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Bending and twisting elasticity: A revised Marko-Siggia model on DNA chirality
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A revised Marko-Siggia elastic model for the DNA double helMacromolecules?27, 981 (1994)] is
proposed, which includes the inextensible wormlike chain bending energy and a new chiral twisting energy
term. It is predicted that the mean helical repeat lerfgfRL) for short DNA rings increases with decreasing
chain length, while for very long chains in solution, their mean HRL has the same value longer than that for
rectilinear DNAs, independent both of the chain length and of whether the ends are closed. These theoretical
results are in good agreement with recent experimental investigations, and it might be possible that the chirality
in twisting will account for the long-standing linking number deficit puzzle observed in organelle DNAs.
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PACS numbep): 87.10+¢€, 61.41+e, 87.15.By

Single-molecule extension experiments on DNA mol-prefers “linking number deficit” in circular DNA$12], i.e.,
ecules show that freely fluctuating open chai$=OC3  naturally occurring long closed DNAs in biological or-
could be well described by the inextensible wormlike chainganelles are often found to have deficient linking number
(WLC) model[1-3]. For a WLC chain of total length, its  compared with equilibrium solution DNAgor the definition
intrinsic elastic energy is of the fornBE=[;Ax’ds/2,  of the linking number as well as twisting number and writh-
where A=150 base pair¢BP) is called the bending persis- ing number, please s¢&3,14, and references cited thergin
tence length ane =|dt| is the curvature, the change rate of This bias cannot be well explained by the achiral madg!
the tangent unit vecta(s) at arc lengths, 8=1/kgT with studied previously4—6], and its real nature is still somewhat
kg being the Boltzmann constant afd the environment mysterious.
temperaturg3]. However, in addition to bending degrees of  Theoretical investigations on the chiral properties of
freedom, double-stranded DNA molecules have also twistinglouble-stranded DNA were initiated by Fuller more than two
degrees of freedom, and the total intrinsic energy formula fodecades agfil3], who suggested th&-form DNA is a chi-

a deformed DNA chain is still under investigatipd—10].  ral structure with anisotropic cross section. Recently, a chiral
Knowledge of the exact form of the energy formula is nec-elastic theory was proposed by Marko and Siggia to incor-
essary for the study of DNA configurational properties, esporate coupling between bending and twisting deformations
pecially in the case of torsionally constrained DNAs, such asn the energy formul@8]. This model was based on a careful
covalently closed DNA rings in cells. For example, it hasconsideration of the intrinsic symmetry of DNA chains.
been widely accepted that bending elasticity and twistind_ater on, Kamien and co-workers and Marko extended the
elasticity determine to a large extent the particular tertiaryMarko-Siggia(MS) model to investigate twist-stretch cou-
structuregsupercoil$ of DNA rings [4—6]. Previous studies pling of highly extended DNA supercoils and found good
often regard a DNA chain as a thin elastic rod with isotropicagreement with experimef®,10].
cross sectionill]; the total elastic energy is assumed to be  However, when applying the MS model to the case of
FFOCs, one finds that it is in general not compatible with the
L[A C already verified WLC theory for DNA bending elastic[ty—
,B’Ea=f [E(Q§+Q§)+ 5(03—1»0)2 ds, (1)  3]. To attain this compatibility, we further simplify the MS
theory by assuming that the bend-twist coupling constant is
related to the bending and twisting persistence lengths. The
with bending and twisting deformations being independentorresponding internal deformation energy also consists of
of each other; her€ is called the twisting persistence length two parts as in Eq(1), the bending energy and the twisting
and w is the spatial angular frequency of the unstresse@nergy. The only difference is thék; in Eq. (1) is replaced
DNA double helix[4—6], and Q3+ Q3= «? [11]. Although by Q5+ (B/C)Q; in the twisting energy, wherB is called
this simple achiral model is useful in some cases and seemie bend-twist coupling constant. After proposing this new
to be the most natural extension of the already verified WLCelastic energy, we use this model to discuss the mean helical
model, it cannot properly describe the chiral characteristicsepeat lengtiHRL) of open and closed DNA chains in aque-
of real DNA chains. This chirality of DNA molecules has ous solutions. Our results show that for short ring-shaped
been clearly demonstrated by the single-molecule experibNAs, the shorter the chain, the longer its HRL. This ten-
ment of Stricket al. [7]. Another very important phenom- dency is consistent with experimental observations and con-
enon related to the chirality of DNA molecules is that Naturesistent with previous theoretical work on DNA tertiary heli-
cal structure in Ref{8]. However, for very long chains with
twisting freedom, i.e., open chains or closed chains with at
*Electronic address: zhouhj@itp.ac.cn least one defect, we show that their mean HRL is indepen-
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dent both of the chain length and of whether the ends are=0 and no bend-twist coupling will occur. Taking into ac-
closed or not, and its value is longer than that of rectilineaicount this compatibility, the deformation ener¢g) should
DNAs. be revised as

Experimentally, it was discovered that random solution
DNAs have a mean HRL significantly longer than that of A C B 2
rectilinear DNA fiberd 15,16]. However, the reason for this 'BECZJ ds[_(Q§+Q§)+ — (Qs— wo+ —Ql) }
discrepancy has been obscure. Some researchers suggested 2 2 C
that maybe ionic concentrations differ in fibriform and solu- ©)
tion DNAs, causing an observable effect on the twisting
manners. Our present theoretical results indicate another poghe first term is just the WLC bending energy, whereas the
sibility: That the chirality of DNA might be the real reason second term of Eq(3) is a chiral twisting energy formula
for this discrepancy. In fact, we find that the ionic conditionssuggested for DNA chains.

in DNA fibers with high humidity and in solution DNAs It is interesting to note that, compared with the previously
differ only slightly in the experiment of Ref§15,16, so we  mentioned achiral modél), the only new thing in Eq3) is
feel our present explanation may be more reasonable. that a new termB/C)(}, is added into the twisting energy.

First we briefly review the main points of the MS model Thereforemodel (3) can also be considered as a natural
[8-1Q. The configuration of an inextensible polymer are extension of the achiral model (Ffurthermore, experiments
specified by three orthonormal unit vectdrgs),n(s),t(s)}  [17-19 show that a planar circular ring is a possible con-
along the chain, whertis the axial direction vector of the figuration of an undistorted closed DNA chain. Our detailed
DNA double helix andu is a unit vector perpendicular to  calculations(unpublishedl show that in general the original
and pointing from one backbone chain to the othest model (2) cannot predict this kind of behavior, but the re-
X u. It proves to be convenient to use Euler angles by settingised model will do so. Thus we feel the new elastic energy
e =u, e,=n, ande;=t, with 9.6=QXxg (i=1,2,3); here is well justified in the following sensesi) it embodies the
Q=(0Q,,0,,05) is angular velocity of the framgg} [11].  microscopic symmetry of DNA moleculesii) it predicts
Since the two-constituent backbone chains run in opposit¥/LC behavior of FFOCS(iii ) it predicts the proper configu-
directions, symmetry analysis shows that the polymer elastitations of undistorted DNA ringgjv) its limiting case is the
energy should remain unchanged under the transformatioaichiral model(1). Model (1) has been intensely used in the
{e,— —e,, e3— — 3}, which is a rotation of 180° around the literature (see, for example, Refd4-6], and references
axisn. Thus, after taking into account the fundamental chartherein, and many interesting results have been obtained. To
acteristics of DNA that an undistorted open DNA form awhat extent will the new elastic energy E@) affect the
linear double helix with spatial frequeney,, the most gen- configurational as well as statistical properties of DNA? This
eral elastic energy up to quadratic order in the deformationss yet to be carefully investigated. In the following, we will
should be of the forni8] discuss the twisting properties of the DNA double helix

based on this new chiral twisting energy. We will see that the
chiral twisting energy leads to many nontrivial effects.
", , C ) The HRL of the DNA double helix is defined as the arc
BE.= j dg 5 Q1+ 505+ 5 (D3~ wg) lengthh traversed when one of the two constituent backbone
chains winds around the central axis for one turn et &
other words, it is the length over which the twisting number
. 2 of the double-stranded chain increases 1. The HRL is not
necessarily a constant along the chain, therefore in accor-
dance with various previous investigations, we can define the
The first two terms are related to bending deformations anénstantaneous HRL at arc lengthas the quantityh which
A’, A are bending persistence lengths along the directipns satisfies Twg+h) —Tw(s)=1, where
and e;, respectively, the third term is twisting energy, the
last term is caused by bend-twist coupling, @& the cou- 1
pling constan{8]. Equation(2) can be further extended to Tw(s)= pye
include stretch-twist coupling9,10], but this effect is not i
important for DNAs at ordinary conditions.

It is easy to know that, for FFOCs which can twist freely js just the twisting number[13,14, Tw’'(s)=(y’
so we need only to consider bending deformations, the MS: ¢’ cos¢)/27. And the mean HRL is the value of aver-
model(2) is in general not equivalent with the WLC internal aged over the whole chain; here and later! fneans differ-
energy[A(Q+Q3%)ds/2. In this case we can integrate out entiation with respect to arc length Based on the above
Q3 in Eq. (2) and obtain the effective bending energy to bementioned knowledge, first of all we calculate the HRL of
BEp=[[(A’—B?/C)Q%+A03]ds/2. Thus, for the MS short DNA rings. In this case, thermal fluctuation can be
theory to correctly predict the WLC behavior for FFOCs neglected and the stable configuration of the chain will mini-
observed in experiment§1-3], the condition B?=(A’ mize the elastic energy E@3). The corresponding Euler-
—A)C is required to be satisfied among théseean-field Lagrange variational equation of mod@) is listed in the
elastic constants. In other words, experimental observation8ppendix. Equation$A2)—(A4) show that, for a torsionally
indicate thatbend-twist coupling in DNA chains is induced relaxed DNA ring the stable shape is a flat circle, with
by anisotropy of the chain cross sectidh A’'=A, thenB =7/2, $=2ms/L, and

+ 891(93_ (1)0)

P(s)+ J:¢’(s)cos fds 4
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ds, (10

LA
BEsc= | |5t/ 2+ yt2+ -t
02

(11)

27B B+ 0, in qualitative agreement with the experiment of Wang
Y'=wo= s Siny. (5)  [15]. However { k%(S))pengis difficult to calculate for a WLC
chain, partly due to the fact thét|>=1. Here, we have to
Then we can know from the above definition that its HRL is@dopt a self-consistent field method to convert this local con-
straint to a global one such thigt?ds=L and determine the
[ @wo 2 B2 72 corresponding Lagrangian multiplier self-consistently by re-
h= 27 \CL (6) quiring (t?)=1 (the validity of such a treatment has been
argued in Ref[21]). The self-consistent field internal energy
As long asB#0, this value for a DNA ring is longer than is
ho=2m/wq, the value for undistorted linear chains. Espe-
cially interesting of Eq(6) is that it predicts that the shorter
the chain, the longer its HRL. Such a tendency in HRL was
observed in various experiments7—19, and a very recent
crystal structure of the nucleosome core particle also showshereX is for possible end constraints. Detailed calculation
that the mean HRL of nucleosome DNA wound on proteinsshows that
is considerably higher than that of rectilinear DNf20].
What biological significance will this lead to? We mention (1%(S) Ypond= g
here that this bend-twist couple induced HRL change may be K bend™4p2°
closely related to the observed linking number deficit puzzle
in organelle DNAs mentioned earligt2—14. Further inves-  Which is independent of the value af i.e., independent of
tigations, especially computer simulations, are needed in thighether the chain is ope&0) or closed A#0); and itis
respect. also independent of chain lendth provided that the chain is
The case of long chains is more important and interestingong enough. The self-consistent result Edl) demonstrates
but much more difficult to tackle. In this case thermal fluc-that the mean curvature of a WLC chain is 8/2Thus Eq.
tuation becomes the most important and we must make ud®) predicts that long solution DNA, whether linear or circu-
of statistical methods. Modé¢B) shows that for a chain with lar, has the same mean HRL longer than that of the rectilin-
twisting freedom its axiakt) distribution is just that of a ear DNA.
wormlike chain, which is For very long closed DNA chain@bout several tens of
thousands of base palirgel electrophoresis experiments did
51 At ., reveal a significant increase in mean HRL, with
p(tl'to’s):ﬁ Dlt(s)Jexp — 5 fot ds;, () h=10.4 BP{15], however, the HRL for rectilinear DNAS is
° only 10 BPs lond16]. As mentioned before, for a long time
and for each specific axial configuratiofs), the real reason for this phenomenon has not been clear. Our
present theory gives a natural and reasonable explanation,
, , , : . proposing that this discrepancy is induced by the chiral twist-
¥'(8)=wo— '(s)C0S = = $'(s)sin 0 sin ¢ ing energy in mode(3). To be more quantitative, we insert
the experimental values into E(P) and estimate thaB/C
B Ee’(s)cosdf ®) =17.8. This relatively large value indicates that the persis-
C ' tence lengthA’ is much longer tham in Eq. (2). However,
this anisotropy cannot be observed by force versus extension
To calculate the thermal average of the HRL, as the first stepxperiment on torsionally relaxed chaing/e hope that fu-
we will focus on a simpler case, in which the DNA chain lies ture experiment on torsionally constrained DNAs will pro-
on a plane. Thewy(s)=0 in this two-dimensional2D) situ-  vide reliable values for the bending persistence lengths, and
ation and Eq(8) reduces ta)’(s)=wo— (B/C)#’(s)cosy,  thus further check the results obtained by our theoretical
and the HRLh is just the length needed f@grto increase 2.  work.
Because the value aof increases 2 about every 10 BPs In summary, we have proposed a revised Marko-Siggia
while it must take about 150 BPs f@rto increase the same chiral elastic model for DNA molecules and discussed its
value, we can reasonably tal€(s) as constant while cal- predictions on DNA double helix mean helical repeat length.
culating the instantaneous HRL Thus the instantaneous The theoretical results show that for short DNA rings, their
HRL at arc length s is h(s)=(2n/wpy)[1l mean HRL increases with the decreasing of chain length;
—B2k?(s)/C2w3] Y2, where k%(s)=6'(s)? for the 2D  while for very long chains, whether open or closed, their
case. mean HRL is independent of chain length and is longer the
Similarly, for the general 3D case we can get the samevalue for rectilinear DNAs. These results are in good agree-
result, merely that nowk?(s)=¢'? sir 6+6¢'2. Conse- ment with experiments.
guently the mean HRL is calculated to be

) APPENDIX: THE EULER-LAGRANGE VARIATION

= B OF EQ. (3
h:<h(s)>bend: ho| 1+ 2C2 2<K2(S)>bendv 9 Q-
@o
. . The possible stationary configurations of an elastic fila-
where(: - -)pengMeans average with respect to the WLC dis-ment with energy functional Eq(3) and subjected to the

tribution Eq.(7). We see from Eq(9) thath> h, whenever constraint of fixed end-to-end distance are governed by the
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following Euler-Lagrange equation:
—A(¢'sir? 6)'—| (C cos #+B sin 6 sin ¢)< ¢'cos 6+ '

5“)(,8EC—)\~ f tds) =0, (A1)

B !
—wot =(¢'sin 8 sin y+ 0’cos<//)”
whereh = (\1,\2,\3) is the Lagrange multiplier. This varia- C
tion (with respect to_the .three Euler anglésads to the fol- —\COS ¢ Sin B—\,Sin ¢ sin 6=0, (A3)
lowing shape equations:

Ag'?sin 6 cos §—AG"—(C¢'sin 6—B¢’'cos 6 sin i)

!

B ’ ! B ! ot 1 !
x| ¢'cos b+ ' —wot = ('sin 6 sin g —C| ¢'cosb+ ¢y’ —wot = ('sin 0 siny+ 6 COSl/f))

+(B¢'sin 6 cos—B6'sin i)

+6'cosy) | —C

cos zp( ¢'cos b+ ' — wq

B
¢'cos 6+ ' — wyt+ 6(¢’sin 0 sin

B ’ X
+E(¢’sinasin Y+ 0’ cosw)) —\4Sin ¢ cosd
+ X\ ,C0S ¢ COS O+ \3Sin 6=0, (A2) + 9'003//)) =0. (A4)
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