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Scaling laws for a two-dimensional vibro-fluidized granular material
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A simple model for a two-dimensional vibrofluidized granular material is presented. The choice of a mean
free path proportional to @2 wheren is the local number density, leads to scaling laws for the granular
temperaturek,, which fit experimental data significantly better than previously published models. In particu-
lar, E, is predicted to scale a¢*, whereV is the velocity amplitude of the vibration, and B8, whereN
is the total number of graingS1063-651X%98)16309-4

PACS numbegps): 81.05.Rm

The fluidization of a granular material by vibration has  The purpose of this Brief Report is to describe a simple
been the subject of many experimental, theoretical and nunodification to the theory ifi3] that results in scaling con-
merical studies in recent year$—10. Under conditions of stants that are much closer to the experimentally-observed
high excitation with reasonably elastic collisions, the prob-ones. It is based on the observation that at high packing
ability density function for velocity and number density is densities the mean free path between collisidns,deviates
found to be closely approximated by the classical Maxwell-from the low-density value,, assumed i3]
Boltzmann distributior{3,9]. The question then arises: how
does the parameter analogous to temperatilne so-called N = i
granular temperaturgg) in such a distribution relate to the " 2nd”
degree of excitation provided by the vibrating base of the
cell? Here n is the number density and is the grain diameter.

Molecular dynamics simulations presented [d,2]  Equation(3) follows from simple two-dimensional gas ki-
showed that the increase in the height of the center of mag3etic theory: a rectangle of length and width 21 swept out
of the system varied as by a moving grain will contain on average one other particle

and result in a single collision. This assumes, however, that
the grains are randomly distributed. At high densities this is
Ahoc(Agw) ¥ XP, ) no longer true: each grain is surrounded by on average six
nearest neighbors whose relative positions become progres-
sively more correlated as the density increases. In effect the
nearest neighbors act as a cage, the size of which defjnes

©)

wherea and 8 are constantsl, andw are, respectively, the
amplitude and angular frequency of vibration, aXds a
dissipation parameter given by B

Ap~—7, (4)
h nl?2

X=(N/np)(1=e). @ whereB is a numerical constant of order unit9]. The dif-
ferent dependence amandd for the two mean free paths

In Eq. (2), N is the total number of grainsy, is the average results in differing scaling laws for the granular temperature.
number of grains per layer in the condensed phasegdad In particular, as the number density increases, the collision
the restitution coefficient for grain-grain collisions. Luding frequency increases more slowly when evaluated by(Eq.

et al. found thata and B8 took the values 2 and 1, respec- than by Eq.(3). This suggests that, for a given granular tem-
tively, for a one-dimensional system, but thadropped to  perature in the dense phase, the energy dissipation rate will
1.5 for a two-dimensional system\h is proportional toEq,  be lower than expected from E¢), in qualitative agree-
provided the granular temperature distribution is unifp8h  ment with the simulation results presented by McNamara
Experimental results suggestedralues in the range 1.3—1.4 and Luding[10].

(depending on the method used to calculage and 8 values The derivation of the granular temperature appropriate to
between 0.3 and 0.8]. By contrast, the simple theoretical )\, will be outlined next.n(y) is given by[3]
analysis described i8] predicteda and 8 values of 2 and 1,

respectively, even in two dimensions. Anvalue differing mgN —mgy
from 2 implies that the mean particle speed does not scale n(y)= EoW X Eo )
linearly with the mean speed of the vibrating base.

®

wherem is the mass of each graig,is the acceleration due
to gravity,y is distance in the vertical direction, aidis the
*Electronic address: J.M.Huntley@Iboro.ac.uk width of the cell. The collision rate is
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Egs.(8) and(9) have different scaling laws for the variation
of ET with g andN would appear at first sight to bring into
question the validity of using E@8) in preference to Eq9).
However, Eq.(8) may not in fact be inconsistent with
McNamara and Luding’s results. We consider the scaling
with g first. If g is varied therEy must also scale in propor-
tion to keepAh constant, since as shown [i]

(6)

wherec is the mean particle speedis related tcE, through
the equipartition of energy theorem:

mc -
2 O Eo
Ah=—. (12
mg

The fractional energy lost per collision is proportional to

(1—&?); combining this with Eqs(4)—(7) allows the total

energy dissipation rate due to grain-grain collisions to becally (asg

calculated as i3], giving
) maE.N3\ 12
E;m(l—szﬁi—f%%L—) .

This may be compared with the energy dissipation rate cal
culated in[3] using\,:

(®)

12 and therefore botfE] andE] scale identi-

32 for fixed Ah. The different dependence o
(N%?2 versusN?) cannot be dismissed so easily, however.
One possible explanation is that the distribution B
throughout the cell is changing with: one would expect a
steeper temperature gradient for laigi¢o provide sufficient

¢ scales a£

ienergy flux for the increased dissipation rate within the bulk

material[9]. Analysis of a nonuniform granular temperature

is beyond the scope of the present Brief Report, but could
form the basis for future research.

It is also worth pointing out that because of the exponen-
tial tail of the Boltzmann distribution, there will always be
whereC is a numerical constant. some point in the cell above which the mean free path is

The approximate rate of energy input provided by themore appropriately described by E@) than Eq.(4). How-
vibrating base can be easily calculated for the case of triarfVer, the region of the cell with the highest packing density

gu'ar sawtooth excitatio(‘base moving up and down at con- will contribute the most to the Correctly WEIghted calculation
stant speed) [3]: of energy dissipation rate, and if this is sufficiently dense

then Eq.(11) is likely to be more appropriate than the cor-
responding Eq(24) from [3]. At sufficiently high excitation
levels, even the densest region of the medium will be suffi-
ciently dilute for the low density mean free pakh to be
Equating Eqs(8) and (10) results in an expression for the used and one would therefore expect a transition toxan
granular temperature value of 2. Such a transition was in fact observed in simula-
tions carried out in containers with smooth elastic sidewalls
3 [11]. Sidewalls of this type exert the least perturbation on the
' system and are the closest configuration to the one analyzed
here. The transition point between the two exponents was
investigated in Ref[10] and was found to correspond to a

whereD is ﬁmotner nurlnerl?al cofnstant. It §§e|ms (;easonab:given value ofAh, whereas intuitively one would expect it
to expect that the scaling laws for sinusoidal and sawtootil, oy at a particular value of maximum density. Some of

excitgtion cﬁffer only through a constan'F of proportionality. the assumptions made in the analy(sisiform granular tem-
For'smusmdal motion of the baséow is the parameter perature; isotropic velocity distribution; no rotational degrees
equivalent tov. The analysis therefore predicts arvalue ¢ reedom; number density given by the Boltzmann distri-
of 4/3, which is very close to the experimental values Ofbution) are only approximately satisfid8,9] and these may
1.3-1.4[3], though somewhat lower than the value 1.5 0b-50cont at least in part for the remaining discrepancies be-
tained from simulation$2]. The IN® (where 5=1/3) de- (yeen the theory presented here and the experimental and
pendence is also closer to the experimental exponent valuggmerical results from the literature. Nevertheless it is hoped

that were found to lie in the range 0.3—0.6. _that this simple model will provide a useful starting point for
In a recent communicatioft0], McNamara and Luding  jmproved theories of vibrofluidized granular materials.
presented results from an intensive numerical investigation

into the validity of Eq.(9). Parameters that were varied in- | am pleased to acknowledge useful discussions with Pro-
cludedg (by factors of 25 and 1/25andN/W (by factors of  fessor J.-P. Hansen and Dr. S. McNamara. The research was
5 and 1/5. However, one of the interesting observations wascarried out as part of research Contract No. GR/L 61781,
that, whenC was plotted againskh, all the results fell onto  funded by the Engineering and Physical Sciences Research
a single master curve, even in the dense region. The fact th&@ouncil, and Shell International Oil Products BV.
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