
PHYSICAL REVIEW E DECEMBER 1998VOLUME 58, NUMBER 6
Spontaneous curvature-induced pearling instability

Sahraoui Chaı¨eb* and Sergio Rica
Laboratoire de Physique Statistique, Ecole Normale Supe´rieure, 24 rue Lhomond, 75231 Paris Cedex 05, France

~Received 19 May 1998!

We investigate the instability of a tubular fluid membrane made of a water-soluble surfactant. The tubules
are obtained at high brine salinities. The instability is due to introduction within the vesicle multilayer of an
alkane. We measure the wavelength of this instability versus the unperturbed radius of the tubules and interpret
this selection by using a model that includes not only the surface tension in the elastic energy, but also the
effect of the asymmetry induced by the oil as a spontaneous curvature. The linear stability analysis shows that
within this model the selection is indeed due to nonzero positive spontaneous curvature.
@S1063-651X~98!03712-X#

PACS number~s!: 87.22.Bt, 68.10.2m, 02.40.2k, 47.20.2k
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I. INTRODUCTION

Vesicles naturally exist in different shapes. The m
common shapes are spherical vesicles, and vesicles with
late shape~potato shape!. Toroidal vesicles also exist unde
some particular conditions@1,2#. Tubular vesicles are als
common in nature, but they are not an equilibrium solut
for the elastic energy@3#. One of the most fascinating phe
nomena are the shape changes of cells and the manifo
local instabilities of cell plasma membranes in particular a
vesicle membranes in general. Under physiological con
tions the red blood cell for example, exhibits the famili
biconcave shape~the discoide form!. Removal of some par
ticular proteins leads to the echinocyte form, or to the s
matocyte form@4#. The interest of vesicles as a model syste
of living cells, for drug delivery or for different industria
usage, is the origin of several fundamental studies ove
couple of decades@5#. Local instabilities play an essentia
role in material transport process between cellular comp
ments or through the plasma membrane. An important
ample is the transport of newly synthesized membrane
the cell envelope, and it involves three steps:~a! budding of
vesicles,~b! their fission from a parent membrane,~c! their
fusion with the target compartment. Tubular vesicles, exc
by different techniques~uv radiation, optical tweezers, etc.!,
exhibit curious behaviors similar to the Rayleigh instabil
in liquid columns. Such behavior is known as ‘‘pearling
instability @6–8,10#. After exposure to radiation, tubula
vesicles become a succession of spheres, separated by
row necks. In the case of uv radiation, long time radiat
induces a separation of the spheres@8#. When tubular
vesciles are excited by optical tweezers, the shape of
spheres depends on the intensity of the laser. A long t
exposure of the optical tweezers on the tubules induce
separation of the spheres by narrow necks@6,7#. Also, it was
found that vesicles can suffer the same pearling instab
when subjected to a change of the water pH between
inside and the outside of the vesicle@9#. It is important to
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point out that Deuling and Helfrich@11# showed theoretically
that pearled shapes can arise in cylindrical vesicles when
tube spontaneous curvature is nonzero. Figures encoun
in the literature with such pearls can be found in@12#. This
reference showed ‘‘myelin figures,’’ which form in agin
blood cells. We believe that these figures are experime
evidence of the pearling instability.

In this paper we study an instability of tubular vesicl
made of a water-soluble amphiphile. The vesicles are form
in a brine solution~water/NaCl!. This instability is similar to
the ones cited above at least qualitatively. Contrary to
experiments where pearls form as a consequence to an
diation, our experiment consists of modifying the interlay
distance, that is, the bilayer distance, by incorporating i
the bilayer a solvent of the aliphatic chains which constit
the hydrophobic part of the molecule. In Sec. II we w
describe the experiment and in Sec. III we present the th
retical model of the instability observed. Finally, a concl
sion is presented.

II. EXPERIMENT

It is known that alkanes are more or less good solve
depending on their chain length, of the aliphatic chain of
anionic surfactant called AOT~sodium di-2-ethylhexyl-
sulfosuccinate! at the oil-water interface@13,14#. AOT is a
water-soluble surfactant that forms micelles when dissol
in water up to a concentration equal to 30 mmol/L. Beyo
this ‘‘solubility limit,’’ the solution presents two phases:
dense, opaque phase and a lighter and more transparen
Observation has revealed that AOT forms spherical and m
tilamellar vesicles@15,16#. Generally, double-tailed surfac
tants form vesicles@17#. These vesicles are found to b
opaque when observed through a microscope and pre
several layers. We believe they are onionlike vesicles. Ho
ever, at low salinities and at low AOT concentrations, AO
forms unilamelar sphericals and prolate vesicles as wel
dumbell-shaped vesicles. At high salinities~we investigated
the range 0.1–0.175 mol/L!, we found that AOT in brine
forms tubular vesicles@15#. These tubular vesicles can b
very long; the length can be several orders of magnitu
larger than their diameter. There are two ways of prepar
this phase: Either solubilizing AOT in a very short alka
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~heptane!, and allowing the heptane to evaporate before a
ing water to the residue, or mixing first AOT and salt in
ratio 1:3 in weight, then pouring gently the appropriate qu
tity of water to the AOT/salt mixture to have the desir
~AOT/salt! concentrations. For the purpose of this work w
used the second procedure, so that we could avoid any
of mixing of the two alkanes. If we prepare a low salini
solution by dissolving the amount of AOT in water and ad
ing brine to bring the solution to the desired salinity,
vesicle is observed. The formation of these vesicles is pr
ably due to an electrostatic effect between the polar he
@17#. In this paper we will not describe the phase observ
when changing salinities or amphiphiles concentrations.
stead we will focus on a particular effect of dodecane
tubular vesicles obtained at high salinities. An instability
studied and the wavelength selected at the onset of the in
bility is measured as a function of the radius of the unp
turbed tubules. The instability and the wavelength selec
are found to be a result of the fact that the spontane
curvature deviates from zero because of oil incorporat
into the tubular vesicle layers, which makes the bilayer n
symmetrical. Although spontaneous curvature is a w
known parameter in the study of topological and mechan
properties of membranes, we will explain briefly its origin
Sec. III.

The vesicles are observed through an inverted phase
trast microscope (403 objective, Nikon diaphot 200!. The
cell where the vesicles are observed is a 1-mm-thick clo
glass cell; the gap between these two glass slides is
1-mm-thick. The AOT-brine solution is left for a couple o
days, so that any shape transformation due to macrosc
flow, after transfering the solution from a test tube to t
observation cell, disappears. The observation cell is herm
cally closed and sealed up in order to avoid any fluid leak
and oil evaporation. The brine salinities used correspon
the minimun of oil-water interfacial tensions and are 0.1
mol/L for dodecane and 0.075 mol/L for decane and an A
concentration of 7.5 mmol/L and 4 mmol/L, respective
The critical micellar concentration~CMC! of AOT water so-
lution without salt is around 2.5 mmol/L.~CMC is the am-
phiphile concentration at which the air-water or oil-wat
interface is saturated and the first micelles are formed.! It is
noteworthy that by adding AOT to water, the surface tens
drops continuously and reaches a value, at the CMC, bey
which it ~the surface tension! remains constant. At 0.07
mol/L of NaCl, the stable shapes are essentially prolate
spheres; at 0.175 mol/L of NaCl, the shapes are cylind
This shape transformation from low salinities to high sali
ties is probably due to an electrostatic effect as AOT is
anionic molecule@17–19#. We observed the effect of dode
cane on stable tubular vesicles at 0.175 mol/L~at this salinity
the dodecane-brine interface tension is minimum! @13#. The
introduction of the oil into the cell does not perturb hydr
dynamically the solution and it is a noninvasive way to
troduce the drop into the solution. To avoid instabilities su
as the Marangoni effect, the oil is introduced through a l
than 1-mm-diam crack-type orifice. The drop, with a volum
of the order of 0.25mL, travels through the glass by capi
larity before it reaches the solution. The orifice is located
the lateral wall of the cell, that is, between the lower gla
slide and the piece separating the two slides. The drop is
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directly introduced into the solution. Due to the weak so
bility of dodecane in water, and its slow diffusion, it take
several hours for the instability to start. The oil probab
travels inside the solution after being incorporated in
swollen micelles. After the oil reaches the tubules situa
far enough from the point where the drop was introduc
tubules become unstable, forming pearls similar to the o
observed in Refs.@6–9#. We have not noticed any shap
changes when the gap between the horizontal walls of
observation cell is much smaller than 1 mm.~We do not
know why this effect depends on the gap between the
walls where the vesicles are being observed. Oil evapora
may affect the dynamics too.! A sinusoidal instability is ini-
tiated, and develops to a peristaltic state, with a reduction
fluctuations. However, large cylinders are stable; this will
clarified in the following model. The structure observed
periodic and typical necks between the pearls are appa
In the case of thick walled vesicles, the pearls do not disc
nect. However, tubules with thin layers are cut into separa
spheres at the end of the instability. The time over which
spheres disconnect is still unknown. This kind of state
shown in Fig. 1. Bar-Ziv and Moses@6# suggested, after an
experiment where a tubular phospholipid membrane was
cited using optical tweezers, that the instability appears
cause of a change in the surface tension induced by the tw
zers with analogy to the Rayleigh instability of a column
liquid @20#. The surface energy should be the source of
stability, however as the surface energy increases the lin
analysis shows that the instability develops only long-wa
modulations without any wavelength selection. Later, and
explain the observations of Bar-Ziv, Tlusty, and Moses@7#,
Nelson, Powers, and Seifert@21# showed that nonzero wave
length could be selected by the radius of the tubular me
brane, because of the fluid viscous motion inside the tu
See also@26#. However, in the case of our experiment th
model is not sufficient to select a well-defined periodic sp
tial modulation of tubular membranes with the right depe
dence of the wavelength versus the initial size of the cy
der. In fact, in our case an extra length scale becom
important in the problem.

Figure 2 shows the dependence of the dimensionless n
ber (qcR0) as a function of the initial radius of the tubul
R0 . The wavelength at the onset,qc , is measured wheneve
a tubular vesicle starts to suffer the instability. The disp
sion in the data is probably due to the fact that the wa
length is not measured exactly at the onset with an erro

FIG. 1. A peristaltic state, in a thick cylinder. The bar represe
10 mm.
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the order of 2 sec after the onset of the peristaltic state.
oil molecules reach the tubular vesicles in a random way
the instability onset is also random. The finer tubules star
suffer the instability earlier than the larger ones; this f
explains also the dispersion in the data of Fig. 2.

The characteristic slope of the experimental data of Fig
represents an extra length~of the order of 2 mm) in the
problem, as we will show later. The inverse of this leng
may be interpreted as a spontaneous curvaturec0 , measuring
a symmetry breaking between the two sides of the memb
by incorporating a different amount of oil molecules~in
some sense this is the analog of chirality in liquid crysta!.
In the next section we will introduce a simple model whi
explains the physical meaning of this length scale.

III. THEORY

One may model this by considering a membrane laye
composed of two different layers separated by a distanch
and with different values of surface tension and surface
ments, one withs1 and dS1 and the other withs2 and
dS2 . Therefore, one has an energy of the forms1*dS1

1s2*dS2 . This energy would include all the elastic co
tributions ~curvature and surface tension of the whole lay!
@17#. Expanding now both surface elementsdS6 in powers
of h, with dS65dl6

1 dl6
2 5dl1dl2@16h/(2R1)#@1

6h/(2R2)#, one gets@we leave out the*dS/(R1R2) term
because it is a topological invariant which does not cont
ute to the equations of equilibrium#

E dSF ~s11s2!1
~s12s2!h

2 S 1

R1
1

1

R2
D GdS.

Here 1/R111/R2 is the mean curvature anddS5dl1dl2 is a
geometrical neutral surface element between the two lay
Finally, adding a ‘‘bending’’ energy of a tube, the free e
ergy is @22#

FIG. 2. The product (qcR0) as a function of the unperturbe
radius (R0, in mm). The line represents a fit with the theory deve
oped below.
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F5
k

2E dSS 1

R1
1

1

R2
2c0D 2

1sE dS, ~1!

wherek is the rigidity,s5(s11s2)2kc0
2/2 is the ‘‘effec-

tive’’ surface tension of the bilayer, andc05(s1

2s2)h/k is the spontaneous curvature of the layer and
zero when the bilayer is symmetric, or when the neutral s
face of the layer is in the middle of the layer@23#. Here the
spontaneous curvature is not introduced as a parameter
is considered as a measure of the asymmetry in the layer
a shift of the neutral surface from the middle of the lay
Also the surface tension is expressed as a combination o
different mechanical parameters of the membrane and h
different meaning than the surface tension of a monolaye
a liquid-liquid interface. For an axisymmetric surface cha
acterized by a local radiusR(z), the mean curvature is

1

R1
1

1

R2
5

1

RA11R82
2

R9

~11R82!3/2
, ~2!

on the other hand the surface element
dS52pRA11R82 dz. HereR85dR/dz and z is the cylin-
der axis.

Let R0 be the radius of a nonperturbed tube; as in@20#, we
set

R~z!5R0FA12uuqu21S uq

A2
eiqz1c.c.D G ~3!

into the free energy getting a power expansion inuq ~the
square root appears because of conservation of the volum
the tube; note also thatuq50 cannot hold a value diffren
from zero!:

F5F01a~q!uuqu21
b~q!

2
uuqu4, ~4!

where

F05
pLk

R0
@~12c0R0!212S#,

S[s/kc0
2 is a dimensionless number, and the coefficient

the quadratic term is

a~q!5pLk/2R0$2~c0R0!22~qR0!224~c0R0!~qR0!2

1~c0R0!2~qR0!212~qR0!4

22S~c0R0!2@12~qR0!2#%. ~5!

The linear instability appears fora(q),0. Geometrically,
the transitiona(q)50 allows us to express the control p
rameterS as a function of the perturbation wave numb
qR0 . For 0,c0R0,1/2, S has a minima atq50. The cyl-
inder is stable for low values ofS, however as one increase
S up to a critical value@S(q50)#, the tube suffers a long
wavelength instability, without wave-number selection. F
1/2,c0R0,1, S has a minima forq5qc . A short wave-
length instability appears as soon asS.Sc . This is shown as
local minima in Fig. 3. From Eq.~5! one gets explicitly the
threshold of the instability, hence the wave vector of t
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FIG. 3. The order parameterS as a function of the productqR0 ; the figure on the left is obtained for a zero spontaneous curvature
the one on the right is forc0Þ0.
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most unstable mode (qc), and the value of the control pa
rameter (S) at the onset of the instability.

In Fig. 4, one can see that the control parameter vanis
as soon as the radius of the tube is equal to the spontan
curvature, i.e., when the tubule layers are symmetrical. F
Eq. ~5! and imposinga(q)5dS/dq50 one gets the critica
wave number and the threshold, that is,

qcR05A16A2A12c0R0. ~6!

Note that there are two different solutions: The solution w
the 1 sign represents a situation whereqcR0.1 and this
instability is possible only ifS takes negative values~note
that this negative surface energy allows the instability to
cur with a well-defined wavelength even forc050), how-
ever the selected wave number in this case has a neg
‘‘mean slope,’’ that is, a line essentially perpendicular to t
experimental line given in Fig. 2. The critical surface tens
for the caseqcR0,1 is

Sc5
23125/2A12c0R014c0R02~c0R0!2

2~c0R0!2
. ~7!

FIG. 4. The critical valueSc vs the productc0R0 . As the radius
of the tube approaches spontaneous curvature, the tension van
as it should be.
es
us

m

-

ive

The fit represented in Fig. 2 was performed using

expression~6!, i.e., we triedqcR0;A12KA12c0R0. The
fit gives K'1.2 ~instead of 1.4! andc050.16 mm21. This
value is in the range of values measured for vesicles. In
4 the value ofSc at theqc is of the order of 2.

At the critical point qc , the sign of the coefficient
b(qc ,Sc) of the fourth-power termuuqu4 is positive for all
values ofc0R0 such that 1/2,c0R0,1. Therefore, this peri-
staltic instability is supercritical~a second-order transition!.
It is interesting to note that for large tubular radius there
no instability, as we can see in expression~6!, where qc
becomes a complex number. This characteristic is ind
observed in experiments@15#. On the other hand, for sma
tubule radius, the instability grows forqc50, but this is not
possible because of volume conservation, in other word
homogeneous growth ofuq is forbidden. In conclusion, in
both cases~i! for small tubular radiusR0,1/c0 ~experimen-
tally we getR0,1 m m) and ~ii ! for large tubular radius
R0.1/c0 ~experimentally R0.10 mm) the tubules are
stable.

IV. CONCLUSION

The oil, when incorporated in the vesicle membrane,
distributed asymmetrically between the different layers co
posing the membrane, i.e., between the outer layer and
inner layer, giving rise to a nonzero spontaneous curvat
A possible scenario would be that when the swollen mice
reach the tubular vesicles, they load their amphiphiles at
outer surface and a symetry breaking occurs between
outer and the inner layers. One can wonder, how is it p
sible to vary the spontaneous curvature without changing
length of the surfactant molecule? As for AOT monolayers
the planar interface between the oil and brine phases, this
be done by changing the brine salinity@24#, but in the range
of the salinity that one can probe, the Debye length chan
from 0.456 nm to 0.608 nm, which is not sufficient to chan
the spontaneous curvature of the tubular vesicle radius in
range from 5 to 20mm @27#. This could be perfomed, per
haps, using optical tweezers to bring proteins to a particu
region of the membrane.

In conclusion, tubular vesicles can be excited in differe
ways, from uv radiation to laser tweezers; the latter rep
sents a powerful tool to control the onset of the instabil

hes,
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and the size of the pearls that nucleate in the vesicles@6#. It
is found that with the incorporation of another molecule,
this case an alkane, in the bilayer, a more or less good
vent for the aliphatic chain of the surfactant, the tubules a
suffer an instability similar to the Rayleigh instability. Th
nonzero spontaneous curvature is created by the incorp
tion of oil molecules~dodecane! into the membrane of the
vesicles, inducing a short-wavelength instability to appear
our model surface tension of the whole layer is necessary
not sufficient to describe the peristaltic state observed in s
fluid tubular membranes. It is then important to introduce
effective surface tension~not to be mistaken for surface ten
sion of monolayers and liquid interfaces!, which is probably
created by the incorporation of oil molecules between
aliphatic tails of the surfactant, composed of the bilayer
gidity, where the thickness and the surface tension of
outer and inner layers suffer elongation and compress
ett

e
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e
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respectively, and vice versa. A microscopic description
the distribution of molecules, in terms of the volume fracti
of oil introduced into the alipahtic part of the layer, is ne
essary to understand this effect on the spontaneous curv
of the tubules@25#. It is also of importance to notice tha
myelin figures observed in aged blood cells can be a resu
a migration of molecules in the bilayer, which causes
bilayer to be nonsymmetrical@11,12#. This can be checked
using the same experimental procedures of Bar-Ziv, Tlu
and Moses@7#.
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