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Renormalization group and anomalous scaling in a simple model
of passive scalar advection in compressible flow

Loran Ts. Adzhemyan and Nikolaj V. Antonov
Department of Theoretical Physics, St. Petersburg University, Uljanovskaja 1, St. Petersburg, Petrodvorez 198904, Russi

~Received 2 June 1998!

Field theoretical renormalization group~RG! methods are applied to a simple model of a passive scalar
quantity advected by the Gaussian nonsolenoidal~‘‘compressible’’! velocity field with the covariance}d(t
2t8)ux2x8u«. Convective-range anomalous scaling for the structure functions and various pair correlators is
established, and the corresponding anomalous exponents are calculated to the order«2 of the « expansion.
These exponents are nonuniversal, as a result of the degeneracy of the RG fixed point. In contrast to the case
of a purely solenoidal velocity field~Obukhov-Kraichnan model!, the correlation functions in the case at hand
exhibit a nontrivial dependence on both the IR and UV characteristic scales, and the anomalous scaling appears
already at the level of the pair correlator. The powers of the scalar fieldwithout derivatives, whose critical
dimensions determine the anomalous exponents, exhibit multifractal behavior. The exact solution for the pair
correlator is obtained; it is in agreement with the result obtained within the« expansion. The anomalous
exponents for passively advected magnetic fields are also presented in the first order of the« expansion.
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I. INTRODUCTION

Much attention has been paid recently to a simple mo
of the passive advection of a scalar quantity by a Gaus
short-correlated velocity field, introduced by Obukhov@1#
and Kraichnan@2#; see Refs.@3–24#, and references therein
The structure functions of the scalar field in this model e
hibit anomalous scaling behavior, and the correspond
anomalous exponents can be calculated explicitly using
tain physically motivated ‘‘linear ansatz’’@3#, within regular
expansions in various small parameters@5–9,11,16,22#, and
using numerical simulations@4,18,21,23#. On the other hand
this model provides a good testing ground for various c
cepts and methods of the turbulence theory: closure appr
mations @3,4,15,19#, refined similarity relations@13,14#,
Monte Carlo simulations@4,15,21,23#, renormalization group
@22#, and so on.

The advection of a passive scalar fieldu(x)[u(t,x) is
described by the stochastic equation

] tu1] i~v iu!5n0Du1 f , ~1.1!

where] t[]/]t, ] i[]/]xi , n0 is the molecular diffusivity
coefficient,D is the Laplace operator,v(x) is the transverse
~owing to the incompressibility! velocity field, andf [ f (x)
is an artificial Gaussian scalar noise with zero mean
correlator:

^ f ~x! f ~x8!&5d~ t2t8!C~Mr !, r[ux2x8u. ~1.2!

The parameterL[M 21 is an integral scale related to th
scalar noise, andC(Mr ) is some function finite asL→`.
Without loss of generality, we takeC(0)51 @the dimen-
sional coefficient in Eq.~1.2! can be absorbed by appropria
rescaling of the fieldu and noisef #.
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In the real problem, the fieldv(x) satisfies the Navier-
Stokes equation. In the simplified model considered in R
@2–8#, v(x) obeys a Gaussian distribution with zero avera
and correlator

^v i~x!v j~x8!&5D0

d~ t2t8!

~2p!d E dk Pi j ~k!~k21m2!2d/22«/2

3exp@ ik•~x2x8!#, ~1.3!

where Pi j (k)5d i j 2kikj /k2 is the transverse projector,k
[uku, D0.0 is an amplitude factor, 1/m is another inte-
gral scale, andd is the dimensionality of thex space; 0,«
,2 is a parameter with the real~‘‘Kolmogorov’’ ! value «
5 4

3 . The relations

D0 /n0[g0[L« ~1.4!

define the coupling constant~‘‘charge’’! g0 and the charac-
teristic ultraviolet~UV! momentum scaleL.

The quantities of interest are, in particular, the single-ti
structure functions

Sn~r ![^@u~ t,x!2u~ t,x8!#n&, r[ux2x8u. ~1.5!

In the models~1.1!–~1.3!, the odd multipoint correlation
functions of the scalar field vanish, while the even sing
time functions satisfy linear partial differential equations@2#;
also see Refs.@5,7,24#. The solution for the pair correlator i
obtained explicitly; it shows that the structure functionS2 is
finite for M5m50 @2#. The higher-order correlators are n
found explicitly, but their asymptotic behavior forM→0 can
be extracted from the analysis of the nontrivial zero mod
of the corresponding differential operators in the limits 1d
→0 @5,6#, «→0 @7–9#, or «→2 @10,16#. It was shown that
7381 © 1998 The American Physical Society
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the structure functions are finite form50, and in the convec-
tive rangeL@1/r @M they have the form~up to the nota-
tion!

S2n~r !}D0
2nr n~22«!~Mr !Dn, ~1.6!

with negative anomalous exponentsDn , whose first terms of
the expansion in 1/d @5,6# and« @7,8# have the form

Dn522n~n21!«/~d12!1O~«2!

522n~n21!«/d1O~1/d2!. ~1.7!

In Ref. @22#, the field theoretical renormalization grou
~RG! and operator product expansion~OPE! were applied to
the model~1.1!–~1.3!. In the RG approach, the anomalo
scaling for the structure functions and various pair corre
tors is established as a consequence of the existence i
corresponding operator product expansions of ‘‘dangero
composite operators~powers of the local dissipation rate!,
whosenegativecritical dimensions determine the anomalo
exponentsDn . The exponent« plays in the RG approach th
role analogous to that played by the parameter«542d in
the RG theory of critical phenomena@25#. The anomalous
exponents were calculated in Ref.@22# to order«2 of the «
expansion for the arbitrary value ofd, and they are in agree
ment with the first-order results obtained in the zero-mo
approach@5–8#. The RG approach to the stochastic theory
turbulence was reviewed in Ref.@26#.

In Ref. @3#, a closure-type approximation for the mod
~1.1!–~1.3!, the so-called linear ansatz, was used to der
simple explicit expression for the anomalous exponents
any 0,«,2, d, andn. Although the predictions of the linea
ansatz appear consistent with some numerical simulat
@4,21,23# and exact relations@12,19#, they do not agree with
the results obtained within the zero-mode and RG
proaches in the ranges of small«, 22«, or 1/d. This dis-
agreement can be related to the fact that these limits h
strongly nonlocal dynamics in the momentum space, wh
suggests possible relation between deviations from the lin
ansatz and locality of the interactions; see the discussio
Refs. @19,23#. ~The small« limit can be treated perturba
tively, the effective small parameter equals to the recipro
of the significant range of interactions in the momentu
space. This range becomes infinite as« goes to zero@27#.!

The results of the RG approach are completely relia
and internally consistent for small«, but the validity of their
extrapolation to the finite values of« is not obvious. Most
numerical simulations have been limited to two dimensio
@4,21# and have not yet been able to cover the small« or
large d ranges, in which the reliable analytical results a
available. Therefore, it is not yet clear whether the anom
lous scaling in the small« and finite« ranges has the sam
origin, with the exponents depending continuously on«, or
if there is a ‘‘crossover’’ in the anomalous scaling behav
for some small but finite value of« and these ranges shou
be treated separately.

Another important question is that of the universality
anomalous exponents. The exponentsDn in Eq. ~1.7! do not
depend on the choice of correlator~1.2! and on the specific
form of the infrared~IR! regularization in correlator~1.3!. It
was argued on phenomenological grounds in Ref.@10# that
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the anomalous exponents in the Gaussian model can de
on more details of the velocity statistics than the exponen«.
The exponents indeed change when the functiond(t2t8) in
correlator ~1.3! is replaced by some function with finit
width, i.e., the velocity has short but finite correlation tim
@11#, and when the velocity field is taken to be time indepe
dent ~see Sec. V of Ref.@22#!.

In this paper, we consider the generalization of mo
~1.1!–~1.3! to the case of a nonsolenoidal~‘‘compressible’’!
velocity field. In this case, correlator~1.3! is replaced by

^v i~x!v j~x8!&5
d~ t2t8!

~2p!d E dk
D0Pi j ~k!1D08Qi j ~k!

~k21m2!d/21«/2

3exp@ ik•~x2x8!#. ~1.8!

The notation is explained below Eq.~1.3!; the new quantities
are the longitudinal projectorQi j (k)5kikj /k2 and the addi-
tional amplitude factorD08.0.

One should not expect that a Gaussian, white-noise mo
such as Eq.~1.1!, ~1.2!, or ~1.8! will provide a very good
approximation for the real compressible advection; howev
it can be used to illustrate the important distinctions wh
exist between the compressible and incompressible ca
see, e.g., Refs.@28,29# and references therein.

The aim of this paper is to give a RG treatment of anom
lous scaling with nonuniversal exponents, to compare
results of the« expansion with the nontrivial exact exponen
and to present analytic results which probably will be eas
to compare with numerical simulations than the analog
results for the incompressible case. We apply the RG met
to the models~1.1!, ~1.2!, and~1.8! to establish the existenc
of the anomalous scaling in the convective range and to
culate the corresponding anomalous exponents to the se
order of the« expansion. We show that the single-time tw
point correlation functions of the powers of the scalar field
the convective range have the form

^un~ t,x!up~ t,x8!&}n0
2~n1p!/2L2~n1p!

3~Lr !2Dn2Dp~Mr !Dn1p, r[ux2x8u

~1.9!

for evenn1p and zero otherwise. In addition to« andd, the
exponents Dn depend on a free parameter: the ra
a[D08/D0 of the amplitudes in correlator~1.8!. In the first
order of the expansion in«, they have the form

Dn5n~211«/2!2
an~n21!d«

2~d211a!
1O~«2! ~1.10!

@the results D15211«/2 for any a, and Dn5n(21
1«/2) for a50 are, in fact, exact#. We have also calculated
the«2 term of the exponentDn for anyd anda; the result is
rather cumbersome, and will be given in Sec. III.

The leading term of the convective-range behavior
structure functions~1.5! in model ~1.8! is completely deter-
mined by the contribution̂u2n&; it is obtained from Eq.~1.9!
by the substitutionsn→2n andp→0, and has the form

S2n~r !}n0
2nL22n~M /L!D2n. ~1.11!
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It follows from Eq. ~1.9! that the anomalous scaling i
model ~1.8! appears already at the level of the pair corre
tion function. The corresponding exponentD2 is found ex-
actly for all 0,«,2 from the exact solution for the single
time pair correlator; see Sec. II:

D25222
« ~a21!~d21!

~d21!1a~11«!
~1.12!

~anomalous scaling for the pair correlator with the exac
known exponent was established previously in Ref.@30# on
the example of a passively advected magnetic field!. In the
language of the RG, the nonuniversality of exponents~1.10!
and~1.12! is explained by the fact that the fixed point of th
RG equations is degenerate: its coordinate depends con
ously on the ratioa ~see Sec. III!.

In contradistinction with model~1.3!, where the anoma
lous exponents are related to the critical dimensions of
composite operators (] iu] iu)n @22#, the exponentsDn in
Eqs. ~1.9! and ~1.11! are determined by the critical dimen
sions of the monomialsun, the powers of the field itself, an
these dimensions appear to be nonlinear functions ofn; see
Sec. IV. This explains the difference between the convect
range behavior of model~1.3! and that of model~1.8!, and
makes the limitD08→0 rather subtle.

Model ~1.8! remains nontrivial in the cased51, where
the velocity field becomes purely potential. One can ho
that the one-dimensional case is more accessible to num
cal simulations than the lowest-dimensional cased52 for
model ~1.3!, and it will be possible to compare the analyt
results~1.9!–~1.12! with the numerical estimates@despite the
fact that the structure functions~1.11! are independent ofr,
the values of the anomalous exponents can be extracted
their dependence onM #. In Ref. @20#, model~1.8! has been
studied directly for the one-dimensional case in terms of c
tain potential functions for the fieldu; the analytic expres-
sions for the anomalous exponents obtained within the z
mode technique have been found to agree w
nonperturbative numerical results. The relationship betw
our results and the results of Ref.@20# is discussed in Sec
IV.

The paper is organized as follows. In Sec. II, we give
field theoretical formulation of model~1.1!, ~1.2!, and ~1.8!
and derive exact equations for the response function and
correlator of the scalar field. The explicit solution for the p
correlator is obtained and the exact expression~1.12! for the
corresponding anomalous exponent is derived. In Sec. III,
perform the UV renormalization of the model, and derive t
corresponding RG equations with exactly known RG fun
tions ~the b function and the anomalous dimension!. These
equations have an IR stable fixed point, which establishes
existence of IR scaling with exactly known critical dime
sions of the basic fields and parameters of the model.
solution of the RG equations for the correlation functio
~1.9! is given, which determines their dependence on the
scale. In Sec. IV, the dependence of the correlators on th
scale is studied using the OPE, and relations~1.9! and~1.11!
are derived. We also briefly discuss the RG approach to
model of passively advected magnetic fields introduced
Ref. @30# and give theO(«) results for the correspondin
anomalous exponents. In Sec. V, we present the calcula
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of the anomalous exponents in model~1.8! to the order«2 of
the« expansion. The results obtained are briefly discusse
Sec. VI.

II. EXACT SOLUTION FOR THE PAIR
CORRELATION FUNCTION

The single-time correlation functions of the fieldu in the
models of types~1.1!, ~1.2!, ~1.3!, or ~1.8! satisfy closed
linear partial differential equations@2# ~see also Refs.
@5,7,24#!. Below we give an alternative derivation of th
equation for the pair correlation functions based on the fi
theoretical formulation of the problem.

The stochastic problem~1.1!, ~1.2!, and~1.8! is equivalent
to the field theoretical model of the set of three fieldsF
[$u,u8,v% with action functional

S~F!5u8Duu8/21u8@2] tu2­~vu!1n0Du#2vDv
21v/2.

~2.1!

The first four terms in Eq.~2.1! represent a Martin-Siggia
Rose-type action@31–34# for the stochastic problems~1.1!
and~1.2! at fixedv, and the last term represents the Gauss
averaging overv. HereDu andDv are correlators~1.2! and
~1.8!, respectively; the required integrations overx5(t,x)
and summations over the vector indices are understood.

Formulation~2.1! means that statistical averages of ra
dom quantities in stochastic problem~1.1!, ~1.2!, and ~1.8!
coincide with functional averages with the weight expS(F),
so that the generating functionals of total@G(A)# and con-
nected@W(A)# Green functions of the problem are repr
sented by the functional integral

G~A!5exp W~A!5E DF exp@S~F!1AF#, ~2.2!

with arbitrary sourcesA[Au,Au8,Av in the linear form

AF[E dx@Au~x!u~x!1Au8~x!u8~x!1Ai
v~x!v i~x!#.

Model ~2.1! corresponds to a standard Feynman diagra
matic technique with the triple vertex2u8­(vu)
[u8Vjv ju, with vertex factor~in the momentum-frequency
representation!

Vj5 ik j , ~2.3!

where k is the momentum flowing into the vertex via th
field u8. The bare propagators in the momentum-frequen
representation have the forms

^uu8&05^u8u&0* 5~2 iv1n0k2!21, ~2.4a!

^uu&05C~k!~v21n0
2k4!21, ~2.4b!

^u8u8&050, ~2.4c!

whereC(k) is the Fourier transform of the functionC(Mr )
from Eq.~1.2! and the bare propagator^vv&0 is given by Eq.
~1.8!. The parameterg0[D0 /n0 plays the part of the cou
pling constant in the perturbation theory. The pair correlat
functions ^FF& of the multicomponent fieldF satisfy the
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standard Dyson equation, which in the component nota
reduces to the system of two equations, cf.@35#,

G21~v,k!52 iv1n0k22Su8u~v,k!, ~2.5a!

D~v,k!5uG~v,k!u2@C~k!1Su8u8~v,k!#, ~2.5b!

whereG(v,k)[^uu8& andD(v,k)[^uu& are the exact re-
sponse function and pair correlator, respectively, andSu8u
and Su8u8 are self-energy operators represented by the
n

n

r-

responding 1-irreducible diagrams; the functionsSuu and
Svv in model ~2.1! vanish identically.

The feature characteristic of models such as Eq.~2.1! is
that all the skeleton multiloop diagrams entering into t
self-energy operatorsSu8u , Su8u8 contain effectively closed
circuits of retarded propagators^uu8& and therefore vanish
@it is also crucial here that the propagator^vv&0 in Eq. ~1.8!
is proportional to thed function in time#. Therefore, the self-
energy operators in Eq.~2.5! are given by the single-loop
approximation exactly, and have the form
n
y

e

Sec.
Su8u~v,k!52E dv8

2p E dq

~2p!d

D0@k22~k•q!2/q2#1D08~k•q!2/q2

~q21m2!d/21«/2
G~q8,v8!, ~2.6a!

Su8u8~v,k!5E dv8

2p E dq

~2p!d

D0@k22~k•q!2/q2#1D08~k•q!2/q2

~q21m2!d/21«/2
D~q8,v8!, ~2.6b!

whereq8[uk2qu. The single-loop approximation to the Dyson equations in the stirred hydrodynamics is equivalent@35# to
the well-known direct interaction approximation~DIA ! @36#. One can say that in models~1.1!, ~1.2!, ~1.3!, or ~1.8!, the DIA
appears to be exact. The integrations overv8 in the right-hand sides of Eqs.~2.6! give the single-time response functio
G(q)5(1/2p)*dv8G(q,v8) and the single-time pair correlatorD(q)5(1/2p)*dv8D(q,v8); note that both the self-energ
operators are in fact independent ofv. The only contribution toG(q) comes from the bare propagator~2.4a!, which in thet
representation is discontinuous at coincident times. Since correlator~1.8!, which enters into the single-loop diagram forSu8u ,
is symmetric int andt8, the response function must be defined att5t8 by half the sum of the limits. This is equivalent to th
conventionG(q)5(1/2p)*dv8(2 iv81n0k2)215 1

2 , and gives

Su8u~v,k!5~21/2!E dq

~2p!d

D0@k22~k•q!2/q2#1D08~k•q!2/q2

~q21m2!d/21«/2
. ~2.7!

The integration overq in Eq. ~2.7! is performed explicitly:

Su8u~v,k!52k2
D0~d21!1D08

2d
J~m!, ~2.8a!

where we have written

J~m![E dq

~2p!d

1

~q21m2!d/21«/2
5

G~«/2!m2«

~4p!d/2G~d/21«/2!
. ~2.8b!

Equations~2.5a! and~2.8! give an explicit exact expression for the response function in our model; it will be used in
III for an exact calculation of the RG functions. Below, we use the intermediate expression~2.7!. The integration of Eq.~2.5b!
over the frequencyv gives a closed equation for the single-time correlator. Using Eq.~2.7! it can be written in the form

2n0k2D~k!5C~k!1E dq

~2p!d

D0@k22~k•q!2/q2#1D08~k•q!2/q2

~q21m2!d/21«/2
@D~ uk2qu!2D~k!#. ~2.9!
The functionC(k) is supposed to be analytic ink2, which
along with the requirement thatC(k50)50 @so that Eq.
~1.1! has the form of a conservation law foru#, gives

C~k!5k2C~k!, ~2.10!

with some functionC(k), or in the coordinate representatio
C(Mr )52DC(r ), where C(r ) vanishes rapidly forr
→`.
In the coordinate representation, Eq.~2.9! takes the form

2n0DD~r !5DC1D0~d i j D2] i] j !„Ai j D~r !…

1D08] i] j„Ai j D~r !…, ~2.11!

where we have written

Ai j ~r ![E dq

~2p!d

qiqj@exp~ iq•r !21#

q2~q21m2!d/21«/2
. ~2.12!
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For D0850, Eq.~2.11! coincides~up to the notation! with the
well-known equation for the single-time correlator in mod
~1.3! obtained in Ref.@2#.

For 0,«,2, Eqs.~2.9! and ~2.12! allow for the limit m
→0: the possible IR divergence of the integrals atq50 is
suppressed by the vanishing of the expressions in the sq
brackets. In what follows we setm50. Then Eq.~2.12! gives

Ai j ~r !52Br«~d i j 1«r i r j /r 2!, ~2.13a!

B[
2G~2«/2!

~4p!d/22«~d1«!G~d/21«/2!
~2.13b!

~note thatB.0). Using Eq.~2.13! and the fact that the func
tion D(r ) depends only onr 5ux2x8u, the differential opera-
tors entering into Eq.~2.11! are represented in the forms

] i] j„Ai j D~r !…52B~11«!r 12d

3] r@r ~d21!/~11«!] r„r
«~d1«!/~11«!D~r !…#,

~2.14a!

~d i j D2] i] j !„Ai j D~r !…5B~d21!r 12d] r„r
d211«] rD~r !…,

~2.14b!

where] r[]/]r , and for thed-dimensional Laplace operato
one has

DC~r !5r 12d] r„r
d21] rC~r !…. ~2.14c!

It then follows from Eqs.~2.14! that one integration in Eq
~2.11! is readily performed: one can just omit the over
‘‘factor’’ r 12d] r r

d21; the integration constant is determine
by the requirement that the solution have no singularity
the origin (r 50):

2n0] rD5] rC2B~d21!D0r «] rD

2B~11«!D08r
2«~d21!/~11«!

3] r~r «~d1«!/~11«!D !. ~2.15!

Equation~2.15! is rewritten in the form

] r@~11h0~Lr !«!zD~r !#5@11h0~Lr !«#z21] rC̃,
~2.16!

where we have denoted

h0[B
~d21!1a~11«!

2
, ~2.17a!

C̃[C/2n0 , ~2.17b!

and the exponentz has the form

z5
~d1«!D08

~d21!D01~11«!D08
, ~2.18a!

so that
l

are

l

t

z215
~d21!~D082D0!

~d21!D01~11«!D08
. ~2.18b!

Equation~2.16! is integrated explicitly; the integration con
stant is found from the requirement that the solution van
at infinity ~including the special caseh050):

D~r !5
21

@11h0~Lr !«#zEr

`

dy@11h0~Ly!«#z21]yC̃~y!.

~2.19!

For D0850 ~so thata5z50), the expression~2.19! reduces
~up to the notation! to the well-known solution for the purely
solenoidal velocity field obtained in Ref.@2#. Dimensionality
considerations giveC(r )5M 22c(Mr ) with some dimen-
sionless functionc @see Eq.~2.10!#, so that Eq.~2.19! can be
rewritten as

D~r !5
21

2n0M2@11h0~Lr !«#z

3E
Mr

`

dy@11h0~Ly/M !«#z21]yc~y!.

~2.20!

We are interested in the asymptotic form of the correla
D(r ) and the structure functionS2}D(0)2D(r ) in the con-
vective rangeL@1/r @M , whereL is determined by Eq.
~1.4!. From Eq.~2.20!, it then follows that

D~r 50!.Cn0
21M 222e~z21!Le~z21!, ~2.21a!

where we have used definitions~1.4! and ~2.17!, and C is
completely dimensionless factor independent ofr, M, andL:

C[
2h0

z21

2 E
0

`

dy y«~z21!]yc~y!. ~2.21b!

For the correlatorD(r ) in the regionL@1/r @M , one ob-
tains

D~r !.h0
2z~Lr !2«zD~r 50!. ~2.21c!

It follows from Eqs.~2.21! that D(r ) differs from D(0) by
the factor}(Lr )2«z!1. Therefore, the leading contributio
to the structure functionS2}D(0)2D(r ) in the convective
range is given by the constant termD(0), while the r-
dependent contribution determines only a vanishing corr
tion. Then the comparison of expression~1.11! for n51 with
the exact result~2.21a! givesD25221«2«z, which, along
with Eq. ~2.18a!, leads to the exact expression~1.12! for the
critical dimensionD2 , announced in Sec. I.

Expressions~2.21! simplify for d51 ~and for D05D08
and anyd) whenz51; see Eq.~2.18b!:

D~r !}n0
21M 22~Lr !2«, ~2.22a!

D~r 50!}n0
21M 22. ~2.22b!

Expression~2.22a! agrees with the result obtained in Re
@20# directly for d51. In the language of Refs.@5–9,20#, the
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leading nonuniversal term in Eq.~2.22a! is related to a non-
trivial zero mode of the differential operator entering in
Eq. ~2.11!. We note that the anomalous scaling for the p
correlator with the exactly known exponent was establis
previously in Ref.@30# on the example of a passively ad
vected magnetic field, as a result of the existence of a n
trivial zero mode of the corresponding differential operat
We also note that for the purely solenoidal case, the an
gous zero mode is independent ofr and cancels out in the
structure function, so that the IR behavior of the latter
determined by the universal correction termr 22«. In subse-
quent sections, the asymptotic expressions~2.21! will be
generalized to the case of higher-order correlators and s
ture functions.

III. RENORMALIZATION, RG FUNCTIONS,
AND RG EQUATIONS

The analysis of the UV divergences in a field theoreti
model is based on the analysis of canonical dimensions.
namical models of type~2.1!, in contrast to static models, ar
two scale, i.e., to each quantityF ~a field or a parameter in
the action functional! one can assign two independent c
nonical dimensions: the momentum dimensiondF

k and the
frequency dimensiondF

v , determined from the natural nor
malization conditionsdk

k52dx
k51, dk

v5dx
v50, dv

k 5dt
k50,

anddv
v52dt

v51, and from the requirement that each te
of the action functional be dimensionless~with respect to the
momentum and frequency dimensions separately!; see, e.g.,
Refs.@26,37,38#. Then, based ondF

k anddF
v , one can intro-

duce the total canonical dimensiondF5dF
k 12dF

v ~in the free
theory,] t}D).

The dimensions for model~2.1! are given in Table I, in-
cluding renormalized parameters, which will be conside
later on. From Table I it follows that the model is logarit
mic ~the coupling constantg0 is dimensionless! at «50, and
the UV divergences have the form of the poles in« in the
Green functions. The total dimensiondF plays in the theory
of renormalization of dynamical models the same role
does the conventional~momentum! dimension in static prob-
lems. The canonical dimensions of an arbitrary 1-irreduci
Green functionG5^F•••F&1-ir are given by the relations

dG
k 5d2NFdF

k , ~3.1a!

dG
v512NFdF

v , ~3.1b!

dG5dG
k 12dG

v5d122NFdF , ~3.1c!

whereNF5$Nu ,Nu8 ,Nv% are the numbers of correspondin
fields entering into the functionG, and the summation ove
all types of the fields is implied. The total dimensiondG is

TABLE I. Canonical dimensions of the fields and parameters
model ~2.1!.

F u u8 v n,n0 D0 ,D08 m,M ,m,L g0 g,a

dF
k 0 d 21 22 221« 1 « 0

dF
v 2

1
2 1/2 1 1 1 0 0 0

dF 21 d11 1 0 « 1 « 0
r
d

n-
.
o-

s

c-

l
y-

-

d

s

e

the formal index of the UV divergence. Superficial UV d
vergences, whose removal requires counterterms, can
present only in those functionsG for which dG is a non-
negative integer. Analysis of the divergences should
based on the following auxiliary considerations; see Re
@22,26,37,38#.

~i! From the explicit form of the vertex and bare prop
gators in model~2.1!, it follows thatNu82Nu52N0 for any
1-irreducible Green function, whereN0>0 is the total num-
ber of the bare propagators^uu&0 entering into the function
~obviously, no diagrams withN0,0 can be constructed!.
Therefore, the differenceNu82Nu is an even non-negative
integer for any nonvanishing function.

~ii ! If for some reason a number of external momen
occurs as an overall factor in all the diagrams of a giv
Green function, the real index of divergencedG8 is smaller
than dG by the corresponding number~the Green function
requires counterterms only ifdG8 is a non-negative integer!.
In model~2.1!, the derivative] at the vertexu8­(vu) can be
moved onto the fieldu8 using the integration by parts, whic
decreases the real index of divergence:dG85dG2Nu8 . The
field u8 enters into the counterterms only in the form of t
derivative]u8.

~iii ! A great deal of diagrams in model~2.1! contain ef-
fectively closed circuits of retarded propagators^uu8&0, and
therefore vanish. For example, all the nontrivial diagrams
the 1-irreducible function̂uu8v&1-ir vanish.

From the dimensions in Table I we finddG5d122Nv
1Nu2(d11)Nu8 and dG85(d12)(12Nu8)2Nv1Nu .
From these expressions it follows that for anyd, superficial
divergences can only exist in the 1-irreducible functions w
Nu851, Nv5Nu50 (dG51, dG850), Nu85Nv5Nu

51(dG51, dG850), and Nu85Nu51, Nv50 (dG52, dG8
51) @we recall thatNu<Nu8 ; see~i! above#. However, no
diagrams can be constructed for the first of these functio
while for the second function, all the nontrivial diagram
vanish@see~iii ! above#. As in the case of the purely soleno
dal field @22#, we are left with the only superficially diver
gent function^u8u&1-ir ; the corresponding counterterm ne
essarily contains the factor of]u8 and is therefore reduced t
u8Du. Introduction of this counterterm is reproduced by t
multiplicative renormalization of the parametersg0 ,n0 in the
action functional~2.1!, with the only independent renorma
ization constantZn :

n05nZn , ~3.2a!

g05gm«Zg , ~3.2b!

Zg5Zn
21 . ~3.2c!

Herem is the renormalization mass in the minimal subtra
tion scheme~MS!, which we always use in what follows;g
and n are renormalized analogs of the bare parametersg0
and n0 ; and Z5Z(g,a,«,d) are the renormalization con
stants. Their relation in Eq.~3.2c! results from the absence o
renormalization of the contribution withDv in Eq. ~2.1!, so
that D0[g0n05gm«n. No renormalization of the fields an
the parametersm, M, anda is required, i.e.,ZF51 for all F
andm05m, Zm51, etc. The renormalized action function
has the form

n
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Sren~F!5u8Duu8/21u8@2] tu2­~vu!1nZnDu#

2vDv
21v/2, ~3.3!

where the contribution withDv is expressed in renormalize
parameters using Eqs.~3.2!.

The relation S(F,e0)5Sren(F,e,m) ~where e0 is the
complete set of bare parameters, ande is the set of renormal-
ized parameters! for the generating functionalW(A) in Eq.
~2.2! yields W(A,e0)5Wren(A,e,m). We useD̃m to denote
the differential operationm]m for fixed e0 and operate on
both sides of this equation with it. This gives the basic R
differential equation

DRGWren~A,e,m!50, ~3.4a!

whereDRG is the operationD̃m expressed in the renorma
ized variables

DRG[Dm1b~g!]g2gn~g!Dn , ~3.4b!

where we have writtenDx[x]x for any variablex, and the
RG functions~the b function and the anomalous dimensio
g) are defined as

gn~g![D̃mln Zn , ~3.5a!

b~g![D̃mg5g~2«1gn!. ~3.5b!

The relation betweenb andg in Eq. ~3.5b! results from the
definitions and the relation~3.2c!.

The renormalization constantZn is found from the re-
quirement that the 1-irreducible function^u8u&1-ir expressed
in renormalized variables be UV finite~i.e., be finite for«
→0). This requirement determinesZn up to an UV finite
contribution; the latter is fixed by the choice of a renorm
ization scheme. In the MS scheme all renormalization c
stants have the form ‘‘11 only poles in«. ’’ The function
G215^u8u&1-ir in our model is known exactly; see Eq
~2.5a! and~2.8!. Let us substitute Eqs.~3.2! into Eqs.~2.5a!
and ~2.8!, and chooseZn to cancel the pole in« in the inte-
gral J(m). This gives

Zn512gCd

d211a

2d«
, ~3.6!

where we have written Cd[Sd /(2p)d, and
Sd[2pd/2/G(d/2) is the surface area of the unit sphere
d-dimensional space. Note that result~3.6! is exact, i.e., it
has no corrections of orderg2, g3, and so on; this is a con
sequence of the fact that the single-loop approximation~2.8!
for the response function is exact. Note also that fora50
Eq. ~3.6! coincides with the exact expression forZn in the
‘‘incompressible’’ case obtained in Ref.@22#.

For the anomalous dimension gn(g)[D̃mln Zn

5b(g)]gln Zn , from relations~3.5b! and ~3.6!, one obtains

gn~g!5
2«Dgln Zn

12Dgln Zn
5gCd

d211a

2d
. ~3.7!
-
-

From Eq. ~3.5b! it then follows that the RG equations o
the model have an IR stable fixed point@b(g* )
50, b8(g* ).0# with the coordinate

g* 5
2d«

Cd~d211a!
. ~3.8!

The fixed point is degenerate: its coordinateg* depends con-
tinuously on the parametera5D08/D0 . The value ofgn(g)
at the fixed point is also found exactly:

gn* [gn~g* !5«. ~3.9!

~Formally,a can be treated as the second coupling const
The corresponding beta functionba[D̃ma vanishes identi-
cally owing to the fact thata is not renormalized. Therefore
the equationba50 gives no additional constraint on th
values of the parametersg,a at the fixed point.! The solution
of the RG equations on the example of the stochastic hyd
dynamics is discussed in detail in Refs.@26,38# @see also Ref.
@22# for the case of model~1.3!#; below, we confine our-
selves to only the information we need.

In general, if some quantityF ~a parameter, a field o
composite operator! is renormalized multiplicatively,F
5ZFF ren, with a certain renormalization constantZF , its
critical dimension is given by the expression~cf. @26,37,38#!

D@F#[DF5dF
k 1DvdF

v1gF* , ~3.10!

where dF
k and dF

v are the corresponding canonical dime
sions,gF* is the value of the anomalous dimensiongF(g)

[D̃mln ZF at the fixed point, andDv522gn* 522« is the
critical dimension of frequency. The critical dimensions
the fieldsF in our model are found exactly; they are ind
pendent of the parametera and coincide with their analog
in model ~1.3!, cf. Ref. @22#:

Dv512«, ~3.11a!

Du5211«/2, ~3.11b!

Du85d112«/2 ~3.11c!

@we recall that the fields in model~2.1! are not renormalized
and thereforegF50 for all F#.

Let G(r )5^F1(x)F2(x8)& be a single-time two-point
quantity; for example, the pair correlation function of th
primary fieldsF[$u,u8,v% or some multiplicatively renor-
malizable composite operators. The existence of the
stable fixed point implies that in the IR asymptotic regi
Lr @1 and any fixedMr the functionG(r ) is found in the
form

G~r !.n
0
dG

v

LdG~Lr !2DGj~Mr !, ~3.12!

with a certain, as yet unknown, scaling functionj of the
critically dimensionless argumentMr . The canonical dimen-
sionsdG

v anddG and the critical dimensionDG of the func-
tion G(r ) are equal to the sums of the corresponding dim
sions of the quantitiesFi .
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Now let us turn to the composite operators of the fo
un(x) entering into the structure functions~1.5! and the cor-
relators~1.9!.

In general, counterterms to a given operatorF are deter-
mined by all possible 1-irreducible Green functions with o
operator F and arbitrary number of primary fields,G
5^F(x)F(x1)•••F(xk)&1-ir . The total canonical dimensio
~formal index of divergence! for such functions is given by

dG5dF2NFdF , ~3.13!

with the summation over all types of fields entering into t
function. For superficially divergent diagrams, the real ind
dG85dG2Nu8 is a non-negative integer. From Table I an
Eq. ~3.13! for the operatorsun(x), we obtaindF52n, dG

52n1Nu2Nv2(d11)Nu8 , and dG852n1Nu2Nv2(d
12)Nu8 . From the analysis of the diagrams it follows th
the total number of the fieldsu entering into the functionG
can never exceed the number of the fieldsu in the operator
un itself, i.e., Nu<n. Therefore, the divergence can on
exist in the functions withNv5Nu850 and arbitrary value of
n5Nu , for which dG5dG850 and the corresponding coun
terterm has the formun. It then follows that the operatorun

is renormalized multiplicatively,un5Zn@un# ren.
Note an important difference between the case of a pu

transversal velocity field~1.3! and the general case~1.8!. In
the first case, the derivative­ at the vertex can be move
onto the fieldu owing to the transversality of the velocit
field, u8­(vu)5u8(v­)u. This reduces the real indexdG8 by
at least one unity, so thatdG8 becomes strictly negative; se
Ref. @22#. This means that the operatorun requires no coun-
terterms at all, i.e., it is in fact UV finite,Zn51. @This ‘‘non-
renormalization’’ result can be interpreted as the fact that
scalar field remains a continuous function even in the li
n0→0 or equivalentlyL→`. The nontrivial UV renormal-
ization of the monomials (]u]u)n @22# points to the fact that
the scalar field is not differentiable, i.e., its gradients ex
only as distributions. One of the authors~N.V.A! is thankful
to G. L. Eyink for pointing this out to him; see also Ref
@13,14#.# It then follows that the critical dimension ofun(x)
in the model~1.3! is simply given by expression~3.10! with
no correction fromgF* , and is therefore reduced to the su
of the critical dimensions of the factors@22#:

Dn[D@un#5nD@u#5n~211«/2!. ~3.14!

In the general case@Eq. ~1.8!#, the constantsZn are non-
trivial, and the simple relation~3.14! is no longer valid. The
two-loop calculation of the constantsZn is explained in de-
tail in Sec. V, and here we only give the two-loop result f
the critical dimensionsDn in model ~2.1!:

Dn5n~211«/2!2
an~n21!d«

2~d211a!

1
a~a21!n~n21!~d21!«2

2~d211a!2

1
a2n~n21!~n22!dh~d!«2

4~d211a!2
1O~«3!, ~3.15!
x

ly

e
it

t

where we have denoted

h~d![(
k50

`
k!

4k~d/211!•••~d/21k!
5F~1,1;d/211;1/4!,

~3.16!

andF( ) is the hypergeometric series; see Ref.@39#.
In the special casen52, one obtains from Eq.~3.15!

D25222
«~d21!~a21!

~d211a!
1

«2~d21!a~a21!

~d211a!2
1O~«3!.

~3.17!

Expression~3.15! is simplified for any integer value ofd
owing to the fact that the series in Eq.~3.16! reduces then to
a finite sum; see Ref.@39#:

h~d!52dF ~23!d/221ln~4/3!1 (
k52

d/2
~23!k22

d/22k11G
~3.18a!

for any even value ofd and

h~d!52dF ~21!~d21!/233d/2223p

12 (
k51

~d21!/2
~23!~d21!/22k

2k21 G ~3.18b!

for any odd value ofd, which givesh(d)52p/(3A3) for
d51, h(d)54 ln(4/3) ford52, andh(d)51222pA3 for
d53. @We note that ford51 and 2 the sums in Eqs.~3.18!
contain no terms#. The case of a purely potential velocit
field is obtained forD085const , D050, or, equivalently,a
→`, g08[g0a5const . From Eq.~3.8! it then follows that at
the fixed pointg

*
8 52d«/Cd ; the values of the critical di-

mensions Dn are obtained simply by taking the limi
a→` in the expressions~3.15! and~3.17! and have the form

Dn5n~211«/2!2n~n21!d«/21n~n21!~d21!«2/2

1n~n21!~n22!h~d!d«2/41O~«3!. ~3.19!

In the special cased51, one obtains

Dn52n1n«2n2«/21n~n21!~n22!«2p/~6A3!

1O~«3!. ~3.20!

For the pair correlators of the operatorsun we obtain,
from Table I and Eqs.~3.12! and ~3.15!,

^un~x!up~x8!&5n0
2~n1p!/2L2~n1p!~Lr !2Dn2Dpjn,p~Mr !,

~3.21!

with the dimensionsDn given in Eq.~3.15! and certain scal-
ing functionsjn,p(Mr ) ~for odd n1p they vanish!. We re-
call that representation~3.21! holds forLr @1 and any fixed
Mr ; the behavior of the functionsjn,p(Mr ) for Mr !1 ~con-
vective range! is studied in Sec. IV.
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IV. OPERATOR PRODUCT EXPANSION
AND ANOMALOUS SCALING

Representation~3.21! for any functionsjn,p(Mr ) corre-
sponds to IR scaling in the regionLr @1 and any fixedMr
with definite critical dimensionsDn given in Eq.~3.15!. Ex-
pressions~1.9! should be understood as certain addition
statements about the explicit form of the asymptotic beha
of the functionsjn,p(Mr ) for Mr→0. The form of the scal-
ing functionsjn,p(Mr ) in representation~3.21! is not deter-
mined by the RG equations themselves; these functions
be calculated in the form of series in«. However, this«
expansion is not suitable for the analysis of their behavior
Mr→0, because the actual expansion parameter appea
be« ln(Mr) rather than« itself; cf. Refs.@22,26,38#. In con-
trast to the ‘‘large UV logarithms’’ ln(Lr), the summation of
these ‘‘large IR logarithms’’ is not performed automatica
by the solution of the RG equations.

In the theory of critical phenomena, the asymptotic fo
of scaling functions forM→0 is studied using the well
known Wilson OPE; see, e.g., Ref.@25#; the analog ofL
[M 21 is there the correlation lengthr c . This technique is
also applied to the theory of turbulence; see, e.g., R
@22,26,38#.

According to the OPE, the single-time produ
F1(x)F2(x8) of two renormalized operators atx[(x
1x8)/25const, andr[x2x8→0 has the representation

F1~x!F2~x8!5(
a

Ca~r !Fa~x,t!, ~4.1!

in which the functionsCa are the Wilson coefficients regula
in M2 andFa are all possible renormalized local compos
operators allowed by symmetry, with definite critical dime
sionsDa .

The renormalized correlator̂F1(x)F2(x8)& is obtained
by averaging Eq.~4.1! with the weight expSren; the quanti-
ties ^Fa& appear on the right-hand side. Their asympto
behavior for M→0 is found from the corresponding RG
equations, and has the form

^Fa&}MDa. ~4.2!

From the operator product expansion~4.1! we therefore find
the following expression for the scaling functionj(Mr ) in
representation~3.12! for the correlator̂ F1(x)F2(x8)&:

j~Mr !5(
a

Aa~Mr !Da, ~4.3!

with coefficientsAa5Aa(Mr ), which are regular in (Mr )2,
generated by the Wilson coefficientsCa in Eq. ~4.1!.

We note that for a Galilean invariant produ
F1(x)F2(x8), the right-hand side of Eq.~4.1! can involve
any Galilean invariant operator, including tensor operato
whose indices are contracted with the analogous indice
the coefficientsCa . Without loss of generality, it can b
assumed that the expansion is made in irreducible tensor
that only scalars contribute to the correlator^F1F2& because
the averageŝFa& for nonscalar irreducible tensors vanis
For the same reason, the contributions to the correlator f
l
r

an

r
to

s.

-

c

s,
of

so

m

all operators of the form]F with external derivatives vanish
owing to translational invariance.

The leading contributions forMr→0 are those with the
smallest dimensionDa , and in the« expansions they are
those with the smallestda[d@Fa# for «50. In the standard
model f4 of the theory of critical behavior one hasDa
5na1O(«), wherena>0 is the total number of fields an
derivatives inFa . The operatorF51 has the smallest valu
na50, and it gives a contribution to Eq.~4.3! which is regu-
lar in (Mr )2 and has a finite limit asMr→0. The first non-
trivial contribution is generated by the operatorf2 with na

52. It has the form (Mr )21O(«), and only determines a cor
rection, vanishing atMr→0, to the leading term generate
by the operatorF51.

The distinguishing feature of the models describing turb
lence is the existence of ‘‘dangerous’’ composite operat
with negativecritical dimensions@22,26,38#. The contribu-
tions of the dangerous operators into the operator prod
expansions lead to a singular behavior of the scaling fu
tions onM for Mr→0. It is obvious from Eq.~3.15! that all
the operatorsun in model ~2.1! are dangerous at least fo
small «, and the spectrum of their critical dimensions is u
bounded from below. If all these operators contributed to
OPE like Eq. ~4.1!, the analysis of the smallM behavior
would imply the summation of their contributions. Such
summation is indeed required for the case of the differe
time correlators in the stochastic Navier-Stokes equat
and it establishes the substantial dependence of the cor
tors onM and their superexponential decay as the time d
ferences increase; see Refs.@26,38#. Fortunately, the problem
simplifies for model~2.1!.

From the analysis of the diagrams it follows that the nu
ber of fieldsu in the operatorFa entering into the right-hand
sides of expansions~4.1! can never exceed the total numb
of fields u in their left-hand sides. Therefore, only finit
number of operatorsun contribute to each operator produ
expansion, and the asymptotic form of the scaling functio
is simply determined by the operatorun with the lowest criti-
cal dimension, i.e., with the largest possible number of fie
u. For the scaling functionsjn,p(Mr ) entering into expres-
sions~3.21!, this givesjn,p(Mr )}(Mr )Dn1p, which leads to
the asymptotic expression~1.9! shown in Sec. I.

It is noteworthy that the set of the operatorsun is ‘‘closed
with respect to the fusion’’ in the sense that the leading te
in the OPE for the pair correlator̂unup& is given by the
operatorun1p from the same family with the summed inde
n1m. This fact, along with the inequality

Dn1Dp.Dn1p , ~4.4!

which is obvious from the explicit expression~3.15! for
small values of«, can be interpreted as the statement that
correlations of the scalar fieldu in model ~2.1! exhibit mul-
tifractal behavior; see Refs.@40–42#. In the case of the sole
noidal velocity field, the dimensionDn becomes linear inn
@see Eq.~3.14!#, and relation~1.9! reduces to the so-calle
‘‘gap scaling’’ ~see Ref.@40#!. In this case, the nontrivia
multifractal behavior manifests itself in the correlations
the dissipation rate rather than in the correlations of the fi
itself; see Ref.@22#.
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Now let us turn to the structure functions~1.5! in the
convective rangeLr @1 andMr !1. From expression~1.9!
it follows that

S2n.n0
2nL22n~M /L!D2nF11 (

k1p52n
k,pÞ0

ckp~Lr !D2n2Dk2DpG ,

~4.5!

where the coefficientsckp are independent of the scale
L, M , and the separationr. It is obvious from inequality
~4.4! that all the contributions in the sum in Eq.~4.5! vanish
in the regionLr @1, so that the leading terms of the structu
functions do not depend onr and are given by Eq.~1.11!.

The comparison of expressions~1.9! and ~1.11! for k5p
51 with the exact results~2.21c! and ~2.21a! gives D25
221«2«z, which along with Eq.~2.18a! leads to the exac
expression~1.12! for the critical dimensionD2 , shown in
Sec. I. We note that expression~3.17! for D2 obtained within
the RG approach is in agreement with the correspond
terms of the expansion in« of the exact exponent~1.12! for
all d anda. We also note that Eq.~2.21c! is consistent with
the exact RG resultDu5211«/2; see Eq.~3.11b!.

It is seen from Eq.~4.5! that the IR behavior for the struc
ture functions is determined by the contributions of the co
posite operatorsun to the corresponding OPE. The operato
un obviously do not appear in the naive Taylor expansions
the structure functions~1.5! for r→0: the Taylor expansion
for the function S2n starts with the monomial (] iu] iu)n.
However, the operators entering into operator product exp
sions are not only those which appear in the Taylor exp
sions, but also all possible operators which admix to them
renormalization. One can easily check that all the monom
u2p with p<n admix to (] iu] iu)n in renormalization. As a
result, their contributions appear in the OPE for the struct
functions and dominate their IR asymptotic behavior.

The situation changes if the velocity field is purely so
noidal, with the correlator given in Eq.~1.3!. In this case, the
field u enters into the vertex in the form of a derivativ
u8­(vu)5u8(v­)u, and therefore only derivatives ofu can
appear in the counterterms to the monomials (] iu] iu)n.
Hence, the operators of the formun cannot admix in renor-
malization to the monomials (] iu] iu)n and cannot appear in
the OPE for the structure functions~1.5!. This means that the
contributions of the operatorsun to pair correlators~1.9! can-
cel out in the structure functions, and the IR behavior of
latter is dominated by the operators (] iu] iu)n; see Eq.~1.6!.
The cancellation becomes possible due to the fact that
dimensionDn for a50 is a function linear inn @see Eq.
~3.14!#, and therefore all the terms in the square bracket
Eq. ~4.5! are independent ofLr . In this case, the anomalou
exponents are determined by the critical dimensions of
powers of the operator] iu] iu; these dimensions are know
up to the order«2 of the « expansion@22#.

For d51, the behavior analogous to Eq.~1.6! in model
~1.8! is demonstrated by the structure functions of the fi
f(t,x), defined so thatu(t,x)5]xf(t,x). In this formula-
tion, the problem was studied in Ref.@20# using numerical
simulations, and analytically within the zero-mode approa
The structure functions of the ‘‘potential’’f are not simply
related to the structure functions of the primary fieldu, but
g
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they can be derived directly using the RG technique. Ob
ously, the fieldf enters into the vertex in the form of th
derivativeu8]x(v]xf). Therefore, the operatorsfn are not
renormalized, and their critical dimensions are given by
relations analogous to Eq.~3.14!: D@fn#5nD@f#, where
D@f#5211D@u#5221«/2; see Eq.~3.11b!. The struc-
ture functions are then given by an expression analogou
Eq. ~1.6!,

S2n.D0
2nr n~42«!~Mr !D2n,

where the part of the anomalous exponents is played
the critical dimensionsD2n of the operators (]xf]xf)n

[u2n given by Eq. ~3.20!. In the notation of Ref.@20#
we then have z2n5n(42«)1D2n52n2n«(2n21)
22pn(n21)(2n21)«2/3A3, in agreement with the
O(«) result obtained in Ref.@20# using the zero-mode
approach; the exponentz2522« is exact.

Let us conclude this section with a brief discussion of t
simple model of a passively advected magnetic field con
ered in Ref.@30#. ~In more realistic models of the magneto
hydrodynamic turbulence the magnetic field indeed beha
as a passive vector in the so-called kinetic fixed point of
RG equations; see Refs.@43,44#. Anomalous scaling of the
magnetic fields, advected by the self-similar velocity fie
with a short scale-dependent correlation time was also
cussed in Ref.@45#.! In this case, bothu[u i(x) and the
velocity are solenoidal vector fields. The velocity field
taken to be Gaussian with the correlator~1.3!, and the non-
linearity in Eq. ~1.1! has the formv j] ju i2u j] jv i . The
anomalous scaling in this model also appears already for
pair correlator; the corresponding exponent is found exa
@30#.

The RG analysis given above and in Ref.@22# is extended
directly to this model. It turns out that the expressions for
renormalization constantZn , the RG functionsb and gn ,
and the fixed pointg* coincide with the corresponding ex
pressions~3.5!–~3.8! for model ~2.1! with the substitution
a50, while the critical dimensionsDv,v,u,u8 are exactly the
same as in model~2.1!; see Eqs. ~3.11!. For the IR
asymptotic region, the expressions of form~3.12! are ob-
tained for the correlation functions of various composite o
erators; the corresponding critical dimensionsDF are calcu-
lated in the form of the« expansions. In particular, for th
critical dimensionsD2n of the scalar operatorsu2n[(u iu i)

n

we obtain

D2n522n2
2n~n21!«

d12
1O~«2!, ~4.6!

and for the special casen51 we have

D25222
2~d22!«2

d~d21!
1O~«3!. ~4.7!

For the dimensionsD2n8 of the second-rank irreducible ten
sorsu iu ju

2n222d i j u
2n/d, we have

D2n8 522n1
«@d~d11!22~d21!n~n21!#

~d21!~d12!
1O~«2!.

~4.8!
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The leading terms of the smallMr behavior of the scaling
functions are determined by the contributions of the sca
operatorsu2n, and the part of the anomalous exponents
played by dimensions~4.6!. For the special case of th
pair correlator it then follows that ^u(x)u(x8)&
}(Lr )22Du(Mr )D2. In the notation of Ref.@30# we haveg
5D222Du ; from Eqs.~3.11b! and ~4.7! it follows that D2
22Du52«22«2(d22)/d(d21)1O(«3) for any d, in
agreement with the exact expression forg obtained in Ref.
@30#.

V. CALCULATION OF THE ANOMALOUS EXPONENTS
TO THE ORDER «2

In this section we present a two-loop calculation of t
critical dimensionsDn of the composite operatorsun, which
determine the anomalous exponents in expressions~1.9! and
~1.11!. The operatorsun are renormalized multiplicatively
un5Zn@un# ren ~see Sec. III!. The renormalization constant
Zn can be found from the requirement that the 1-irreduci
correlation function

^@un# ren~x!u~x1!•••u~xn!&1-ir

5Zn
21^un~x!u~x1!•••u~xn!&1-ir[Zn

21Gn

~5.1!

be UV finite, i.e., have no poles in«, when expressed in
renormalized variables using formulas~3.2!. This require-
ment determinesZn up to an UV finite part; the choice of th
finite part depends on the subtraction scheme. Most con
nient for practical calculations is the MS scheme. In the M
scheme, only poles in« are subtracted from the diverge
expressions, and the renormalization constants have the
‘‘1 1 only poles in«. ’’ In particular,

Zn
21511 (

k51

`

ak~g!«2k511 (
n51

`

gn(
k51

n

ank«
2k.

~5.2!

The coefficientsank in our model depend only on the spa
dimensiond and the completely dimensionless parametera;
their independence of« is a feature specific to the MS
scheme. One-loop diagrams generate contributions of ordg
in Eq. ~5.2!, two-loop ones generate contributions of ord
g2, and so on. The order of the pole in« does not exceed th
number of loops in the diagram.

The two-loop diagrams of functionGn required for the
calculation ofZn to the orderg2, and the corresponding sym
metry coefficients, are given in Table II. The solid lines
the diagrams denote the bare propagator^uu8&0 from Eq.
~2.4a!; the end with a slash corresponds to the fieldu8, and
the end without a slash corresponds tou; the dashed lines
denote the bare propagator~1.8!. Note that the propagato
^uu&0 does not enter into the diagrams forGn . The black
circle with p>0 attached ‘‘legs’’ denotes the vertex fact
Fp given by the p-fold variational derivative Fp
[dun(x)/du(x1)•••du(xp).

Now let us turn to the calculation of the diagrams fro
Table II. It is sufficient to calculate the functionGn in the
momentum-frequency representation with all the exter
r
s

e

e-

rm

r
r

l

momenta and frequencies equal to zero; the IR regularization
is then provided by the ‘‘mass’’m from the correlator~1.8!.
In what follows, we use the notations

Ri j ~k![D0Pi j ~k!1D08Qi j ~k! ~5.3a!

and

S~k![~k21m2!2d/22«/2. ~5.3b!

We also recall the relationsD05g0n0 anda5D08/D0 .
The diagramD2 differs from D1 only by the insertion of

the simplest self-energy diagramSuu8 into one of the two
lines ^uu8&. Therefore, the combinationD112D2 entering
into Gn can be easily calculated as a whole: we calculate the
single-loop diagramD1 with the exact propagatorŝ uu8&
instead of the bare propagators^uu8&0 and then expand the
result ing0 to the orderg0

2 . From the exact solution~see Sec.
II ! it follows that the propagator̂uu8& is obtained from its
bare counterpart simply by the replacementn0→h0 , where
the exact ‘‘effective diffusivity’’ has the form~see Ref.@46#
for the exact expression for the effective diffusivity in the
incompressible case!

h0[n01
D0~d21!1D08

2d
J~m!;

see Eqs.~2.5a! and ~2.8!. Then the ‘‘exact’’ analog of the
diagramD1 is given by

E dv

2pE dk

~2p!d

S~k!Ri j ~k!kikj

u iv1h0k2u2
5D08J~m!/2h0 , ~5.4!

where we have performed the elementary integration over
the frequency and used the isotropy of the functionS(k).
The expansion of result~5.4! in g0 gives

TABLE II. The diagrams of the 1-irreducible Green function
^un(x)u(x1)•••u(x2)&1-ir in the two-loop approximation.
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D112D25
ag0J~m!

2 F12
g0~d211a!J~m!

2d G . ~5.5!

The right-hand side of Eq.~5.5! is expressed in renormalize
variables by the substitutiong05gm«Zn

21 with the constant
Zn from Eq. ~3.6!, which within our accuracy gives
i

no

e

o

e,
is
D112D25
agm«J~m!

2
1

ag2~d211a!m«J~m!

4d

3@Cd /«2m«J~m!#

[gD~1!1g2D ~2!. ~5.6!

The diagramD3 is represented by the integral
d

D35E dv

2pE dv8

2p E dk

~2p!dE dq

~2p!d

Ri j ~q!~k1q! i~k1q! jRps~k!kpks

u iv1n0~k1q!2u2u iv81n0k2u2
S~k!S~q!, ~5.7!

and the integrations over the frequencies give

D35
ag0

2

4 E dk

~2p!dE dq

~2p!dFa1~12a!
k2sin2q

~k1q!2GS~k!S~q!, ~5.8!

whereq is the angle between the vectorsk andq, so thatk•q5kq cosq. The symmetry of the integral~5.8! in k andq allows
one to perform the substitutionk2→(k1q)2/22k•q in the integrand, which gives

D35
a2g0

2

4
J2~m!1

a~12a!g0
2

8
@J1~m!22J2~m!#, ~5.9!

where we have written

J1~m![E dk

~2p!dE dq

~2p!d
sin2qS~k!S~q! ~5.10!

and

J2~m![E dk

~2p!dE dq

~2p!d

~k•q!sin2q

~k1q!2
S~k!S~q!. ~5.11!

The integral in Eq.~5.10! can be easily expressed viaJ(m):

J1~m!5Cd
2E

0

`

dk kd21E
0

`

dq qd21E dn sin2qS~k!S~q!5J2~m!E dn sin2q5
d21

d
J2~m!, ~5.12!

with the coefficientCd from Eq. ~3.6!. Here and below*dn denotes the integral over thed-dimensional sphere, normalize
with respect to its area, so that*dn 151 and*dn sin2q5(d21)/d. For integral~5.11!, one has

J2~m!5Cd
2E

0

`

dkE
0

`

dqE dn
kdqdcosq sin2q

k21q212kq cosq
S~k!S~q!52Cd

2E
0

`

dkE
0

k

dqE dn
kdqdcosq sin2q

k21q212kq cosq
S~k!S~q!, ~5.13!
ly

te
i-
where we have used the symmetry of the integrand and
tegration area ink andq.

In order to find the renormalization constant, we need
the entire exact expression~5.13! for the integralJ2(m);
rather we need its UV divergent part. The simple pow
counting shows that the UV divergence of the integral~5.13!
is generated by the region in which both the integration m
mentak and q are large. Therefore, integral~5.13! contains
only a first-order pole in«, and the coefficient in 1/« does not
change when the integration area@0,̀ # for the momentumk
is restricted from below by some finite limit, for exampl
@m,`#. Furthermore, the IR regularization of the integral
n-

t

r

-

then provided by this finite lower limit, and one can simp
setm50 in the functionsS(k) andS(q), which gives

J2~m!.2Cd
2E

m

`

dkE
0

k

dqE dn
k2«q2«cosq sin2q

k21q212kq cosq
.

~5.14!

Here and below. means the equality up to the terms fini
for «→0. From the dimensionality considerations, it is obv
ous that J2(m)5m22« f («), where f («) contains a first-
order pole in«. It then follows that
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J2~m!52
1

2«
DmJ2~m! ~5.15!

~we recall the notationDm[m]/]m). Representation~5.15!
allows one to get rid of the integration overk in Eq. ~5.14!:

J2~m!.Cd
2 m22«

« E
0

1

dxE dn
x2«cosq sin2q

11x212x cosq
,

~5.16!

where we have performed the substitutionq[mx. The pole
in Eq. ~5.16! is isolated explicitly, the integral is UV conver
gent, and one can set«50 in the integrand:

J2~m!.Cd
2 m22«

« E
0

1

dxE dn
cosq sin2q

11x212x cosq
.

~5.17!

The integrations in Eq.~5.17! are performed explicitly:

J2~m!.Cd
2 m22«

2« E dn q cosq sinq5Cd
2m22«~12d!

2«d2
.

~5.18!
e

b
q

Combining expressions~5.9!, ~5.12!, and~5.18!, we obtain

D35J2~m!g0
2Fa2

4
1

a~12a!~d21!

8d G
1g0

2Cd
2a~12a!~d21!m22«

8«d2
. ~5.19!

Within our accuracy, the renormalization of expressi
~5.19! is reduced to the substitutiong0→gm«, which gives:

D35J2~m!m2«Fa2g2

4
1

ag2~12a!~d21!

8d G
1g2Cd

2a~12a!~d21!~m/m!2«

8«d2
. ~5.20!

Now let us turn to the diagramD4 . It is given by the
expression
D45E dv

2pE dv8

2p E dk

~2p!dE dq

~2p!d

Ri j ~k!ki~k1q! jRps~k!qpqsS~k!S~q!

~ iv1n0k2!u iv81n0q2u2
„2 i ~v1v8!1n0~k1q!2

…

5
a2g0

2

8
@J2~m!1J3~m!#,

~5.21!
where we have performed the integrations over the frequ
cies and made use of the symmetry ink andq; the integral
J3(m) is given by

J3~m![E dk

~2p!dE dq

~2p!d

~k•q!S~k!S~q!

k21q21~k•q!
. ~5.22!

Proceeding as for the integralJ2(m) above, we arrive at the
expression

J3~m!.Cd
2 m22«

« E
0

1

dxE dn
cosq

11x21x cosq
, ~5.23!

which is analogous to expression~5.17! for J2(m). In con-
trast to Eq.~5.17!, after the integration overx in Eq. ~5.23!
we arrive at the integral over the angles which cannot
calculated explicitly. We rather expand the integrand in E
~5.23! in cosq:

E
0

1

dxE dn
cosq

11x21x cosq

5E
0

1

dxE dn
cosq

11x2(k50

` S 2
x cosq

11x2 D k

,

~5.24!
n-

e
.

and use the formulas

E dn cos2kq5
~2k21!!!

d~d12!•••~d12k22!
,

E dn cos2k11q50, ~5.25!

E
0

1

dx
x2k11

~11x2!2k12
5

~k! !2

4~2k11!!
.

For the series in Eq.~5.24! this gives~we omit an overall
minus sign!

1

4d(
k50

`
~2k11!!! ~k! !2

~2k11!! ~d12!•••~d12k!

5
1

4d(
k50

`
k!

4k~d/211!•••~d/21k!
[h~d!/4d,

~5.26!

with the function h(d) entering into expressions~3.15!–
~3.18!.

Combining expressions~5.21!, ~5.23!, and ~5.26!, and
performing the replacementg0→gm«, we obtain
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D45J2~m!m2«
a2g2

8
2

a2g2h~d!Cd
2~m/m!2«

32d«
.

~5.27!

The diagramD5 is simply given by

D55D1
25J2~m!m2«

a2g2

4
, ~5.28!

and D6 contains effectively a closed circuit of retarde
propagators and vanishes identically. Therefore, the func
Gn in the two-loop order of the renormalized perturbati
theory has the form

Gn511
n~n21!

2
~D112D21D3!1n~n21!~n22!D4

1
n~n21!~n22!~n23!

8
D5 , ~5.29!

with the symmetry coefficients from Table II and the expli
expressions forDi given in Eqs.~5.6!, ~5.20!, ~5.27!, and
~5.28!.

Within our accuracy, the renormalization constant~5.2!
has the form
f-
n

Zn
21511

a11g

«
1

a21g
2

«
1

a22g
2

«2
1O~g3!, ~5.30!

and the requirement that function~5.1! be UV finite in the
first order ing gives

a11g

«
1

n~n21!

2
gD~1!5~UV finite!, ~5.31!

with the coefficientD (1) defined in Eq.~5.6!. The expansion
in « of the integralJ(m) from Eq. ~2.8b! entering into the
expressions forDi has the form

m«J~m!5
Cd

« F11«S c~1!2c~d/2!

2
1 ln~m/m! D G1O~«!,

~5.32!

wherec(z)[d ln G(z)/dz. From Eqs.~5.6! and ~5.31!, and
the first term of expansion~5.32! one obtains

a1152an~n21!Cd/4. ~5.33!

The UV finiteness of the function~5.1! in the orderg2 im-
plies:
a21g
2

«
1

a22g
2

«2
1

a11g

«

n~n21!

2
gD~1!1

n~n21!

2
~g2D ~2!1D3!1n~n21!~n22!D41

n~n21!~n22!~n23!

8
D5

5~UV finite!, ~5.34!

which, along with expressions~5.6!, ~5.20!, ~5.27!, ~5.28!, and~5.33! and expansion~5.32!, yields

a21/Cd
25

n~n21!a~a21!~d21!

16d2
1

n~n21!~n22!a2h~d!

32d
, ~5.35a!

a22/Cd
25

a2n2~n21!2

16
2

a2n~n21!

8
1

n~n21!a~a21!~d21!

16d
2

a2n~n21!~n22!

8
2

a2n~n21!~n22!~n23!

32

5
an~n21!

32
@an~n21!22~a1d21!/d#. ~5.35b!
nc-
We note that theO(1) terms of expansion~5.32! cancel out
in Eq. ~5.34!, and therefore give no contribution to the coe
ficientsai j .

For the corresponding anomalous dimensiongn

[D̃mln Zn , we have

gn[D̃mln Zn5b~g!]gln Zn5@2«1gn~g!#Dgln Zn ,
~5.36!

with the RG functionsb(g) and gn(g) from Eqs. ~3.5!.
Within our accuracy Eq.~5.36! yields

gn5a11g12a21g
21

1

«
@2a11ggn12a22g

22~a11g!2#,

~5.37!
and using the explicit expressions~5.33! and ~5.35! one ob-
tains:

gn5
2an~n21!u

4
1

n~n21!a~a21!~d21!u2

8d2

1
n~n21!~n22!a2h~d!u2

16d
1O~g3!, ~5.38!

where u[gCd . It follows from the explicit expressions
~3.7!, ~5.33!, and~5.35! that the coefficient in 1/« in expres-
sion ~5.37! for gn vanishes:2a11ggn12a22g

22(a11g)2

50. This is a manifestation of the general fact that the fu
tion gn is UV finite, i.e., it has no poles in«. Substituting the
anomalous dimension~5.38! into expression~3.10! and per-
forming the replacementg→g* with g* from Eq. ~3.8!, we
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arrive at the desired expression~3.15! for the critical dimen-
sion of the composite operatorun.

It is worth noting that the cased51 is exceptional in the
sense that ‘‘there are no angles in one dimension.’’ We h
performed all the calculations directly ind51, and checked
that the one-dimensional exponents are indeed obtained
the general expressions like Eq.~3.19! by the substitutiond
51.

VI. DISCUSSION AND CONCLUSION

We have applied the RG and OPE methods to the sim
model ~1.1!, ~1.2!, and ~1.8!, which describes the advectio
of a passive scalar by the nonsolenoidal~‘‘compressible’’!
velocity field, decorrelated in time and self-similar in spa
We have shown that correlation functions of the scalar fi
in the convective range exhibit anomalous scaling behav
the corresponding anomalous exponents have been c
lated to the second order of the« expansion~the two-loop
approximation!; see Eqs.~3.15!–~3.20!. They depend on a
free parameter, the ratioa5D08/D0 of the amplitudes in the
transversal and longitudinal parts of the velocity correlat
and in this sense they are nonuniversal. In the languag
the RG, the nonuniversality of the exponents is related to
fact that the fixed point of the RG equations is degenerate
coordinate depends continuously ona.

In contrast to model~1.3!, where the anomalous expo
nents are determined by the critical dimensions of the co
posite operators (] iu] iu)n, the exponents in model~1.8! are
related to the critical dimensions of the monomialsun, the
powers of the field itself, and these dimensions appear to
nonlinear functions ofn. This explains the important differ
ence between the anomalous scaling behavior of model~1.3!
and that of model~1.8!: in the latter, the correlation function
in the convective range depend substantially on both the
and UV characteristic scales, and the structure functions
independent of the separationr 5ux2x8u. The monomialsun

in model ~1.8! also provide an example of the power fie
operatorswithout derivatives, whose correlation functions
exhibit multifractal behavior~another interesting example
the field theoretical model of a growth process considere
Ref. @42#!. Analogous behavior is demonstrated by the mo
of a magnetic field, advected passively by the incompress
Gaussian velocity; the corresponding anomalous expon
have been calculated to the order« («2 for the pair cor-
relator!.

The anomalous exponent for the pair correlation funct
has been found exactly for all 0,«,2. Its expansion in«
coincides with the result obtained using the RG for all valu
of the space dimensionalityd and ratioa. The agreemen
between the exact exponent@30# for the pair correlation
function and the first two terms of the corresponding« ex-
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pansion is also established for a passively advected mag
field. These facts strongly support the applicability of the R
technique and the« expansion to the problem of anomalou
scaling for the finite values of«, at least for low-order cor-
relation functions.

We note that the series in« for all known exact exponents
in the rapid-change models have finite radii of convergen
a rare thing for field theoretical models. In the language
field theory, this is related to the fact that in the rapid-chan
models, there is no factorial growth of the number of d
grams in higher orders of the perturbation theory~a great
deal of diagrams indeed vanish owing to retardation; see
discussion in Sec. II!. In its turn, this fact suggests that th
series in« for the unknown exponents~for example, the
anomalous exponents in the original Obukhov-Kraichn
model! can also be convergent.

It should also be noted that the asymptotic expressi
~1.9! and ~1.11! result from the fact that the critical dimen
sionsDn are negative, and that the modulusuDnu increases
monotonically withn. This is obviously so within the« ex-
pansion, in which the sign and then dependence of the di
mensions are determined by the first-order terms~1.10! and
~4.6!, while the higher-order terms are treated as small c
rections. However, for finite values of« the higher-order
terms can, in principle, change these features of the dim
sions. Indeed, then3 contribution in the second-order ap
proximation forDn is positive@see, e.g., Eq.~3.15!#, so that
Dn also becomes positive, providedn is large enough. Of
course, this conclusion is based on the second-order app
mation of the« expansion and is therefore not definitive: th
higher-order terms of the« expansion contain additiona
powers ofn, so that the actual expansion parameter appe
to be«n rather than« itself; cf. Refs.@22,42#. Therefore, the
correct analysis of the largen behavior of the anomalou
exponents requires resummation of the« expansions with the
additional condition that«n.1. This is clearly not a simple
problem and requires a considerable improvement of the
isting technique.
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