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Scaling laws for a two-dimensional vibro-fluidized granular material

J. M. Huntley*
Loughborough University, Department of Mechanical Engineering, Loughborough LE11 3TU, United Kingdom

~Received 9 February 1998!

A simple model for a two-dimensional vibrofluidized granular material is presented. The choice of a mean
free path proportional to 1/n1/2, wheren is the local number density, leads to scaling laws for the granular
temperature,E0 , which fit experimental data significantly better than previously published models. In particu-
lar, E0 is predicted to scale asV4/3, whereV is the velocity amplitude of the vibration, and asN1/3, whereN
is the total number of grains.@S1063-651X~98!16309-2#

PACS number~s!: 81.05.Rm
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The fluidization of a granular material by vibration h
been the subject of many experimental, theoretical and
merical studies in recent years@1–10#. Under conditions of
high excitation with reasonably elastic collisions, the pro
ability density function for velocity and number density
found to be closely approximated by the classical Maxw
Boltzmann distribution@3,9#. The question then arises: ho
does the parameter analogous to temperature~the so-called
granular temperatureE0) in such a distribution relate to th
degree of excitation provided by the vibrating base of
cell?

Molecular dynamics simulations presented in@1,2#
showed that the increase in the height of the center of m
of the system varied as

Dh}~A0v!a/Xb, ~1!

wherea andb are constants,A0 andv are, respectively, the
amplitude and angular frequency of vibration, andX is a
dissipation parameter given by

X5~N/nb!~12«!. ~2!

In Eq. ~2!, N is the total number of grains,nb is the average
number of grains per layer in the condensed phase, and« is
the restitution coefficient for grain-grain collisions. Ludin
et al. found thata and b took the values 2 and 1, respe
tively, for a one-dimensional system, but thata dropped to
1.5 for a two-dimensional system.Dh is proportional toE0 ,
provided the granular temperature distribution is uniform@3#.
Experimental results suggesteda values in the range 1.3–1.
~depending on the method used to calculateE0) andb values
between 0.3 and 0.6@3#. By contrast, the simple theoretica
analysis described in@3# predicteda andb values of 2 and 1,
respectively, even in two dimensions. Ana value differing
from 2 implies that the mean particle speed does not s
linearly with the mean speed of the vibrating base.
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The purpose of this Brief Report is to describe a sim
modification to the theory in@3# that results in scaling con
stants that are much closer to the experimentally-obser
ones. It is based on the observation that at high pack
densities the mean free path between collisions,lh , deviates
from the low-density valuel l assumed in@3#:

l l5
1

2nd
. ~3!

Here n is the number density andd is the grain diameter.
Equation~3! follows from simple two-dimensional gas ki
netic theory: a rectangle of lengthl l and width 2d swept out
by a moving grain will contain on average one other parti
and result in a single collision. This assumes, however,
the grains are randomly distributed. At high densities this
no longer true: each grain is surrounded by on average
nearest neighbors whose relative positions become prog
sively more correlated as the density increases. In effect
nearest neighbors act as a cage, the size of which defineslh :

lh'
B

n1/2
, ~4!

whereB is a numerical constant of order unity@9#. The dif-
ferent dependence onn and d for the two mean free path
results in differing scaling laws for the granular temperatu
In particular, as the number density increases, the collis
frequency increases more slowly when evaluated by Eq.~4!
than by Eq.~3!. This suggests that, for a given granular te
perature in the dense phase, the energy dissipation rate
be lower than expected from Eq.~3!, in qualitative agree-
ment with the simulation results presented by McNam
and Luding@10#.

The derivation of the granular temperature appropriate
lh will be outlined next.n(y) is given by@3#

n~y!5
mgN

E0W
expS 2mgy

E0
D , ~5!

wherem is the mass of each grain,g is the acceleration due
to gravity,y is distance in the vertical direction, andW is the
width of the cell. The collision rate is
5168 © 1998 The American Physical Society
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Z5
c̄

lh
, ~6!

wherec̄ is the mean particle speed.c̄ is related toE0 through
the equipartition of energy theorem:

mc2

2
5E0 . ~7!

The fractional energy lost per collision is proportional
(12«2); combining this with Eqs.~4!–~7! allows the total
energy dissipation rate due to grain-grain collisions to
calculated as in@3#, giving

Ėh
T}~12«2!c̄S mgE0N3

W D 1/2

. ~8!

This may be compared with the energy dissipation rate
culated in@3# usingl l :

Ėl
T5

C~12«2!c̄dmgN2

W
, ~9!

whereC is a numerical constant.
The approximate rate of energy input provided by t

vibrating base can be easily calculated for the case of tr
gular sawtooth excitation~base moving up and down at con
stant speedV) @3#:

ĖI5
n~0!c̄

2
WV2m. ~10!

Equating Eqs.~8! and ~10! results in an expression for th
granular temperature

E05
DmV4/3

~12«!2/3 S Wg

N D 1/3

, ~11!

whereD is another numerical constant. It seems reasona
to expect that the scaling laws for sinusoidal and sawto
excitation differ only through a constant of proportionalit
For sinusoidal motion of the base,A0v is the parameter
equivalent toV. The analysis therefore predicts ana value
of 4/3, which is very close to the experimental values
1.3–1.4@3#, though somewhat lower than the value 1.5 o
tained from simulations@2#. The 1/Nb ~whereb51/3) de-
pendence is also closer to the experimental exponent va
that were found to lie in the range 0.3–0.6.

In a recent communication@10#, McNamara and Luding
presented results from an intensive numerical investiga
into the validity of Eq.~9!. Parameters that were varied in
cludedg ~by factors of 25 and 1/25! andN/W ~by factors of
5 and 1/5!. However, one of the interesting observations w
that, whenC was plotted againstDh, all the results fell onto
a single master curve, even in the dense region. The fact
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Eqs.~8! and~9! have different scaling laws for the variatio
of ĖT with g andN would appear at first sight to bring int
question the validity of using Eq.~8! in preference to Eq.~9!.
However, Eq. ~8! may not in fact be inconsistent with
McNamara and Luding’s results. We consider the scal
with g first. If g is varied thenE0 must also scale in propor
tion to keepDh constant, since as shown in@3#

Dh5
E0

mg
. ~12!

c̄ scales asE0
1/2 and therefore bothĖh

T and Ėl
T scale identi-

cally ~asg3/2) for fixed Dh. The different dependence onN
(N3/2 versusN2) cannot be dismissed so easily, howev
One possible explanation is that the distribution ofE0
throughout the cell is changing withN: one would expect a
steeper temperature gradient for largeN to provide sufficient
energy flux for the increased dissipation rate within the b
material@9#. Analysis of a nonuniform granular temperatu
is beyond the scope of the present Brief Report, but co
form the basis for future research.

It is also worth pointing out that because of the expon
tial tail of the Boltzmann distribution, there will always b
some point in the cell above which the mean free path
more appropriately described by Eq.~3! than Eq.~4!. How-
ever, the region of the cell with the highest packing dens
will contribute the most to the correctly weighted calculati
of energy dissipation rate, and if this is sufficiently den
then Eq.~11! is likely to be more appropriate than the co
responding Eq.~24! from @3#. At sufficiently high excitation
levels, even the densest region of the medium will be su
ciently dilute for the low density mean free pathl l to be
used and one would therefore expect a transition to aa
value of 2. Such a transition was in fact observed in simu
tions carried out in containers with smooth elastic sidewa
@11#. Sidewalls of this type exert the least perturbation on
system and are the closest configuration to the one anal
here. The transition point between the two exponents w
investigated in Ref.@10# and was found to correspond to
given value ofDh, whereas intuitively one would expect
to occur at a particular value of maximum density. Some
the assumptions made in the analysis~uniform granular tem-
perature; isotropic velocity distribution; no rotational degre
of freedom; number density given by the Boltzmann dis
bution! are only approximately satisfied@3,9# and these may
account at least in part for the remaining discrepancies
tween the theory presented here and the experimental
numerical results from the literature. Nevertheless it is hop
that this simple model will provide a useful starting point f
improved theories of vibrofluidized granular materials.
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