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Long-range interactions in xenon

F. Formisano*
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The small-k behavior of the static structure factorS(k) in a noble gas fluid is related to the two- and
three-body part of the long-range interatomic potential, the London and Axilrod-Teller interaction, respec-
tively. We have measured theS(k) of xenon at room temperature and four low densities by means of a small
angle neutron diffractometer. A careful data analysis has allowed the determination of the strength of the
long-range pair potential as well as the clear detection of the three-body effect, whose intensity has been
directly obtained.@S1063-651X~98!01508-6#

PACS number~s!: 51.90.1r, 34.20.Cf, 61.12.Ex
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In the experimental investigation of microscopic prop
ties like the interparticle interaction law of fluids, the sta
structure factorS(k) plays a major role. This can be easi
understood looking at the integral equation relating theS(k),
an experimental quantity, to the pair distribution functi
g(r ), which describes the microscopic properties of t
fluid:

S~k!511rE e2 ik•r@g~r !21#dr ~1!

where r is the number density,k is the exchanged wav
vector, andr is the interparticle distance vector.

The long-range interaction features are in particular
lated to thek functional dependence ofS(k). Enderby,
Gaskell, and March@1# demonstrated that, in classical nob
gases, the presence of the van der Waals pair potentia
r 26 induces, in the small-k expansion ofS(k), the appear-
ance of ak3 term simply related to the pair potential intensi
@see Eq.~5! below#:

S~k!5S~0!1S2k21S3uku31S4k41¯, ~2!

whereS(0)5rkBTxT is given by thecompressibility equa-
tion, kB is the Boltzmann constant,T the absolute tempera
ture andxT the isothermal compressibility. Casanovaet al.
@2# and Reatto and Tau@3# have carefully analyzed the effec
of the long-range interaction given by the dipole-dipole d
persion energy@4# plus a triple-dipole contribution of the
Axilrod-Teller ~AT! type @5# on theS(k) behavior. In Ref.
@3# was also shown that it is convenient to study the dir
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correlation function c(k) defined by the Ornstein an
Zernike relation@6# according to

c~k!5
S~k!21

rS~k!
. ~3!

Analogously toS(k), alsoc(k) admits the small-k expan-
sion

c~k!5c~0!1g2k21g3uku31g4k41•••, ~4!

wherec(0)5@S(0)21#/rS(0). While thec(0), g2 andg3
coefficients all depend on the two- and three-body inter
tions, only for the latter an analytical expression is know
@3#, which reads

g35
p2

12
bS B2

8p

3
rn D , ~5!

whereb51/kBT, B and n are the strengths of the Londo
dispersion energy and of the AT interaction, respective
The next terms of order higher than three in the expans
~4! will be neglected.

Reatto and Tau solved the modified hypernetted equa
for low density noble gases system@3# and pointed out that
the appropriatek range to study the expansion~4! up to k3

was approximately 1&k&4 nm21; the lower limit of this
range is due to retardation effects in the interaction propa
tion, while the upper one is a limit above which higher ord
contributions begin to become important.

Therefore the measurements ofS(k) of a noble gas fluid
as a function of the density in thek range accessible by
means of small angle neutron scattering~SANS!, and the
detection of a cubic behavior in thec(k) give the possibility
of experimentally demonstrating the existence of the lo
ranger 26 tail and measuring theB andn strengths.
2648 © 1998 The American Physical Society
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These theoretical predictions have been recently c
firmed for the first time through SANS experiments on g
eous argon@7# and krypton@8#, thus demonstrating that thi
technique currently represents a unique way to have a d
access to long-range forces. However, in the argon and k
ton cases, the density behavior of Eq.~5! has not been mea
sured nor used to deriven since this effect is too small in
these systems.

Here we report the main results of a SANS experiment
low density xenon, i.e., a system with a higher polarizabi
than argon and krypton and, consequently, with an expe
enhancement of the investigated effects, thus allowing
use of Eq.~5! to measure the two- and three-body long-ran
interaction strengths. A brief description of some results
this experiment has been presented in@9#. The experiment
has been performed at the PAXE diffractometer of the L
oratoire Léon Brillouin in Saclay.

The sample was natural xenon, which hasscoh53.1~1!,
s inc51.3~1! and sabs(l50.18 nm!553.1~2.5! barn for the
coherent, incoherent, and absorption neutron cross sec
respectively@10,11#. The experiment has been perform
along the isothermT5297.661 K at four densities, namely
rexp5(0.158, 0.227, 0.28, 0.32)rcr , wherercr55.04 nm23

is the critical density; the values of the experimental den
ties have been computed using data of Ref.@12# and we
estimate the relative accuracy on their determination to
within 0.5%. The experimental setup analogous to wha
described in@8# will not be discussed here. The measur
intensity patterns were corrected for background, atten
tion, multiple, and inelastic effects. Then the relative a
absolute calibration were applied. The finalS(k) data for the
four experimental densities are reported in Fig. 1 toget
with the corresponding compressibility values atk50 @12#.

In order to investigate thek→0 behavior an analytica
representationSan(k)5s01s2k21s3k3 has been fitted to the
experimental data. The results of the fitting procedure h
been carefully evaluated by increasing the number of con
ered experimental points and looking for the stability of t
fitting parameters and the minimum of the reducedx r

2 de-
fined as

x r
25

1

~N2Np!(i 51

N uSan~ki !2S~ki !u2

si
2

, ~6!

whereN is the number of fitted points,Np53 is the number
of parameters of the model functionSan(k) and si is the
estimated standard deviation ofS(ki) at k5ki . For all the
four investigated states, the two conditions have been
filled extending the fit up to a maximum value ofk;3.5
nm21, with a reducedx r

2 always of the order of the unity
The values ofs0 obtained in this way are reported in Table
together with the corresponding values ofS(0). It can be
seen that an excellent agreement has been obtained, al
within 0.5% and within the experimental error. This repr
sents a very valuable test of the quality of the whole exp
mental procedure and data analysis.

We have also fitted to the experimental data a polynom
of higher order, i.e., including ak4 term in the analytical
representationSan(k), without obtaining any real improve
ment of the results, and thus confirming the goodness of
assumption.
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The experimentalc(k)’s have been calculated from
S(k)’s according to Eq.~3!. At low density c(k) can be
expressed through the virial expansion

c~k!5c0~k!1rc1~k!1o~r2!, ~7!

where the zero density limitc0(k) depends only on the pai
potential, whilec1(k) depends also on the three-body inte
action@13#; in this relation and in the following, the subscrip
n refers to thenth order of the virial expansion. By fitting to
the four measuredc(k)’s, for eachk value, a function linear
with respect to the density, the experimentalc0(k) has been
evaluated. Also forc0(k) the small-k expansion~4! holds,
i.e.,

c0~k!5c0~0!1g2,0k
21g3,0uku31•••, ~8!

with

FIG. 1. Experimental S~k! for xenon atT5297.6 K. From bot-
tom to top:r50.95, 1.37, 1.69, and 1.93 nm23. The filled circles
are thek50 values calculated fromPVT data of Ref.@12#.

TABLE I. s0 is the limit S(k50) obtained by a cubic fit to the
experimentalS(k) as discussed in the text, whileS(0) has been
calculated from PVT data of Ref.@12#.

r (nm23) s0 S(0)

0.95 1.58560.006 1.58460.005
1.37 2.00060.007 2.01060.007
1.69 2.4460.01 2.44560.008
1.93 2.8560.01 2.8660.01
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g3,05
p2

12
bB, ~9!

which depends only on the pair interaction amplitudeB and
on the temperatureT. In order to experimentally determin
the k3 coefficient in Eqs.~4! and~8! it is convenient to look
at the quantities

l~k!5
c~k!2c~0!

k2
5g21g3uku1•••, ~10!

l0~k!5
c0~k!2c0~0!

k2
5g2,01g3,0uku1•••. ~11!

The l(k)’s at the four different densities andl0(k),
shown in Fig. 2, exhibit a nearly linear behavior as functi
of k, thus demonstrating, within the experimental errors,
existence of thek3 terms in the expansions~4! and ~8!, and
the correctness of the assumed long-range dipole-dipole L
don and triple-dipole AT interactions.

In Fig. 2 also the lines obtained with a linear fit to the da
are reported. The slopes of these straight lines represen
g3 andg3,0 coefficients of Eqs.~10! and ~11!, respectively.

In the case ofl0(k), the experimental determination o
g3,0 gives directly the value ofB by means of Eq.~9!. The
resulting value ofB for xenon is reported in Table II togethe
with literature values obtained by means of semiempiri

FIG. 2. Experimental values ofl(k) andl0(k). From bottom to
top: l0(k) and the fourl(k)’s: r50.95 ~shifted upwards by 0.02!,
1.37 ~10.03!, 1.69 ~10.04!, and 1.93~10.05! nm23. The lines
represent the result of a linear fit to the data, as discussed in the
e

n-

the

l

methods@14–16#. We observe a very good agreement b
tween the present experimental result and the existing e
mates ofB.

A similar linear fit tol(k)’s has provided the values ofg3
at the four experimental densities, which are shown
Fig. 3 as function ofr. In this figure the value atr50 as
well as the straight line have been obtained inserting
literature average values ofB and n, i.e., B5(2.80
60.07)10258 erg cm6 and n5(7.9160.03)10282 erg cm9,
obtained by means of semiempirical methods~see Table II!,
in Eq. ~9! and in Eq.~5!, respectively.

We have then extracted the experimental value ofn by
using a linear fit to the data shown in Fig. 3, including al
the semiempirical value at zero density. The obtained va
is n5864 and is also reported in Table II along with th
previously published semiempirical values.

Although not very accurate, we stress that we believe t
this is the first direct experimental determination of t
xt.

FIG. 3. The values ofg3 as obtained from a linear fit to the fou
l(k)’s, while the data atr50 and the lines have been calculate
inserting the semiempirical values ofB andn in Eqs. ~9! and ~5!,
respectively.

TABLE II. Comparison of present work results with value
found in literature.

B n
(10258 erg cm6) (10282 erg cm9)

Present work 2.8260.22 864
Ref. @14# 2.74a 7.91b

Ref. @15# 2.8660.25 7.8760.08
Ref. @16# 2.78a 7.95b

aThe estimated error is;1%.
bThe estimated error is;1 – 2%.
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triple-dipole Axilrod-Teller interaction. Also Fig. 3 show
the first experimental evidence of the density behavior ofg3 ,
which we have been able to obtain in xenon because of
larger value ofn compared to the ones of argon and krypto
oc
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ev
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he
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