by harmonic radiation in x-ray fre
electron laser and synchrotron devices.

IV. APPLICATION

The resonant condition of Eq.~33! is derived for a dual
wiggler of infinite length. For dual wigglers of a finit
length, their spontaneous emission needs to be assessed
Eq. ~23! through the eight finite spatial integrals in Eq.~18!.
We first consider the case of a harmonic wiggler configu
tion with N1520,aw151,aw250.4, and lw25lw1/3. The
spontaneous emission is calculated from Eqs.~18!, ~23!, and
~24!, and plotted as a function of the radiation frequency
Fig. 2~a!. Compared to the single wiggler case of Fig. 1, F
2~a! suggests that the addition of a second wiggler oflw2
5lw1/3, a third harmonic of the period of the original wig
gler, leads to an enhanced spontaneous emission at the
and ninth harmonics of the fundamental radiation freque
v r1 , both of which are also odd harmonics of the seco
wiggler. This agrees well with the conclusions drawn in p
vious studies of harmonic wigglers@1,2# and thus confirms
that the spontaneous emission is enhanced at certain har
ics of v r1 when the magnetic field is increased at these h
monics oflw1 with the addition of the second wiggler. O
the other hand, it is of interest to note that also enhance
the radiation at the fifth and seventh harmonics ofv r1 , nei-
ther of which are harmonics of the second wiggler. T
suggests that radiation enhancement observed at the fifth
seventh harmonics may have resulted from the cross te
~the nonlinear terms!, throughp(z0) andq(z0) in Eq. ~13!,
between magnetic fields of the first and the second wiggl
l
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In other words, the nonlinear coupling, or the interferen
between the two wiggler components of a dual wiggler
responsible for the emission enhancement at frequencies
are not common harmonics of the two wiggler componen

In Fig. 2~b!, the spontaneous emission is plotted as a fu
tion of radiation frequency for a similar harmonic wiggle
with lw25lw1/2,aw151,aw250.4, and N1520. Thus the
second wiggler is effectively a second harmonic wiggler
the first constituent wiggler. As shown in Fig. 2~b!, the in-
troduction of this second harmonic wiggler results in ad
tional radiation peaks at even harmonics ofv r1 . Also shown
in Fig. 2~b! is that many of the original odd harmonics ofv r1
experience a reduction in their emission strength except
the fundamental frequency. Since the odd harmonics of
second wiggler are not integrally related to that of the fir
the spectral characteristics in Fig. 2~b! cannot be explained
by the argument of simple superposition of odd harmonics
the two constituent wigglers. The aforementioned obser
tion of Fig. 2~b! thus supports the suggestion that the int
ference between magnetic fields of the two constituent w
glers affect strongly the strength of spontaneous emiss
especially at frequencies that are not common harmonic
these two constituent wigglers.

In order to understand the characteristics of quasiperio
wigglers, particularly their similarity to and difference from
harmonic wigglers, we consider an example ofaw151,aw2

50.4, andlw1 /lw25A5. The spontaneous emission is plo
ted in Fig. 3 and exhibits radiation peaks at the fundame
frequencies as well as around their odd harmonics of b
the first and the second wiggler components of the qu

FIG. 2. Spontaneous emission function against (v/v r1) in a two
harmonic wiggler of N1520,aw151, and aw250.4 with ~a!
lw1 /lw253 and~b! lw1 /lw252.
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2344 PRE 59M. G. KONG AND A. VOURDAS
periodic wiggler. In addition, radiation is also seen to
significant at frequencies that are not harmonics of eit
wiggler component. These additional radiation peaks
again a consequence of the interference between the
wiggler components.

It is evident from Figs. 2 and 3 that there are more rad
tion peaks in the spontaneous emission spectrum of a qu
periodic wiggler than in that of a comparable harmonic w
gler. In the case of harmonic wigglers, strong radiat
occurs only at integer harmonics of the fundamental rad
tion frequencyv r1 , whereas for a quasiperiodic wiggle
spontaneous emission can be significant at integer harm
frequencies of the fundamental radiation frequencies of b
constituent wigglers as well as other frequencies. These
ditional radiation frequencies are not integer multiples of
ther of the two fundamental radiation frequencies, and t
are referred to as ‘‘spurious harmonics’’ of the quasiperio
wiggler. Because of the generation of these spurious harm
ics, the spontaneous emission spectrum of a quasiperi
wiggler is more complex than that of a comparable harmo
wiggler. It is our main motivation to examine whether ne
physics realized with the quasiperiodic wiggler configurat
may be used to improve the performance of free-elect
lasers and similar devices.

To demonstrate clearly the generation of spurious h
monics, we consider spontaneous emission at different ra
of wiggler periods of the two wiggler components in a qu
siperiodic wiggler. In Fig. 4~a!, the spontaneous emission
plotted as a function of radiation frequency and wiggler p
riod ratio for a quasiperiodic wiggler ofaw151,aw250.8,
and N1520. It is seen from Fig. 4~a! that although strong
spontaneous emissions are indeed induced at the usual r
tion frequencies of the first wiggler component~at v r1 and
its odd harmonics!, they are suppressed considerably by
presence of a large number of smaller radiation peaks s
tered in areas where the ratio of wiggler periods is close
unity. Detailed inspection of Fig. 4~a! suggests that most o
them occur at frequencies that are not integer multiples
the fundamental frequencies of either wiggler compone
Hence we extrapolate that these new radiation peaks ar
duced by the interference between the two wiggler com
nents. Examination of Eqs.~13!, ~18!, and~21! indicates that
the interference between two wiggler components is c
tained mainly inq(z0) but more importantly thatq(z0) is
indeed significant whenlw1 /lw2'1 as it contains a

FIG. 3. Spontaneous emission in a quasiperiodic wiggler
aw151,aw250.4,N1520, andlw15A5lw2 .
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sin(kw12kw2)z0 /(12lw1 /lw2) term. As a result, it is reason
able to deduce that the interference between the two wig
components affects the FEL mechanism predomina
throughq(z0) of Eq. ~13b!. To confirm this quantitatively,
the spontaneous emission of Fig. 4~a! is recalculated using
Eqs.~13!, ~18!, ~21!, and~24! with the contribution ofq(z0)
set to zero and the results are plotted in Fig. 4~b!. It is shown
in Fig. 4~b! that the majority of the small radiation peaks
Fig. 4~a! are now absent and the spontaneous emission s
trum now contains predominately the fundamental and o
harmonics of both wiggler components.

Also present in Fig. 4~b! is a small group of radiation
peaks at frequencies that are not the usual odd harmonic
either wiggler component of the quasiperiodic wiggler b
nevertheless appear to be related to these harmonics
simple manner. These are also due to the interference
tween the two wiggler components throughp(z0) rather than
q(z0). This may be understood with a resonant conditi
analysis similar to that in the previous section but withq(z0)
set to zero. In this case,

n35n450, u050 ~40!

in Eqs.~27!–~33! and thus Eq.~33! becomes

v

v r1
kw17kwn12n1kw112n2kw250 ~41!

f

FIG. 4. Spontaneous emission function in a quasiperiodic w
gler of aw151,aw250.8, andN1520 with ~a! q(z0) given in Eq.
~13b! and ~b! q(z0) set to zero.
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or

v

v r1
522n122n2

lw1

lw2
6

lw1

lwn
. ~42!

Here radiation frequencies are simply proportional to the
tio of wiggler periods with different coefficients as sugges
in Fig. 4~b!. Thus the radiation frequencies additional to t
fundamental and odd harmonics of both wiggler compone
in Fig. 4~b! are also spurious harmonics although their g
eration is due top(z0) rather thanq(z0). Mathematically the
addition ofq(z0) in Eqs.~18! and~21! merely permits many
more combinations of integersn1 ,n2 ,n3 , andn4 that satisfy
Eq. ~33!. This is particularly the case in areas of low wiggl
ratios where the difference between the two wiggler peri
is small to permit many different values ofn to satisfy Eq.
~41!. As a result, significant overlaps of radiation peaks
developed in areas oflw2 /lw1'1. Since these interferenc
induced radiations are not rationally related to the usual
harmonic radiations of the two individual wiggler comp
nents, the latter are suppressed considerably.

The suppression of harmonics ofv r1 is useful for many
coherent radiation sources designed to operate at ultrav
and x-ray wavelengths. For UV free-electron laser devic
mirror degradation by harmonic radiation and other phot
at above the fundamental FEL radiation frequency is a m
obstacle for their successful operation@17–19#. Since the
quasiperiodic wiggler may be used to control and suppr
harmonic generation, it is of interest to examine whether
new wiggler configuration could provide a means to relie
mirror degradation. To this end, we consider a conventio
wiggler of aw151 andN1520, and a quasiperiodic wiggle
constructed from the above conventional wiggler and an a
iliary wiggler of aw250.2 andlw25lw1 /(A721.5). Their
spontaneous emissions are plotted in Fig. 5 against the
malized radiation frequencyv/v r1 . As shown in Fig. 5, the
significant emission at the third and fifth harmonics from t
conventional wiggler is reduced considerably when the a
iliary wiggler is added. The spontaneous emission spect
of the quasiperiodic wiggler now consists of more but mu
smaller radiation peaks at frequencies distant from inte
harmonics ofv r1 . It is known that mirror degradation i
wavelength dependent and such a wavelength dependen
also different for different mirror coating materials@18,19#.

FIG. 5. Spontaneous emission function in a conventional w
gler ~dashed curve! and a quasiperiodic wiggler ofaw250.2 and
lw1 /lw25A721.5. For both cases,aw151 andN1520.
-
d

ts
-

s

e

d

let
s,
s
r

ss
e
e
al

x-

or-

x-
m
h
al

e is

Thus in cases where the band gap structure of the mi
coating material is particularly suited to absorbing UV ph
tons at harmonic frequencies, the quasiperiodic wiggler p
vides a useful mechanism to shift the induced photons a
from these harmful frequencies. For the new radiation pea
they are generated at frequencies not integrally related tov r1

and as such they are diffracted much less effectively by
downstream mirror@20#. Consequently when they are re
flected to the upstream mirror, their damage to the upstre
mirror should be significantly lower.

On the other hand, the extent of mirror degradation
known to be dependent on photon flux intensity@17#. If cav-
ity mirrors’ photon absorption is reduced below their sa
rated absorption level by reducing the intensity of FEL
diation at frequencies suited for significant photon absorpt
of mirror materials, mirror degradation should be small a
could become, once the FEL radiation is turned off, spon
neously recoverable@17#. Figure 5 suggests that the quas
periodic wiggler produces low intensity photon flux at hig
frequencies (.v r1). For FEL experiments where high
frequency irradiation contributes to mirror degradation d
ferently at different irradiation frequencies@17#, it should be
possible to relieve mirror degradation by reducing the le
of photon absorption at frequencies for which cavity mirro
are particularly vulnerable to high-frequency irradiatio
However for cases where high frequency irradiation contr
utes to mirror degradation uniformly regardless irradiati
frequency, it is possible to derive an appropriate quasip
odic wiggler structure that produces less hard photons t
that in a corresponding conventional wiggler. In the exam
of Fig. 5, the total radiation power of hard photons, calc
lated from integrating the spontaneous emission power fr
2v r1 to 6v r1 , is about 1% lower in the quasiperiodic wig
gler than that in the conventional wiggler.

Control and suppression of harmonic generation are a
important for conventional insertion devices of synchrotr
radiation that generate x-ray photons with a wide band
energy or higher harmonics. For these short-wavelength
vices, it is necessary to monochromate the generated ra
tion so as to minimize contamination of experimental data
hard photons@20#. Monochromator crystals may be used
remove hard photons, the energy of which is not integra
related to the fundamental radiation frequency. Howev
since they diffract simultaneously both the fundamental f
quency and higher harmonics to an observer, experime
data are still contaminated by higher harmonics@20,21#. The
suppression of harmonic generation achieved in the qu
periodic wiggler configuration should also be useful for the
synchrotron radiation sources.

It should be mentioned that harmonic generation in c
ventional FEL’s may be alternatively controlled by using
different quasiperiodic wiggler configuration, proposed
cently as an insertion device of synchrotron radiati
@20,21#. In this case, the quasiperiodicity is realized by re
ranging permanent magnet bars, in terms of their size
position, within the length of one wiggler period. This qu
siperiodicity of one wiggler period is then repeated perio
cally to form a quasiperiodic wiggler configuration and t
eventual magnet system is essentially of a single-wigg
structure. Such a configuration is different from that of t
dual-wiggler structure discussed in this paper in that the

-
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ter combines two conventional wigglers of different perio
to realize quasiperiodicity. Their similarity lies with the
function of generating irrationally related harmonics at t
expense of integrally related ones. Consequently both m
be employed to control emission spectrum of both fr
electron lasers and synchrotron radiation sources. It is
interest to note that the quasiperiodicity of the single-wigg
structure was derived by an analogy to the quasiperiodic
tice @22#, and how it may be implemented in practice a
optimized for better spectral control remain to be address
On the other hand, it has been established that spectral
trol in a quasiperiodic wiggler of the dual wiggler structure
achieved by adjusting and maximizing the interference
tween its two constituent wigglers and as such its optimi
tion is more straightforward conceptually.

It is equally of interest to compare the proposed qua
periodic wiggler to a two-frequency wiggler proposed f
sideband control in high gain Compton FEL’s@4,5#. The
sideband control mechanism of the two-frequency wigg
configuration is similar to the spectral control mechanism
the quasiperiodic wiggler configuration, since both explo
-

th
ay
-
of
r
t-

d.
n-

-
-

i-

r
f
e

the interference between two wiggler components to man
late FEL interaction characteristics. However, their appli
tions are rather different. The former is used for control
sideband generation around a central resonant freque
whereas the latter is employed for suppression of integr
related harmonics.

V. CONCLUSION

Spectral behavior of a quasiperiodic wiggler configurati
has been studied with a formulation of its spontaneous em
sion. With the aid of number theory, it has been establis
that such quasiperiodic wigglers produce irrationally rela
higher harmonics. Their integrally related harmonics can
significantly suppressed by enhancing the interference
tween the two wiggler components of the quasiperiodic w
gler configuration. Depending on the mirror materials us
this spectral characteristic may be useful to relieve the pr
lem of mirror damage for some free-electron lasers and s
chrotron radiation sources operated at ultraviolet and x-
wavelengths.
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