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Phase diagram for avalanche stratification of granular media
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When a binary mixture of granular materials is poured into a quasi-two-dimensional Hele-Shaw cell, alter-
nating stratified layers of large and small particles are formed along the top surface. This effect is studied as the
plate separation of the cell and the flow rate at which the granular mixture is poured are systematically varied.
A nontrivial “phase diagram” is found, with pairing of the stratification layers occurring for a finite range of
plate separation and flow rate values. Numerical simulations based upon a model involving periodic avalanch-
ing of a metastable wedge of granular material above the critical angle of repose reproduce both the observed
stratification pattern and the flow rate dependen8&063-651X98)51510-3

PACS numbds): 46.10+2z, 47.27.Te, 64.60.Lx, 64.75g

Binary mixtures of powders or grains can separate by par0.78 g/sec, when the sand/sugar mixture is poured against the
ticle property when poured into a vertical Hele-Shaw cellclosed edge of the ce(similar patterns are found when the
[1-3]. This phenomenon, termed “avalanche stratification,” mixture is poured in the center of the ci8l). The flow rates
where the large and small materials separate into alternatirgfn be varied from 0.3 to 3.7 g/sec. The static angle of re-
layers, occurs when an initially homogeneous mixture of twoPose of the sand is 37.3° and of the sugar is 40°, while the
different granular materials is poured between two verticapngle of repose of sand on sugar is 40.3° and of sugar on
plates held a narrow distance apart. An elucidation of theéand is 39.8°. Digital images of the stratification pat{éig.
mechanisms responsible for avalanche stratification may b&b)] are taken with a monochrome charge-coupled-device
important for understanding many geological formationscameraCohu 4910in conjunction with a Scion LG-3 frame
[1,4-7), as well as industrial processes that require that mixgrabber and a Power Macintosh 7100/80. Data image analy-
tures poured from a hopper remain homogend@lisMod- ~ Sis is performed using the public domain program Image
els by Makse, Cizeau, and Stanlg9], Boutreaux and de from the National Institute of Health.

Genneq10], and Grassellli and Herrmarji1] can success- In order to quantify the intensity and wavelength of the
fully account for the observed avalanche segregation angtratification effect, digital images of the banding pattern
stratification patterns for a given Hele-Shaw cell. However,
these models are strictly two-dimensional, while experiments
find that the stratification pattern is sensitive to the separation
of the vertical plate$3]. In this Rapid Communication we
report experimental studies of avalanche stratification as the
plate separation and flow rate of the poured mixture are sys-
tematically varied, which yields a nontrivial phase diagram
of the stratification effect.

The experimental setUprig. 1(a)] consists of two vertical
Plexiglas sheets 6 mm thick of area 188 in. mounted par-
allel to each other on a horizontal base plate. One sheet is
fixed to the base plate, while the other sheet is attached at
one end to the fixed plate. By employing spacers that extend
the full height of the vertical sheetso that one end remains
closed the separation between the plates can be varied from
3 to 24 mm. A 50/50 mixture by mass of black sanalighly
spherical with an average diameter of 0.4 mm and a density
of 1.5 mg/mmi) and white sugafroughly cylindrical, with
an average long axis of 0.8 mm and a density of 0.5
mg/mn?) is poured against the closed edge of this Hele-
Shaw cell using a titrating bulb with a rotating stopcock. The

.granulalf mixture h,as_ an average denslty of 1.0 mg?rand FIG. 1. Sketch of the avalanche stratification appard®)s

is premixed by stirring prior to pouring. Sampling of the \yherein a mixture of two different granular materials is poured
gran_ular mixture exiting the rovx_/ bulb onto a flat surface against the closed edge of a Hele-Shaw ¢bll.A digital image of
confirms that the granular material does not undergo segrene resulting stratification pattern for a 50/50 mixtéby mass of
gation either exiting the bulb or while falling into the cell, sand and sugar. The flow rate was 0.78 g/sec and the plate separa-
though possible segregation prior to discharge may still retion was 4 mm(c) The resulting stratification pattern for a numeri-
main an issue. The stratification pattern in Figb)lwas cal simulation of a physical model of poured two-dimensional
obtained for a plate separatidrof 4 mm and a flow ratéof  granular mixtures, as described in the text.
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FIG. 3. (a) Digital images of the stratification pattern near the

AR T - top of the pile[indicated by the white box in Fig. ()] for six
0204 06 08 1 separate runs as the flow rate is increagedComputer simulations
Wavelength (cm) as in Fig.(10), using the physical model described in the text, as the
rate (arb. unit3 at which granular material was added to the top
right-hand edge is increased, relative to the timing of relaxation of
the metastable heap at the top of the pile.

flow ratef at which the granular mixture is poured into the
Hele-Shaw cell, for a fixed plate separation, has also been
investigated. The resulting banding patterns are shown in

52 03 0608 Fig. 3(a). Fourier analysis of the banding patterns finds that
‘Wavelength (cm) the degree of stratification exhibits a sharp decrease at a criti-

cal flow rate off.~1.0 g/sec. For flows greater than this
FIG. 2. Digital imagesa) of the stratification banding pattern Critical rate (which depends on the plate separatidhe

near the top of the pilgindicated by the white box in Fig.()]and  Stratification pattern abruptly disappears. In contrast to the
plots of the corresponding Fourier amplitude against wavelefiyth  plate separation dependence, the wavelength of the stratifi-

for the sand/sugar mixture of Fig. 1 as the plate separation of theation pattern is roughly insensitive to the flow rate, though
Hele-Shaw cell is varied from 3 to 10 mfflow rate 0.78 g/seéc  the rapid loss of stratification above limits the range for

The arrows in(a) indicate the layers of sandyed dark. which this parameter can be investigated.

These experiments have been repeated for a series of plate

near the top of the sandpile are Fourier analyzed. The digitaleparations and flow rates. The results are summarized in
image in the white box in Fig.(b) is converted into a plot of Fig. 4, which is a “phase diagram,” indicating whether or
pixel intensity against position. Since the sand is black and

the sugar is white, a high pixel value corresponds to a large

concentration of sand next to the transparent vertical plate in ST o Stratification pal

the Hele-Shaw cell, while a low pixel value corresponds to a " x Pairing //

high concentration of sugar and an intermediate pixel value 41 / /
reflects a mixture of the two. The resulting plot of varying > [ s A o //
pixel value against positiofdepth into the sandpilds then S5t ¢ /“( o o, © },/
Fourier transformed to yield the structure function of the Qe 4 o o
stratification pattern. While the structure function is the T */8 oo //
square of the Fourier amplitude and is typically plotted 2271 ’/;/ . o/ :
against a wave vector, for simplicity the fast Fourier trans- e N 4 E Ba o :// .

form (FFT) amplitude is plotted against a wavelength in Fig. 14 Q/E g né o ¥ xgm : s
2. As shown in Fig. 2, the characteristic wavelength and the [ /o BB X QXﬁxwgg" * *1
degree of stratification, as reflected in the position and am- 3 / o %8 & // e e
plitude of the peak of the FFT amplitude, respectively, are 0 0 é é S" 1'2 15

sensitive to the plate separatidrof the Hele-Shaw cell. For Plate Width (mm
a flow rate of 0.78 g/sec, akis increased from 3 to 10 mm, (mm)
both the wavelength and FFT amplitude decrease. Moreover, g, 4. “Phase diagram” for the avalanche stratification effect

for an intermediate plate separation-e¥ mm, clear “pair-  for 4 50/50 mixture of sand and sugar. The open squares indicate

ing” of adjacent stratification layers of sand is evident, con-those plate separations and flow rates for which stratification is

firmed by the second peak in the corresponding FFT ampliobserved, while the closed diamonds denote that no layering was

tude in Fig. 2b). For this granular system, bg=10 mm  found (the dashed lines are guides to the )eykhe cross symbols

there is little indication of stratification. represent the plate separation and flow rates for which pairing of the
The sensitivity of the stratification pattern to varying the stratified bands occurred.
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not stratification is observed for a given flow rate and plate 1.2 0.25
separation. The open squares indicate that stratification oc- = 1 4 ]
curred[defined as a Fourier peak amplitude greater than 6, as %’ 1.0 . | 0.20
in Fig. 2(b)], while the closed diamonds represent those flow 2 oos % ] -
rates and plate separations for which no layering was found. 'g * . ] 015 Séf
The crosses denote thokandd values for which pairing of = 06 { a S
the stratification layers was observed. The data in Fig. 4 have B 04 a 1010 ¢
been reproduced for many separate measurement runs overa 2 a Mcos(,) | =1
period of several months. Qualitatively similar results are 3027 tan(e,,)-tan(e,) 0.05 =
found for avalanche stratification of a mixture of glass beads = ]
and couscous. The results of Fig. 4 demonstrate that the 0.0 - — 000
0.0 02 04 06 1.0

stratification effect occurs only for a finite range of flow rates
and plate separations.

_Previous models for stratification in a Hele-Shaw cell T~ FG. 5. Plot of the variation of the wavelength/ca3(of the
quired that the larger and more faceted granular materialyaification pattern(open triangles and the quantity[ tan(6.,)
have a larger angle of repose compared to the smaller andian ()] (closed circlesagainst plate separation.
smoother material, which leads to separation of the two spe-

cies as they roll down the free surface, with the smaller ma- ) ) o
terial becoming fixed in irregularities of the granular surfaceSimulations do indeed reproduce the observed stratification

[2,9-11]. Numerical simulations of avalanche stratification Pattern. The flow rate can be increased by varying the rate at
by Makse and co-workef®,11] are able to faithfully recre- which discs are dropped onto the pile relative to the rate at
ate an observed avalanche stratification pattern for a givewhich the metastable heap on the top can relax. Strikingly
flow rate as in Fig. (b). However, we have observed strati- Similar results are found for the computer simulati¢R&.
fication layers for a mixture of large and small glass beads o8(b)], with the strength of the stratification and the wave-
the same density, for which the measured angle of repose ¢téngth of the banding pattern being fairly insensitive to the
these beads differ by only 0.1°, which cannot be accounteflow rate until a criticalf, is reached, at which point the
for by this model. stratification abruptly and sharply disappears. Wierf .,

We consequently consider a model for the stratificatiorthe “grainfall” along the top surface is so fast that there is
pattern involving periodic avalanching of granular materialno time for the development of metastable heaps at the top of
between the maximum and critical angles of repds2-15.  the pile, while forf<f, the stratification pattern is deter-
As granular material is poured into the Hele-Shaw cell, amjned by the amount of mass contained within the meta-
quasi-two-dimensional sandpile forms at the angle of reposg;gp|e wedge, which depends on the properties of the granu-

of the mixture. Inelastic collisions cause some of the graing;, material and plate spacingy but is independent of the
rolling down the top surface to come to rest and form 3 ate at which the material is poured into the cell.

metastable heafi6]. When the maximum angle of stability The wavelength of the stratified layers will be propor-

is reached, the material in the heap avalanches down the t(H%)nal to the mass of granular material contained in the meta-

surface, returning the top of the pile to the critical angle of table wedge prior to avalanching. The amount of Mass con-
repose. The strong velocity gradient normal to the surface or- ge p 9.

the flowing pile leads to shear dilatidd7], which in turn  @ined in the metastable wedge is given b’ym)(zd,/z)
enables separation or sieving of the smaller or denser grank@n@m—tan(@)] where py, is the density of the binary
lar material to fall into small gaps or voids in the flowing 9ranular mixture ana is the distance the pile extends along
surface beneath the larger or less dense material in the flo/#2€ horizontal base. Following a stratification avalanche, the
ing layer[13—15. In particle dynamics simulations based Mass of granular material contained in the layers is given by
upon this model large and small discs are dropped at randof®1+ p2) (X\d)/2 cos@,), wherep, andp, are the densities
against a vertical boundary, as in RE9], and then lose a ©Of the separate granular species. Equating these two expres-
fixed fraction of their kinetic energy with every collision sions vyields \/cos@)=ax(pm/p1+p2[tan@)—tan(;)],

with other discs. When the kinetic energy is below a threshwhere the factor (0<a<1) reflects the fact that the strati-
old value, and the horizontal center of mass of the disc idied layers do not extend the entire length of the sandpile, but
lower than or equal to the horizontal center of mass of théather merge into the segregated regions at the top and bot-
adjacent discs, the falling disc then stops moving. Howevertom of the pile. Grasselli and Herrmann have reported #pat
the resulting two-dimensional pile is much steeper than foend ¢, in a Hele-Shaw cell increases exponentially as the
experimentally observed sandpiles. Two input parameterglate spacing is decreasgtB], due to the increasing impor-
were then added to the simulations, the maximum and crititance of transverse force chains, which span the two vertical
cal angle of repose of the entire mixed sandpile, so that wheplates and provide arching support to the granular sandpile.
granular material is added such that the height of the pildhe variation with plate spacing of the quantitie&os(,)
exceeds the maximum angle of repose, the discs contained &nd tanf,)—tan(d.) are shown in Fig. 5. The data of Fig. 5
the wedge between the maximum and critical angles of reindicates that the factorax(pm/pi+p2)=3.75 for d
pose are given additional energroportional to their gravi- =5 mm, which, for an average horizontal extent of the pile
tational potential energy at the top of the pitand allowed to x~10-12 cm, corresponds @~ 0.625—-0.75, which is in
avalanche down the top surface, coming to rest using theeasonable agreement with images of the stratification pat-
mechanical stability criteria. As shown in Fig(cl these tern as in Fig. (b).

Plate Width (cm)
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The decrease in the amplitude of the stratification patterie valid for three-dimensional geological flows. A remaining
with d may arise from sidewall interactions becoming impor- mystery is the pairing of the layef&igs. 2a) and 2b) for
tant paradoxically at larger plate spacings. It is well knownd=6 and 7 mn} which is reminiscent of an “Eckhaus insta-
that the velocity profile of flowing granular material through bility” in driven dynamical system$20], where changes in
a narrow inclined chute is SigniﬁCantly depreSSEd in the rethe pattern formation control paramethere the p|ate sepa-
gion adjacent to each sidewall, with the relative decrease ifation d) can lead to period doubling of the spatial wave-

velocity increasing for wider chutdd9]. Consequently, as length[21], though much more work on this point is needed.
the plate separatiod is increased, there is an associated

increase in the flow transverse to the down slope motion, as This research was supported by the Minnesota Graduate
the particles follow the velocity gradients. The transverseSchool Grant-in-Aid Program, the Undergraduate Research
flow tends to oppose the stratification tendency within theOpportunity Program, and Grant No. NSF-CTS-9501437.
flowing layer, as reflected by the decrease in FFT amplitud&Ve gratefully acknowledge experimental assistance from K.
for increasingd. Consequently the loss of stratification at M. Hill and W. Weisman, and helpful comments from J.
larged would be a direct result of the avalanches occurringGollub, P.-G. de Gennes, T. Boutreaux, H. Makse, E. G.
in a Hele-Shaw cell, and the model described above may stifbtanley, O. T. Valls, and H. J. Herrmann.
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