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Control parameter in granular convection

Keiko M. Aoki
Institute of Computational Fluid Dynamics, 1-22-3 Haramachi, Meguro-ku, Tokyo 152-0011, Japan

Tetsuo Akiyama
Department of Chemical Engineering and Materials Science, Shizuoka University, 3-5-1 Johoku, Hamamatsu 432-8002, Jap

~Received 17 April 1998; revised manuscript received 25 June 1998!

We perform dynamic simulations of discrete systems involving convection roll patterns. The present study
reveals that the self-diffusion constantD and the energy diffusivitya are two transport coefficients relevant to
dynamic granular systems. This conforms to the basic physics of vibrated granules: a phenomenon of mass
diffusion induced by energy injection. The ratioD/a gives rise to an intrinsic physical property which,
together with the external vibrational acceleration, constitutes a dimensionless control parameter equivalent to
the Rayleigh number in heat induced fluid convection.@S1063-651X~98!05810-3#

PACS number~s!: 46.10.1z, 66.10.Cb, 47.27.Te
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I. INTRODUCTION

Over the past decade there has been a surge of intere
the basic physics of pattern formation in diverse fields,
cluding crystallography, geology, hydrodynamics, biolog
and recently in granular materials under dynamic conditio
Rayleigh-Bénard convection rolls, which emerge when a th
layer of fluid is heated from below, have long been stud
as a representative case of spatial pattern formation in n
equilibrium fluid systems@1#. The instability in fluid motion,
which is the precursor to pattern formation, is governed
the Rayleigh numberR, which is the ratio of the destabiliz
ing buoyancy force to the stabilizing dissipative force.

Recently it has been found that multipairs of convect
rolls appear when granules in a rectangular container
subjected to~continual! vertical vibrations @2#. Although
granules are often fluidized in a variety of industrial pr
cesses, there exists no consensus yet as to intrinsic pa
eters, like viscosity in fluid, that characterize the dynam
state of granules. The present paper conducts two dim
sional particle dynamics simulations to search for suc
control parameter for granular materials under dynamic c
ditions.

The duality of granular behavior, both fluidlike and soli
like, has attracted the attention of a growing number of
searchers@3–5#. Heap formation accompanied by convecti
currents, which occurs when granules are subjected to v
cal vibration, is one well known example of granular beha
ior that shows the mixed characteristics, both fluidlike a
solidlike. Another good example that shows the duality
granules is multipairs of convection rolls, analogous
Rayleigh-Bénard convection in fluids@2#, which appear in a
wide size range of granules when vibrated. There are, h
ever, certain aspects in the granular convection that di
significantly from convection in fluids. Two particular cha
acteristics of granular convection rolls are~i! the number of
convection rolls increases with increasing vibrational inte
sity with other conditions fixed, and~ii ! there are, in certain
cases, large dead zones in between convection rolls or
the side walls, where granules hardly move. Several attem
have been made to express dynamic granular behavio
PRE 581063-651X/98/58~4!/4629~9!/$15.00
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continuum theory using modified Navier-Stokes equatio
@6,7#. However, as argued by Jaegeret al. @5#, there is no
compelling reason to believe that the granular system ca
characterized by a continuum model. In the granular syste
under consideration energy is solely supplied by external
brations since the thermal fluctuations of the constituent p
ticles are negligible. The local fluctuation and macrosco
flow of particles are both induced by the external vibration
force acting on the system. In contrast, heat~thermal fluctua-
tion! and work~movement of the control volume! are distin-
guishable in fluid dynamics. The major problem in descr
ing the granular system by a continuum model lies in
difficulty of differentiating the microscopic length scale fro
the macroscopic one: the ratio of characteristic length of
pattern to particle size extends only to the order of 13.
Under such a condition it becomes difficult to make clear-
definitions for intrinsic physical properties of the syste
such as viscosity.

In addition, the difficulty of describing the behaviors o
granules in the context of existing physical laws is furth
enhanced by the following reasons. A ‘‘dynamic’’ referen
state, such as the thermal equilibrium in thermodynamic s
tems, is not known in granular systems. The static state is
only relevant reference state, although even multiple sta
exist as static states depending on how much stress is a
mulated in the granules. Furthermore, the static phys
properties are not necessarily related to the physical pro
ties of dynamic systems; it is not certain what kinds of va
ables change continuously~or slowly! in granular systems
For certain granular systems there exists a dynamic ste
state where the energy input and the dissipation balance.
convective roll pattern in a vertically vibrated bed, which w
treat in this paper, is one such example. However, even
such a case, it is not clear whether the average can be us
describe the system effectively. An ensemble average
given instant does not necessarily reflect the entire dyna
cal process of the system@8# and thus the ensemble avera
seems to be insufficient to specify the dynamic granu
state. If there exists a dynamic reference state, it will pr
ably be defined as a time average of the system.

The critical point of instability in open systems, at whic
4629 © 1998 The American Physical Society
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an ordered pattern emerges, is determined by the bal
between the destabilizing force and the stabilizing force. T
stabilizing force is dissipative in nature, and is associa
with intrinsic physical properties of the system. In the case
a vibrated granular bed the destabilizing force is obviou
the vibrational one. A widely used external dimensionle
control parameter for vibrated granular beds is the ratio
vibrational acceleration to that due to gravityG
5a(2p f )2/g, where a and f are the amplitude and fre
quency of the vibration, respectively, andg is the gravita-
tional acceleration. As to the intrinsic physical proper
however, there is no universally accepted one, like visco
in fluid, that can be readily measured. Since the granu
~because of its discreteness! dilate and/or are thrown into
space with the movement of the container, the transfer rat
vibrational energy to the bed varies with time, and hen
static properties are not directly related to the dynamic
havior of granules. Therefore certain parameters, which
flect the effectiveness of energy transfer to the bed al
with diffusivity of the particles, need to be specified. T
objective of the present study is to evaluate such parame
and to search for a universal control parameter characteri
the vibrated granular bed. Underlying the present study is
question of whether we can define a macroscopic varia
~expressing the physical properties of granules! indepen-
dently of microscopic details~despite the fact that the granu
lar system exhibits a mixed state, both fluidlike and solidl
characteristics!.

II. METHOD

A. Simulation model

Particle dynamics~PD! simulation uses a model whic
defines the interaction between particles~usually in a form of
pairwise interaction!. The dynamics of the system is dete
mined by the force~which is the sum of all pairwise inter
actions! acting on each particle. Simulating a system cons
ing of many particles which are interacting via a simp
model as described above has the advantage of extractin
essential features of the phenomena under consideration
use a model which is based on the postulates that basic
tures of granular materials can be described by the exclu
volume effect and the dissipation of kinetic energy betwe
granules@9–11#. The excluded volume effect can be defin
as a property that the forcef i j between two particlesi and j
tends to be infinity asr i j approaches a limiting value, wher
r i j is a distance between particlesi and j . Both hard-core
~which is f i j 5` at r i j 5d) and soft-core (f i j 5` at r i j 50)
models meet this criterion. Such simple models expres
sort of degenerate phase space whose parameters are
than those of the experimental real space.~For instance,
hard-core models do not have an independent unit of tim
must be determined in relation to kinetic energy.! Therefore
we encounter the difficulty of matching the intrinsic simul
tion units with the real space units. Indeed, this matching
sometimes crucial whether or not the simulation succeed
accurately reproducing the experimentally observed phen
ena. We have succeeded in establishing the relation betw
intrinsic simulation units and experimental ones in our p
vious study through the frequency dependence of sur
wave patterns@10#. It should be mentioned that the dissip
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tion coefficientg ~which is the only internal parameter in ou
model! expresses the difference in material property. Pre
ous studies have shown that the effect of granular size ca
accounted for by the difference in the value of dissipat
coefficients. This implies that the simulation with a chan
in the value ofg represents either~i! a system consisting o
particles made of different material~from the original! with
the particle size fixed or~ii ! a system of different sized par
ticles ~from the original! made of the same material.

We perform simulations on dynamic systems correspo
ing to glass bead beds under vibrations at frequency 50
†gs50.2352/(2p)2, refer to@10# ‡. This is to compare simu-
lation results with experiments@2#. The use of an algorithm
suited for vectorization@12# enables us to pursue a system
atic investigation of large systems by workstations. Here
report on simulation results of the following systems:~i! dis-
sipation coefficientg50.4, system sizeN59000, and con-
tainer width L5150; ~ii ! g50.4, N512 000, andL5200;
~iii ! g51.0, N59000, and L5150; ~iv! g52.0, N
512 000, andL5200; ~v! g50.4, N54500, andL5150;
~vi! g50.4, N513 500, and L5150; ~vii ! g50.4, N
518 000, andL5150. As mentioned above, the differenc
in the value ofg expresses the difference in material pro
erty and/or granular size. Results are shown in reduced u
As a representative case, velocity profiles of system~i! under
various vibrating intensities are shown in Fig. 1. Figure
indicates that our simulations reproduce well basic featu
of convection rolls observed in the experiment@2#. Note that
the number of rolls increases with increasing vibrational a
plitude. This is the first to show the multiple pairs of co
vection rolls via computer simulations.

B. Transport coefficients

Here we investigate whether the first order transport
efficients can be extracted by particle dynamics simulation
vibrated granules.

In general, transport coefficients can be described, t
first order, by the phenomenological relationship

]X

]t
5c

]2X

]x2
, ~1!

whereX stands for concentration for mass transfer, and
ergy for energy transfer, with the coefficientc being mass
diffusivity ~constant of self-diffusion! in the former, and en-
ergy diffusivity ~related to thermal diffusivity in fluids@13#!
in the latter.

Expressions for the transport coefficients involving dis
pation in canonical ensemble were given by Helfand@14#.
The transport coefficients were also investigated by Al
et al. @15# using molecular dynamics simulations. The abo
studies use the finding of statistical physics of thermo
namic equilibrium, i.e.,̂ DE2&5kT2Cv . In an open system
operating far from thermodynamic equilibrium such a re
tionship cannot be utilized. However, when one deals w
transport phenomena involving a sufficiently long time sc
compared to the characteristic time of perturbation~in this
study, vibrational period! the phenomenological transport co
efficients can be evaluated by the slopes determined by
relations given below. The mass diffusivityD is related to
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FIG. 1. ~Color! Velocity profiles of vertically vibrated granular beds of system~i! g50.4, N59000, andL5150 for three values ofG.
Colors show relative magnitude of vertical velocities: blue denotes the maximum upward flow velocity and red the downward. The
velocity vectors for 140 vibration cycles are shown.~a! G53: Only the upper half of the bed fluidizes and particles near the bottom do
diffuse.G53 is slightly lower than the threshold value for the appearance of stable convective roll patterns.~b! G54: Two convection rolls
can be discerned near the walls. There exists a dead zone where particles hardly diffuse in the middle.~c! G56: Highly fluidized state with
six rolls ~four upward and three downward flows!.
rage

the mean square displacement as shown below.

D5^@x~ t !2x~0!#2&/2t, ~2!
wherex(t) denotes the position at timet, and the angular
brackets indicate an average over an ensemble: an ave
over the entire system at a given timet.

Following a procedure similar to Helfand@14#, we obtain
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the expression for energy diffusivity below. Here, ‘‘e
semble’’ is used to mean a collection of states; it is n
necessarily the true microscopic ensemble in the sens
statistical mechanics. This paper tries to follow the pheno
enological approach as much as possible, since ther
hardly any established theory concerning the statistical
chanics on fluidized granules. We start from the phenome
logical relation of first order,

]E

]t
5ax

]2E

]x2
, ~3!

whereE(t) is the internal energy of a particle at timet. We
consider a subensemble whose initial position isx0 and en-
ergy E0 , and is subject to boundary conditions

E~x,0!5E0d~x2x0!, E~6`,t !50. ~4!

The second boundary condition in Eq.~4! indicates that the
subensemble (x0 ,E0) cannot diffuse to infinity in finite time.
The solution for Eq.~3! subjected to the above bounda
conditions is

E5
E0

A4paxt
expF2

~x2x0!2

4axt
G , ~5!

which shows that the broadening of the originald function is
Gaussian. Equation~5! also indicates that the energy of su
ensemble (x0 ,E0) decays to zero ast→`. In continuously
vibrated granular systems the consecutive perturbation~en-
ergy input! might occur at a finite timet ~before the input
energy decays to zero!. Previous simulation studies sho
that the time instant when the energy input occurs will
position dependent: it is especially dependent on the ver
position of particles in the bed@9#.

The second moment ofE is

M25E
2`

`

~x2x0!2Edx

5E
2`

` E0

A4paxt
~x2x0!2 expF2

~x2x0!2

4axt
Gdx52E0axt.

~6!

Reassembling the ensemble, using the above result@Eq. ~6!#
and the relationshipf (x0)51/l x , we have

I 5(
i

N E
0

l xE
2`

`

E0M2f ~x0! f ~E0!dx0dE0

52axt(
i

N E
2`

`

E0
2f ~E0!dE052axt^E

2&. ~7!

No assumption is made as to the probability of the sub
semble (x0 ,E0), f (x0) f (E0). Microscopically,I can be in-
terpreted as

I 5^Ei~0!@xj~ t !2xi~0!#2Ej~ t !&. ~8!

Combining Eqs.~7! and ~8! leads to
t
of
-
is

e-
o-

e
al

-

ax5
^@xj~ t !2xi~0!#2Ei~0!Ej~ t !&

2^E2&t
, ~9!

whereax is the energy diffusivity in horizontal (x) direction
@16#. Measurements of diffusivities in our PD simulations a
done under the assumption that the correlation of particle
iÞ j is not relevant in long time scales. The value( i@xi(t)
2xi(0)#2Ei(0)Ei(t)/N ~summation overi alone! is mea-
sured in our simulation in relation to the energy diffusivit
If the phenomenological description of Eq.~3! holds in
granular systems, the valuê @x(t)2x(0)#2E(0)E(t)&
should increase linearly witht in a dynamic steady state. Fo
simplicity only the horizontal (x) components of theD and
a are given above. In the simulations, both the horizontalx)
and vertical (y) components were evaluated to estimate
degree of anisotropy of the system. The simulated value
mean square displacements and^@x(t)2x(0)#2E(0)E(t)&
fluctuate, whose magnitudes generally increase with t
except for a few cases~explained later!. In spite of such
fluctuations, their mean values increase almost linea
with time. Thereforeax in Eq. ~9! can be determined by
taking the straight-line fit~in terms of mean square! from
^@x(t)2x(0)#2E(0)E(t)& versust plotting when the system
is in a dynamic steady state@17#. When taking the ensembl
average of the energŷE(t)& over timet, we observe that it
fluctuates in an unpredictable manner in a short time sp
As a physical property representing the dynamic steady s
of the system the long time average of the entire system
considered to be more appropriate than the ensemble ave
at a given time instant̂E(t)&. Thus the value*0

s^E2(t)&dt/s
for a time periods is used instead of the value^E2(t)& in Eq.
~9!: s is taken to be the time period in which physical pro
erties are measured~usually 300 vibrational periods!.

It is not appropriate to interpreta as a parameter relate
to thermophysical variables, since the thermal fluctuat
~heat! of the constituent particles is negligible in granul
systems.

III. RESULTS

A. Internal energy

First, we show that the commonly used parameterG is not
a universal parameter in thatG alone cannot specify a stat
~degree of fluidization! of the bed independently of granula
materials. The relations betweenG and an ensemble averag
of internal energy^E& and its variances5A^E2&2^E&2

~over 300 vibrational cycles! at dynamic steady states a
shown in Figs. 2~a! and 2~b!, respectively; the internal en
ergy E is defined as the kinetic energy plus the poten
energy. Figure 2 indicates that a linear relationship ho
between̂ E& andG ~and betweens andG) for each system,
but its proportional constant differs between systems w
different g. This implies that the dynamic state of the be
~represented bŷE&) is dependent on the granular material.
is evident on inspection of Fig. 2 that the differences in t
values of^E& become insignificant for small values ofG,
indicating that the dynamic state of the bed does not dep
on material for small values ofG. It is reported that the
critical value of G for heap formation, which is slightly
above unity, is independent of particle size@18#, which, in
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fact, conforms to our simulation results in that the dynam
state of the system~in our simulations! is scarcely dependen
on g ~note that the difference in the value ofg means dif-
ference in either material or particle size! for G<2, but is
clearly dependent ong for larger values ofG.

It should also be mentioned that the critical value ofG,
above which the convection roll patterns appear, is dep
dent on granular materials~the value ofg), in good agree-
ment with experiment.

The above results clearly show that the commonly u
parameterG is not a universal parameter:G alone cannot
specify a state of the bed independently of granular mat
als.

B. Transport properties

In this section we describe the time evolution of t
physical values pertinent to the transport properties of
dynamic state of granular systems, and how we evaluate
first order phenomenological transport coefficients.

In Figs. 3~a!, 3~b!, and 3~c!, we show mean square dis
placementsM5^@x(t)2x(0)#2& as a function of timet in
both horizontal~denoted byX) and vertical~denoted byY)
directions for system~ii ! at G52, 4, and 6, respectively
Time t is expressed in a unit of one vibrational cycle. Th
time unit will be used hereafter unless stated otherwise. E
line in Fig. 3 represents an average of three consecutive r
each with 100 vibrational cycles after the system has reac
a dynamic steady state. Insets show the system evolutio
early timest<10. At G52, the particles move only near th
free surface and container walls, and the resultant diffus
constants~which were evaluated from the slope ofM ’s) ex-
hibit strong anisotropyDx /Dy55.0 @Fig. 3~a!#. Note that the
diffusion in horizontal (X) direction is smooth, while the
value of M in vertical (Y) direction is resonant with the
external vibration. However, the mean values ofM ’s in-

FIG. 2. Ensemble average of the internal energyE ~a! and its
variance~b! over 300 cycles of vibration versusG for systems~i!
g50.4, N59000, andL5150 (L, solid line!; ~ii ! g50.4, N
512 000, andL5200 (h, dotted line!; ~iii ! g51.0, N59000, and
L5150 (d, dashed line!; ~iv! g52.0, N512 000, andL5200
(1, dot-dash line!. Lines represent least mean square fits.
c
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crease almost linearly with time, allowing us to determi
the diffusion constantsDx andDy from their angles of incli-
nation to the abscissa. AtG54 @Fig. 3~b!#, the diffusion inX
direction is still smooth~although the linearity with respec
to t deteriorates compared to that whenG52), but the val-
ues ofM in Y direction fluctuate with a period five times th
external vibration as evidenced in the inset. Convective
patterns appear for this condition of granular beds, altho
the roll patterns are not so stable. The fluctuation over a l
time ~five times the vibration period! of M in vertical (Y)
direction becomes more clearly noticeable atG56 as seen in
Fig. 3~c!. It is also seen in Fig. 3~c! that a long time fluctua-
tion ~ten times the vibration period! appears for the horizon
tal (X) direction as well. Six convection rolls are seen
appear for the case of Fig. 3~c!.

The linearity of theM ’s with t is dependent on the vibra
tional accelerationG and material propertyg. There is a
tendency that the state of the granular bed becomes uns
with increasing values ofG and g, resulting in greater ir-
regularities in the values ofM ’s. Nevertheless, we use th
angle of inclination in the plotting ofM vs time to evaluate
phenomenological~first order! diffusion constants.

We examine the relationship, Eq.~9!, in this paragraph.
Simulation results of̂@r (t)2r (0)#2E(t)E(0)& are shown in
Fig. 4 as a function oft for system~ii ! at ~a! G5 2 in both
horizontal~denoted byX) and vertical~denoted byY) direc-
tions, ~b! G54 in horizontal direction,~c! G54 in vertical
direction, ~d! G56 in horizontal direction, and~e! G56 in
vertical direction, respectively. All data shown are averag

FIG. 3. Mean square displacements (M ’s) versus timet ~in
units of a vibration cycle! in horizontal (X) and vertical (Y) direc-
tions for system~ii ! at ~a! G52 ~amplitude a50.47), ~b! G
54 (a50.94), and~c! G56 (a51.41).
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of three consecutive runs, each with 100 vibrational cyc
after the system has reached a dynamic steady state. I
show the time evolution at early timest<10. The value
^@r (t)2r (0)#2E(t)E(0)& shows a resonance with the exte
nal vibration whose phase in the horizontal direction diffe
by approximatelyp from that in the vertical direction. Fluc
tuations of these values as well as their magnitudes gene
increase witht except for the case ofG52 in vertical direc-
tion, when the fluctuations remain at nearly the same le

FIG. 5. Self-diffusion constantD versusG. Different symbols
refer to different states of the system;s: stable convection rolls
appear;n: convection rolls appear but are not stable;3: no stable
convection roll ~either partially fluidized or highly agitated! ap-
pears. Results for systems~i! – ~iv! are shown. The values ofD and
a were evaluated by taking averages of three consecutive runs,
with 100 vibrational cycles after the system has reached a dyna
steady state.

FIG. 4. ^@x(t)2x(0)#2E(0)E(t)& versus timet for system~ii !
at ~a! G52 ~amplitudea50.47) in horizontal (X) and vertical (Y)
directions,~b! G54 (a50.94) in horizontal direction,~c! G54 in
vertical direction,~d! G56 (a51.41) in horizontal direction, and
~e! G56 in vertical direction.
s
ets

s

lly

l.

The value ofa is calculated from the mean angle of th
inclination in the plotting of^@r (t)2r (0)#2E(t)E(0)& vs
time.

The self-diffusion constantD and the energy diffusivitya
for systems~i!–~iv! are plotted againstG in Figs. 5 and 6,
respectively, wherein symbolss, n, and 3 are used to
express the states of convection for all the systems inve
gated. Figures 5 and 6 both show that the values ofD anda
are generally larger~at given values ofG) when stable con-
vection rolls exist than when no stable convection roll exis
However, no clear-cut relation is discernible between the
fusivities andG. We have presented in@19# how the material
property affectsD ~anda) vs G relations.

Since granular convection can be envisaged as par
mass diffusion induced by energy input, the ratio ofD anda
~both of which have the dimension of length2/time) can be
thought of as a relevant dimensionless parameter for the
tem. The values ofD/a are plotted againstG in Fig. 7 @data
for systems~i! – ~iv! are included in Fig. 7#. It can be seen
from Fig. 7 that the value ofD/a is larger than 5 whenG
<3 but becomes significantly small for larger values ofG.
This large difference in the values ofD/a for G<3 and for
G>4 suggests thatD/a manifests the intrinsic physica
property of the dynamic granular systems, because gran
systems exhibit rather strong resistance~whose characteris
tics depend on material properties! against perturbations~due
to external forces! at the quasistatic regimeG<3: this strong
resistance is well represented by significantly large value
D/a whenG<3. An important point to note is that the av
erage value ofD/a ~for the entire system in 300 vibrationa
cycles! characterizes a macroscopic physical property of
system well, although each of its constituentsD anda dif-
fers locally ~or microscopically!. The value ofD/a charac-

ch
ic

FIG. 6. Energy diffusivity constanta versusG. Symbolss, n,
and 3 refer to the same states of the system explained in Fig
Results for systems~i! – ~iv! are shown.

FIG. 7. D/a versusG. Symbolss, n, and3 refer to the same
states of the system explained in Fig. 5. Results for systems~i! –
~iv! are shown.
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terizes the internal physical property of the dynamic granu
systems, whereas viscosity characterizes the physical p
erty of fluids in motion:D/a in granular dynamics and vis
cosity in fluids play a similar role in the sense that bo
characterize physical properties of pertinent systems ma
scopically ~independently of microscopic details!. We have
shown in @19# how the material property~the value ofg)
affects the relation betweenD/a andG. The material prop-
erty strongly affectedD/a especially in the quasistatic re
gime (G<3).

Experimental studies have shown that the bed heightH of
the granular bed is an important factor that characterizes
state diagram of a granular system@2#. In Figs. 5–7 we have
dealt with systems different in material but identical in t

FIG. 8. D/a versusH at G56 for g50.4 andL5150. Symbols
s, n, and3 refer to the same states of the system explained
Fig. 5. Results for systems~i!, ~v!, ~vi!, and~vii ! are shown.
r
p-

o-

he

bed heightH5N/L. Figure 8 showsD/a as a function ofH
for a given material (g50.4) at G56. We observed six,
four, and two stable convection rolls appear forH560, 90,
and 120, respectively. Figure 8 clearly shows thatD/a is
dependent onH. This is probably because the density of t
granular assemblage increases with increasing bed he
thereby enhancing the collective motion of granules. Co
parison between Figs. 7 and 8, atG56 ~which represents a
highly fluidized regime!, indicates that difference in the be
height H affectsD/a more drastically than does differenc
in material property. This contrasts with the behavior in t
quasistatic regime (G<3) where the difference in materia
property has drastic effects on the value ofD/a.

n
FIG. 9. The dynamical anisotropyDy /Dx versusA5Ga/D.

Symbolss, n, and3 refer to the same states of the system e
plained in Fig. 5. Results for systems~i! – ~vii ! are shown. Stable
convection roll patterns appear within the closed line.
TABLE I. Self-diffusion constantD and energy diffusivitya in horizontal (x) and vertical (y) directions

and the control parameterA5Gā/D̄.

System G ^E& ^E2& Dx Dy ax ay Dx /ax Dy /ay A State
@3101# @3103# @31021# @31021#

3 3.20 1.54 1.57 0.709 0.273 0.151 5.75 4.68 0.5593
~i! 4 3.61 2.18 3.95 2.53 1.80 1.01 2.19 2.51 1.73s

6 4.56 4.29 5.44 4.42 2.44 1.78 2.23 2.48 2.57s

7 5.08 5.82 5.60 4.03 2.76 2.00 2.03 2.01 3.463

2 2.75 1.00 1.06 0.211 0.165 0.0364 6.40 5.79 0.3183
~ii ! 4 3.58 2.15 4.41 2.83 1.48 0.874 2.99 3.24 1.30n

5 4.04 3.05 5.57 4.17 2.79 1.93 2.00 2.17 2.42s

6 4.50 4.18 4.75 3.32 2.19 1.51 2.17 2.20 2.75s

2 2.64 0.941 0.218 0.0332 0.0213 0.00499 10.2 6.66 0.213
3 2.92 1.28 0.567 0.222 0.0739 0.0405 7.67 5.50 0.4353

~iii ! 4 3.30 1.82 2.38 1.90 0.648 0.559 3.68 3.39 1.133

6 4.05 3.30 7.11 6.30 3.90 3.13 1.82 2.01 3.14s

7 4.35 4.14 6.41 5.32 4.17 1.96 1.54 2.72 3.65s

3 2.87 1.21 0.144 0.0719 0.0184 0.0121 7.85 5.93 0.423
4 3.22 1.70 0.785 0.627 0.333 0.243 2.36 2.58 1.633

~iv! 5 3.48 2.15 2.69 2.35 1.08 0.881 2.49 2.67 1.95n

6 3.74 2.70 4.09 4.05 2.09 1.83 1.96 2.22 2.88s

8 4.41 4.28 5.10 4.55 3.75 2.70 1.36 1.68 5.353

~v! 6 3.65 3.18 9.69 5.11 3.49 2.22 2.78 2.30 2.323

~vi! 6 5.51 5.70 12.1 9.33 4.96 2.95 2.44 3.16 2.22s

~vii ! 6 6.42 7.28 21.6 16.9 7.42 4.97 2.91 3.39 1.94s
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C. Control parameter

From the results mentioned above, it is clear that neit
the intensity of external vibrationG, nor the internal param
eterD/a alone can express the degree of fluidization, sin
the bed shows different degrees of fluidization for given v
ues ofG or D/a. Naturally, the control parameter that d
termines the critical point of instability is dependent on bo
the external and the internal parameters that constitu
given dynamic system, thus we introduce a dimension
control parameter for the granular convection:

A5
G

D/a
5

a~2p f !2a

gD
. ~10!

The dimensionless parameterA is the ratio of the destabiliz
ing vibrational force Ma(2p f )2 to the stabilizing force
MgD/a, whereM denotes the effective bed mass.

The Rayleigh number in a continuum fluid depends on
temperature variation of the fluid over a given length sca
Similarly, in fluidized granules, the control parameterA de-
pends onG and the bed heightH for a given granular mate
rial. However,H does not explicitly appear in the contro
parameterA: it is implicitly included inA throughD/a as
evidenced in Fig. 8.

We now show the stability diagram of granular conve
tion in Fig. 9, wherein the dynamic anisotropyDy /Dx cor-
responds to the wave vector in the convection roll pattern
fluids: the wave vector~anisotropy of the rolls! cannot be
estimated from the number of convection rolls and the asp
ratio of the container when dead zones exist. It can be s
from Fig. 9 that there exists a region, analogous to the Bu
balloon in heat induced convection, where the stable
convection persists. The critical value ofA is around 1.3.

IV. CONCLUDING REMARKS

We have shown that the state of granular convection
volving multipairs of convection rolls is governed by a co
.

.

o

,

r

e
l-

a
ss

e
.

-

in

ct
en
se
ll

-

trol parameterA. The ratio of two nondimensional param
eters ~the intensity of external vibration to the intern
physical property! relevant to granular dynamics constitut
the control parameterA. The parameterA can also be inter-
preted as the ratio of the destabilizing vibrational force to
stabilizing force. The physical meaning ofA is thus similar
to the Rayleigh number of heat induced convection. Ho
ever, the macroscopic variables characterizing the inte
physical properties differ between the two cases. In gran
dynamics, thermal fluctuation of the constituent particles
negligible, and the local fluctuation and macroscopic flow
granules are both induced by external vibrational force. T
in contrast to fluid systems, thermophysical variables are
relevant in the physics of granular materials.D/a is found to
be a representative variable that characterizes the inte
physical properties for vibrated granular beds. The intrin
physical property of the dynamic state, represented byD/a,
is not only dependent on the microscopic property of
granules but also dependent on the density of the gran
assemblage which, in turn, is dependent onG and H. We
hope that this study will stimulate further investigations
macroscopic equations that govern the fluidized state
granules through evaluations of appropriate physical prop
ties like a andD in this study.
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APPENDIX

Calculated data for the systems~i! – ~vi! reported in this
manuscript are summarized in Table I. State of the sys
~12th column! is denoted bys: stable convection rolls ap
pear,n: convection rolls appear but not stable,3: no stable
convection roll exists~either partially fluidized or highly agi-
tated!.
.
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