RAPID COMMUNICATIONS

PHYSICAL REVIEW E VOLUME 58, NUMBER 6 DECEMBER 1998

Extensive scaling and nonuniformity of the Karhunen-Loese decomposition for the spiral-defect
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By analyzing large-aspect-ratio spiral-defect ché®9C) convection images, we show that the Karhunen-
Loeve decompositioiKLD) scales extensively for subsystem sizes larger tretdds the fluid depth, which
strongly suggests that SDC is extensively chaotic. From this extensive scaling, the intensiveéjgpgth
computed and found to have a different dependence on the Rayleigh number than the two-point correlation
length&,. Local computations ofy, p reveal a spatial nonuniformity of SDC images that extends over radii
18d<r<45d in aI'=109 aspect-ratio cel[S1063-651X98)50412-4

PACS numbgs): 05.45+b, 47.27.Cn, 05.70.Ln

A significant theoretical challenge is to find ways to char-with increasinge while the two-point correlation lengt,
acterize the nonperiodic time-dependent patterns often olnonotonically decreases. We speculate that this different be-
served in large sustained nonequilibrium systdtis In @ havior in the KLD length arises from changes in the structure
recent papef2], a length scale for characterizing spatiotem-of spirals and straight rolls with increasing Finally, we
poral chaos(STC), the KLD length & p, was proposed also show that the lengify, o provides a way to measure an
based on theextensive scalingf the Karhunen-Loge de-  inhomogeneity in the SDC data within the interior of the cell.
composition(KLD) [3]. This length scale was showWg] to A local KLD analysis demonstrates that the data are not uni-
be computable from moderate amounts of space-time dafarm. (Most numerical simulations of SDC7] have used
and was shown to contain information similar to the fractal-periodic lateral boundary conditions, for which the dynamics
dimension density, which has not yet been computed fronghould be statistically homogeneous by translational invari-
experimental datd4]. For certain idealized mathematical ance) In addition, this nonuniformity extends to within a
models, the lengtl§,, , was shown to have a different para- radiusr=18d of the center of an aspect-ratio=109 cell.
metric dependence than the commonly computed two-poinf Nese results suggest that the lengify, can provide useful
correlation lengthe, and therefore provides a different way iNSight into spatiotemporal chaos. _
to characterize spatiotemporal chd@$ Further, this length We tested the utility of the lengtky  for analyzing SDC
éxp could be calculated from data localized to a region oféxperimental dat#5,8] by collecting thousands of shadow-

space and therefore a way to analyze spatial inhomogeng-raph. ima%e@] of the SDC ztate from a.tlf‘agleiggt-lﬁard
ities. However, to the best of our knowledge, an applicatio experiment using compressed £gases wi ranati num-

of the KLD length toexperimentabdata had not been made 18;U§ébaarl§p:anafg<ljlr;;gzl'r?illﬁ gflazgiszrgtgs:aigd %n§3
, . . = c . .23,
pn?r: ttﬁi;hlsaweorrlf/;/e resent the first application of the KLDrespectiver, for thd'=29 and 109 cells, wheraT_ is the
paper We p pplicat critical temperature difference for the onset of convection.
length to experimental STC data by analyzing thg recentlyf:ive sets of SDC data were taken in the two cells as sum-
discovered5] spiral-defect chao&SDC) in Rayleigh-Beard

convection. We analyze the SDC state of Iarge—aspect—ratig.1arlzeol in Table 1. We chose sampling timg$ that were

(T=r/d=29 and 109, where and d are the radius and significantly longer than the correlation time-10t, (where
thickness of the cellcells and find that the KLD dimension tUmlzumeo;/irrgfgrlrg]airergaéaotlgguszlsoonoélnsje?ciarr?e)z(lsrglllfteizo:whif
Dk.p of the data scales extensively with subsystem volum . - patl .

when the diameter of the subvolume is larger than abdut 4 he 9onvect|on patterns required at least five pixels per con-
whered is the depth of the fluid. This extensivity strongly vection rol(! for thel"=109 cell. Da_ta were tak_en _from the
suggests that the SDC state is extensively chapti6], cgntral 43% of thd” =109 convection cell, as indicated in
which provides the first such evidence of an experimentaF'g' 1'. . .
system. From the extensive scaling of the dimenddqq To illustrate the KLD analysis “?ed t_o study the experi-
with subvolume, we calculate the lendgik o, which reflects me!‘ta' ?a;["’_" leu(t; 'tXJ') d_(inote tﬂt]'e “%ht _||[1r'§en5|ty| Of. an ex-
the density of linearly independent modes needed to approxpen(rjneg a |matge ?. pcg;lgq a Im’? i et f"mafyj'i pro-
mate the spatiotemporal da2]. For the reduced Rayleigh ceeds by constructing Space-ime matrix ot data,
numberse explored in this studyéy, p exhibits a minimum A=t ) —(u(t; X)), 1)

where(u(t; ,x;)) denotes the time averagaverage over in-
*Electronic address: zoldi@cnls.lanl.gov dexi) of the set of experimental imagegt; ,x;), T is the
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TABLE |. Parameters for data used to calculdfgp - I is the
aspect ratioge is the reduced Rayleigh numbdr,is the number of
images, and\t/t, is the sampling rate in units of the vertical ther-
mal diffusion timet, .

r € T Atlt, t, (s

29 1.80 2048 33 8.28
109 0.52 3100 1050 0.86
109 0.67 2500 1050 0.86
109 0.79 2500 1050 0.86
109 0.93 2570 728 0.82

number of observation timds, andSis the number of ob-
servation site;. The KLD dimensionDy,p [10] of the

matrix A;; then measures the number of linear eigenmodes

needed to approximate some fractiorc0<1 of the vari-

ance of the experimental data and can be computed from the

eigenvalues of the matrbATA [2,10,11. We compute
Dkip(X;) for concentric subsystems of volunve(square or
circular geometrythat are centered at a particular poin
space Dy p(Xj) depends on the poing and therefore pro-
vides a measure of dynamical inhomogeneityDlf, 5(X;)
increases linearly with subsystem voluMeand with a slope

400

300

J200

100 |

0 100 , 200 300
N" (@)

FIG. 2. Scaling of the KLD dimensio®y, 5, with subsystem
areaN? for data in the central 43% of tHé= 109 cell with reduced
Rayleigh numbek=0.52 and variance fractioh=0.70. The area
N? of a subsystem is measured in unitglofhered is the thickness
of the cell. The labels indicate the number of images used in the
calculations, and lines connecting points were drawn to guide the
eye.

5, then the length, o is defined to bes~ Y, whered is the
dimensionality of the datad=2 for SDQ.

In applying these ideas to SDC data, we compudeg,
for a fixed fractionf=0.7 [12] and for larger and larger
square subimages in the center of the convection cell of size
SX S, where 21<S<25d. As shown in Fig. 2, the dimen-
sionDy, p scales approximately linearly with subsystem data
over a relatively large range of subsystem sizeb<&
<13d provided that a sufficiently long time series was used.
This extensive scaling, together with the arguments in Ref.
[2], relating & p to the dimension correlation lengtfy,
strongly suggests that the SDC state is extensively chaotic.
We note that the extensive linear scaling of the dimension
Dk.p with the subsystem area is best for smaller subsystems,
which we believe is a consequence of the fact that smaller
subsystems have a faster time scale to become statistically
stationary.

Next we comparedy, p (computed in the center of the
cell for f=0.7) with the two-point correlation lengté, as
the reduced Rayleigh numberwas varied. The two-point
correlation lengthé, was calculated from the inverse of the
width of the peak in the Fourier spectrum of the spatial data,
which was premultiplied with a hanning window of diameter
equal to the lateral dimension of the images. As shown in
Table Il, the parametric dependences of the lergth, and

FIG. 1. Time-dependent shadowgraph patterns for the centrdf€ two-point correlation lengtly, are different[12]. The

43% of theI’=109 convection cell, with light and dark regions
corresponding to cool and warm fluids, respectivédy.and(b) are
snapshots of the SDC pattern for reduced Rayleigh numdsedss2
and e=0.93, respectively.

fact thatéy p attains a minimum betweege=0.79 and 0.88
and then increases with increasiagcorresponding to a de-
crease in complexilyis somewhat counterintuitive, since
one might have expecteé, p to decrease withe as the
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TABLE II. Lengths g, p andé, (normalized to the depth of the 3.0 : : . .
fluid d) as functions of aspect ratld and reduced Rayleigh number cot
e. The lengthéy p was calculated for fractioh=0.7. 29 1 epe ®
908 »® o
- . B
r € £xipld &ld oF o teee® ©
T A
2.7 + St 000
29 1.80 1.47 2.28
109 0.52 0.84 4.38 2.6 ' ' ' '
. 10. 20. . 40. .
109 0.67 0.81 3.85 0.0 0.0 0.0 @ 30.0 0.0 50.0
109 0.79 0.75 3.60
109 0.88 0.74 3.39 FIG. 3. Radial inhomogeneities of the lengih p in annular
109 0.93 0.90 3.22 subsystems of fixed radii and increasing azimuthal angle fol'the

=109 convection cell=0.79). The radial distanaeis measured
in units ofd (the thickness of the convection geilom the center of
theI'=109 convection cell.

system is forced further away from equilibriutmore modes

are needed to approximate the space-time)détgossible

explanation for these opposing trends may be found by ex- ) ,

amining the different spatial structures in Fig&)land 1b). ~ Ments[13]. (We also found nonuniformity ofx p near the

For Fig. 1a) (e=0.52), the area fraction of local straight-roll Side wall in thel’=29 cell) The experimental source could
regions is larger than that for spiral-roll regions, whereas foicome from the nonlinearity of the shadowgraph method. For
Fig. 1(b) (¢=0.93 the relationship between straight- and thin cells and highe values, the nonlinearity is strong and
spiral-roll regions is reversed. We speculate that the dat§an make the shadowgraph method sensitive to small optical
betweene=0.79 and 0.88 consist of nearly equal fractions ofhonuniformities. Unfor_tunat_ely, the relative stren_gth of these
straight- and spiral-roll regions and thus require more KLD™WO sources of nonuniformity cannot be determined. _
eigenmodes per unit volum®y p/Veyp and SO Ewp In summary, we have carne@ out an analysis of_ experi-
=(Dyip Vo) Y2 is smaller. This speculation about the mental data using t.he extensive scaling of KLD in sub
relative complexity of straight-roll versus spiral-roll regions Systemg2] for the spiral-defect chaos state. KLD analysis is
is supported by examining the KLD spatial eigenmodes forStraightforward to apply to small subsystems of different ge-
the e=0.52 ande=0.93 data. These modes have the sam@Metry since it does not impose an approximate periodicity
qualitative symmetries up to eigenmode Z1=0.45 for e of t_he_ space-time d_ata, asis the case for. Fourier gnaly3|s. By
=0.52), beyond which the local straight-roll regions in the Verifying that the dimensiol,  scaled linearly with sub-
€=0.52 data entered into the next KLD spatial modes andystem size, we prov_|de strong evidence thg_t th(_a experimen-
broadened the KLD eigenvalue spectryi@]. In the e tal system is extensively chaot[d]. The utilization of a

—0.93 data, beyond eigenmode 21 the eigenmodes consist Hbsystem was essential for our study for two reasons. First,
of lattices of convection rolls ocal analysis of subsystems allowed the characterization of

Since the KLD analysis of a subsystem is a local proce—an inhomogeneity in our experimental convection cell. Fur-

dure, one can quantify differences in the SDC in differentN€r: by exploiting the reduced data requirements of sub-
systems, we could estimate the parametric behavior of the

regions of the convection cell and therefore test the assum[g. on densitvth b fd £ f
tion that SDC is dynamically homogeneous. For the dimension densitythe average number of degrees of free-

_ ; - ; dom per unit areain the center of the convection cell. For
=109 cell we investigated a radial dependencegfy by .
first establishing thabDy, p scaled extensively for an annulus the SDC da_ta analyzec_i, the IengglaLD seems to quanufy
of radiusr,<r<r,+d and an angular sector that varied dlffgrences in the fractyon of stra|ght—r_oll qnd spiral-defect
from A9=0 to AG=27 radians(extensivity was with re- regions(also observed in the KLD spatial eigenmogdesd
spect toA #). We could not estimate nonuniformity fa, therefore provides information beyond that available from

<8d because the subsystems were too small, or rfor &, . Finally, the nonuniformity of the KLD length was shown

0 o :
~45d as this exceeded the area imaged by the chargetp extend over 80% of the radius in tie=109 convection

o . cell. Future analysis will hopefully provide further insight
goupled device camera._Flgure 3 thWS how the. Ieg'tb into the transition to SDC and the chiral symmetry breaking
increases by 10% from=8d to r=45d. The variation in . . . )

. L recently observed in SDC for rotating convection experi-
the lengthé,, p with radial distance demonstrates that the ments[14]
images of SDC cannot be considered homogenéBigs 3 '
even in large-aspect-ratio cells. Based on this calculation we S.M.Z. was supported in part by the Computational
consider the cellapproximatelyuniform for r<18d. The  Graduate Fellowship Program of the Office of Scientific
10% nonuniformity oféx p in the large cell may be due to Computing, Department of Energy. S.M.Z. and H.S.G. were
dynamical and/or experimental reasons. The dynamical resupported by NSF Grant Nos. NSF-DMS-93-07893 and
son would be due to the pinning of the pattern by the sideNSF-CDA-92123483-04, and by U.S. DOE Grant No. DOE-
wall, which has been shown to cause time-averaged patteri@E-FG05-94ER25214. J.L., K.B., and G.A. were supported
near the side wall, for instance, in rotating convection experiby U.S. DOE Grant No. DOE-DE-FG03-87ER13738.
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