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Three-dimensional simulations of Ostwald ripening with elastic effects
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The process of phase separation for quenched,three-dimensionalbinary alloy systems with coupled elastic
fields was investigated with Langevin simulations. The elastic effects are the result of a dilational misfit
introduced via inhomogeneities in the elastic constants of the system. A selection criterion for the shape and/or
orientation of the domains, based on the different shear moduli, is presented. In addition, the coarsening
behavior of the domains is discussed in terms of chemical potential barriers surrounding the precipitates.
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Ostwald ripening refers to the late-stage process by wh
a minority phase coarsens in a binary alloy mixture. In or
to maintain local equilibrium, material from the smalle
high-curvature droplets evaporates and diffuses through
matrix. It then condenses onto nearby larger, low-curvat
droplets, thereby lowering the interfacial free energy of
system. This mechanism was described by Lifshitz, Slyoz
and Wagner~LSW! @1# in the limit of zero volume fraction,
and exhibits several ‘‘universal’’ features. Growth is typ
cally characterized by a single, time-dependent length s
R(t), the average domain size, to which spatial quantit
such as the dynamic structure factor and correlation fu
tions, scale. Furthermore, the average domain size gr
with a power law in time with an exponent of 1/3, while th
droplet distribution function displays a characteristic scal
behavior.

The process of Ostwald ripening is radically altered in
presence of elastic fields. Generally, it is known that lon
range elastic fields destroy the universal features of L
growth, thereby allowing the system to explore other kine
alternatives@2#. For instance, many experiments show t
formation of modulated structures with a quasiperiodic s
tial distribution@2–8#. In binary alloy systems, elastic effec
are derived from a lattice mismatch between the differ
atomic species, from differences in elastic constants of
phases, and/or from externally imposed stresses.

In this Rapid Communication, we report on large-sca
three-dimensional~3D! simulations of Ostwald ripening in
the presence of elastic fields for acubic, elastically inhomo-
geneoussystem with dilational misfit. The effect of thes
fields on the formation and growth of droplets, the elas
barriers, and the spatial ordering of domains are discusse
addition, a selection criterion, predicting both the nature
the domains~hard versus soft phase! and their spatial orien-
tation, is presented.

Much of the initial, analytical work@9# on the interacting
Ostwald ripening problem focused on the equilibrium sha
and transformations of ordered domains. In many of th
calculations, the geometrical shapes of the domains w
fixed due to the numerical and analytical complexity of t
problem. However, as pointed out@10,11#, such geometrica
constraints are simply not valid when a large number of e
tically interacting domains are involved, and this can lead
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artificial dynamics. Simulation approaches have, for the m
part, been free from this problem, and include Monte Ca
studies@12#, phase-field approaches@10,11,13,14#, and the
numerical integration of a set of interface equations@15#.
While these different studies have all been invaluable in e
cidating different aspects of the elastic Ostwald ripen
problem, they have been confined to either 2D, or to
systems with only a small number of domains. At presen
is simply not clear which of the different results carry ov
from the case 2D into the experimentally more realistic
case. In addition, the lack of 3D theoretical data for the d
ferent morphological measures presently precludes
meaningful comparison with existing experimental data, a
thereby underscores the need for 3D work.

To investigate phase separation with elasticity, we use
Langevin approach, extending a model introduced by C
@16# and Onuki@10#. The model assumes coherency at t
interfaces~i.e., no dislocations!, anisotropic elasticity, and
differences between the elastic constants of the matrix
the precipitates. It is expressed in terms of the order par
eter field c(x¢,t), the displacement fieldsu(x¢,t), and the
elastic strain tensorm i j 51/2(]ui /]xj1]uj /]xi). The most
important parameters are the set of dimensionless elastic
efficientsCi j , which are related to the unscaled coefficien
Ci j* by Ci j 5Ci j* l /s, where l is a characteristic system
length ~e.g., the size of domains upon nucleation!, ands is
the interfacial surface tension. These inhomogeneous ela
coefficients vary linearly with the order parameter, so th
Ci j 5Ci j

o 1Ci j8 c̃, with c̃5c2co andco denoting the aver-
age value of the order parameter.

The free energy functional of the model is

F@c#5E dx@ 1
2 u¹cu21 f ~c!1ac“•u1 f el~m!#, ~1!

where f (c)52 1
2 c21 1

4 c4 is the local free energy,a is a
coupling constant, andf el is the cubic elastic free energy:

f el5
k

2
~“•u!21C44(

iÞ j
m i j

2 1M(
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S m i i 2
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d
“•uD 2

,

~2!
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FIG. 1. Sample configurations atco50.3 for different values of (g1 ,g2 ,to). ~a! ~0,0,0!, model B system at timest5200 and t
510 000 ~left and right, respectively!; ~b! ~0, 0, 0.25! at t55000; ~c! ~0.5, 0.5, 0! at t55200; ~d! ~0.5, 0.5, 0.25! at t5100 and t
510 000; ~e! (0.5, 0.5,20.19) at t5200 andt54000; ~f! (0.1,20.4, 0.125) att5200, andt52500; and~g! (0.24,20.08, 0.7) att
5200 andt51000. Note that the majority phasec511 is shown in gray, while the minority phasec521 is in black.
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with compressibility modulus k5@C111(d21)C12#/d,
shear moduliC44, andM5(C112C12)/2, which correspond
to ~100!@010# and (110)@11̄0# shears, respectively. Invokin
mechanical stability yields a set of equations relatingc and
u, which may then be used to eliminateu from the free
energy. To first order in the coefficientsCi j8 and anisotropy
Bo5(C11

o 2C12
o 22C44

o )/C44
o , the elastic terms of the free en

ergy combine to form an effective long-range free ene
f lr :

f lr 5md(
iÞ j

S ]2W

]xi]xj
D 2

1mc(
i

S ]2W

]xi
2 2

1

d
¹2WD 2

, ~3!

where md5g1c̃1to , mc5g2c̃ represent (110)@11̄0# and
~100!@100# shears, respectively, andW represents a potentia
function defined via¹2W5c̃. In this model, the elastic mis
fit is proportional tod52a/(C12

o 12C44
o ), so that the two

coupling constants off lr are defined in terms ofg1

5C448 d 2, g25(C118 2C128 )d 2/2, andt052C44
o Bod 2/2. The

g terms originate in the differences between the elastic c
ficients of the matrix and the precipitates, whileto is inde-
pendent of any such differences@17#.

With the free energy functional expressed entirely
terms ofc, the time evolution of the order parameter, fo
lowing a quench, is given by the Langevin equation:

]c/]t5¹2~dF/dc!, ~4!

where we have neglected thermal noise. This equation
discretized (Dx51.7) and integrated in time using Euler
method~time stepDt50.05). Fast-Fourier transforms we
used in the computation ofW. Periodic boundary condition
for (128)3 lattices were used, and systems of size (64)3 were
run to study finite size effects.

We have explored phase separation as a function of
off-criticality co and the parameters (g1 ,g2 ,to). These pa-
rameters can either cooperate or compete with each o
and ultimately determine the final shape, orientation, spa
distribution and the elastically hard/soft nature of the prec
y

f-
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tates. We find that in both two dimensions and three dim
sions, the domain morphology is primarily determined by
single criterion: The domain structure formed is such that
matrix separating the precipitates holds most of the ela
distortions. For the model considered here, this is determi
through a selection of the numericallysmallest effective
shear coefficient, i.e., the minimum value of eithermd or mc

in the matrix. The argument for this is as follows. Consider
two-phase inhomogeneous system with cubic symmetry.
system is characterized byfour possible effective shea

moduli, i.e.,mc andmd with c̃561 either for the matrix or
precipitates, respectively. Roughly speaking, a minimizat
of the free energy~3! requires that the elastically ‘‘hard’
phase deform less than the ‘‘soft’’ phase. Thus, a single h
domain in a soft matrix remains spherical or cuboidal, wh
a soft precipitate becomes needlelike or disklike. Duri
spinodal decomposition, it is energetically favorable for t
system to form compact, bounded domains with minim
elastic energy, so that most of the elastic energy is store
the relatively deformable, percolating matrix. As phase se
ration continues, the matrix aligns itself and reshapes
domains so as to reduce the elastic energy. As an exam
consider the following. The possible values for the sh
moduli in ~3! are md5g11to , mc5g2 , for c̃511, and
md52g11to , mc52g2 , for c̃521. Supposemd with c̃
511 has the smallest numerical value. Then, for this p
ticular quench, the matrix will be represented byc̃511, the
precipitates byc̃521, and the system orients itself alon
the diagonal directions.

Consider different (g1 ,g2 ,to) quenches at constantco
50.3, shown in Fig. 1. The domain morphologies are all
be compared to Fig. 1~a! with ~0,0,0!, i.e., no elastic effects
In this case, percolating domains following standard LS
dynamics are formed. The addition ofhomogeneouselastic
fields via (0,0,b) modifies the orientation of the domain
Highly anisotropic domains oriented in the cubic~diagonal!
directions for b.0 (b,0) form, which percolate even a
low volume fractions@Fig. 1~b!#. In the presence ofinhomo-
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geneouselastic constants, isolated precipitates always fo
A (0,b,0) @(b,0,0)# quench gives domains with interface
oriented along the cubic~diagonal! directions, while (b,b,0)
@Fig. 1~c!# gives hard, isotropic precipitates, because bo
types of shears are represented in equal proportions. W
initially rounded, these precipitates develop flat faces at r
dom orientations due to the proximity of other domains
this effect is most pronounced when the precipitates bel
to the majority phase, as shown. The addition of homo
neous anisotropic effects influences the orientation of
precipitates in a predictable fashion@Figs. 1~d! and 1~e!#.
Figures 1~f! and 1~g! illustrate different cases of elastic com
petition; the parameters are such that the precipitate for
is softwith respect tog1 @18#. Particularly note the rafting o
soft domains in Fig. 1~g!, induced by the high anisotropy
We have also explored quenches for which the minim
values ofmc andmd have the same numerical value. In th
case, the system is frustrated with respect to the orienta
of the precipitates, and other variables, such as the valu
co , play a role in determining the morphology. Also, sy
tems for which the effective moduli are very close in val
are characterized by long-lived transients and crossove
fects @19#.

Figure 2 shows sample contour plots of the elastic con
bution to the chemical potential landscape. In general,
mains represent regions of negligible deformation, while s
nificant distortions are found within the matrix. The elas
energy associated with these deformations creates chem
potential barriers, which control the diffusional flow of m
terial between the precipitates. Domains that are surroun
by high barriers find it difficult to exchange material wi
other precipitates and, therefore, cease to grow. We now
sider some generic situations. For the case of elastically h
majority precipitates, the formed barriers are relatively la

FIG. 2. ~Color! Contour plots of elastic contribution to th
chemical potential for cuts through sample configurations. H
color indicatesrelative levels of the dimensionless potential runnin
from deep red~high values! to deep blue~low values!. Parameters
(g1 ,g2 ,to) are ~a! ~1.0, 1.0, 0!, precipitate in the majority;~b!
(0.5, 0.5,20.19), precipitate in the minority; ~c! (0.1,
20.4, 0.125), competing elastic effects; and~d! (0.24,
20.08, 0.7),to dominating.
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~about 2.2–2.5! @Fig. 2~a!#. In contrast, when the domain
form the minority phase@Fig. 2~b!#, the barriers are consid
erably lower~about 1.0–1.5!. Apparently, the elastic energ
is spread out over the larger volume of the matrix. We n
that there are no barriers when the precipitates~matrix! are
soft ~hard!, reflecting the elastic competition@Fig. 2~c!#. In
fact, in this case, the precipitates represent regions of h
chemical potential~difference of 0.8!, and material is readily
exchanged between the domains. In the case of Fig. 2~d!, the
system is dominated by the homogeneousto term giving a
very gradual variation in the energy~difference of 0.23!. The
spatial ordering of domains is particularly evident in Fig
2~b! and 2~c!.

The time evolution ofR(t), defined as the first zero of th
pair-correlation function, for sample quenches, is shown
Fig. 3. In the absence ofinhomogeneouselastic fields, the
growth exponent is consistent withn51/3, characteristic of
LSW dynamics. For elasticallyinhomogeneoussystems,
growth may roughly be divided into an early and a late-tim
regime. If the majority phase forms the precipitates,
early-time growth is accelerated with respect to model
This increased initial growth rate appears to be associa
with rapid reshaping and coalescence of the precipita
Spatial ordering of the domains then takes place as the
tem crosses over to the late-stage regime, which is cha
terized by a slowing down of the growth. Increasing t
value of theg8s decreases the onset time for the late stag
For low volume fractions, growth appears to be consist
with n51/3, but with lower rates of coarsening. In this cas
no coalescence was observed, and in contrast to the 2D
there is no freezing of the domain structure. These res
may be understood in terms of the elastic barriers surrou
ing the domains. Whenever these barriers are low, gro
rates are similar to LSW; when they are high, the coarsen
rates are considerably reduced with numerical values of
g8s determining the onset time.

In summary, we have investigated phase separation
model binary alloy system incorporating elastic effects w

e,

FIG. 3. R(t)3 vs time for some three-dimensional system
Filled circles, data for straight model B~five independent runs!;
open ~filled! squares,co50.3(20.3) with parameters~0.5, 0.5,
0.125!; and open~filled! triangles,co50.3(20.3) with ~1.0, 1.0,
0.125!. These data are averaged over only two independent run
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3D Langevin simulations. The elastic effects of the mo
result from a dilational misfit and from inhomogeneities
the elastic constants. Following a quench, the system evo
in such a way as to minimize both its interfacial and elas
free energy. The latter is achieved by storing most of ela
energy in the matrix between the precipitates which, in tu
determines the domain morphology as predicted from a
lection rule. Different coarsening regimes have been
served, which correlate with the chemical potential barri
in the matrix. As is evident from the figures, the systems a
display transient shape transformations, spatial ordering,
n
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rafting of the domains. In addition, we have observed e
dence for dynamic scaling of the structure factor, and h
been able to induce reverse coarsening for selected dom
configurations. These results, along with other measure
the domain morphology will be presented in a future pub
cation @19#.
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