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Kinetic phase transition of the dimer-dimer surface reaction model
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~Received 12 June 1997; revised manuscript received 29 December 1997!

The dimer-dimer~DD! reaction model12 A21B2→AB2 is studied by means of Monte Carlo simulation and
mean field theory based on the law of mass action, site approximation, and pair approximation. We find that
both site and pair approximation can well reproduce the phase diagrams of the DD model. This fact implies
that correlation effects are not so important in the vicinity of the first-order phase transition characteristic of the
DD model. A variant of the DD model, which accounts for the recombination of the intermediate productC,
is also studied. We find thatC1C reaction does not change the qualitative critical behavior of the DD model.
@S1063-651X~98!05207-6#

PACS number~s!: 05.40.1j, 05.70.Ln, 82.20.Mj, 82.65.Jv
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I. INTRODUCTION

The subject of reaction kinetics and irreversible pha
transitions~IPTs! in surface catalysis is of great current i
terest. Great efforts have been concentrated on studie
particular models such as monomer-monomer~MM ! @1–5#,
dimer-monomer~DM! @6–19#, dimer-dimer~DD! @20–22#,
dimer-monomer-monomer ~DMM ! @23#, dimer-dimer-
monomer~DDM! models@23–26#, etc. These models are a
based on the Langmuir-Hinshelwood~LH! mechanism, i.e.,
all reactants are adsorbed on the surface, and all exhibit I
which are of first order or of second order, between poiso
~saturated! states and stable reactive states. Inspired by
catalytic oxidation of hydrogen, the DD model1

2 A21B2
→AB2 ~here A2 and B2 correspond to O2 and H2 in real
systems, respectively! was recently proposed by Albano. Ac
cording to the LH mechanism, it is assumed that the reac
occurs according to the following steps:

A212S→2A~a!, ~1a!

B212S→2B~a!, ~1b!

A~a!1B~a!→C~a!1S, ~1c!

B~a!1C~a!→BC~g!12S. ~1d!

HereS denotes an empty surface site,C stands for the inter-
mediate productAB, and (g) and (a) correspond to gaseou
or adsorbed species, respectively. For this model, a fi
order IPT exists at the stoichiometric valuey1B5 2

3 , such that
for yB.y1B (yB,y1B), whereyB is the mole fraction ofB2
in the gas phase, the surface is poisoned~saturated! by B ~a
binary compound ofA andC!, respectively.

At lower temperature in real catalytic process, the re
tion betweenC should also be considered@21#:

C~a!1C~a!→BC~g!1A~a!1S. ~1e!

A rather counterintuitive result was reported by Albano th
C1C reaction leads to a reactive window with two IPTs

*Author to whom correspondence should be addressed.
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y1B.0.4525 andy2B.0.6263. One notes that the reactio
betweenC does not change the stoichiometric ratio betwe
A2 andB2 , so there cannot be a reactive window. Althou
the simple mean field analysis proposed by Albano predic
the same qualitative feature, one should note that the role
A2 and B2 are obviously switched in Eqs.~2a! and ~2b! in
Ref. @21#: theC1C reaction should result in increment ofA
coverage rather thanB coverage. So there may be som
trivial error in Ref.@21#. To make clear this point, we hav
also studied the role ofC1C reaction by Monte Carlo simu
lation ~MCS! in the present work. In fact, as expected,C
1C reaction does not alter the qualitative critical behavior
the DD model, i.e., still only a first-order IPT exists aty1B
5 2

3 . This result is further supported by mean field analys
Since Dickman’s work on the ZGB model@7#, a lot of

efforts have been contributed to theoretical analysis of
ZGB model and its variants@7–9,17,19#. It is well known
now that mean field theory~MFT! within pair approximation
~PA! can well reproduce the phase diagram of the ZG
model, i.e., both the second-order and the first-order IP
characteristic of the ZGB model are obtained, while site
proximation ~SA! fails to reproduce the second-order on
This fact indicates that at least pair correlation should
considered to produce the second-order IPT. On the o
hand, from Dickman’s work, one knows that SA and P
predict the same ‘‘spinodal’’ point, which seems to imp
that correlation effects are not so important in the vicinity
the first-order IPT of the ZGB model.

So a straightforward question arises: to what ext
should the correlation effects be considered in other surf
reaction models, such as the DD model, which is much m
complex than the ZGB model? To answer this question,
must study the model by analytical approaches and com
their predictions with MCS results. In fact, Maltz and Alban
have done this in Ref.@21#. Nevertheless, the equations
motion there were based on the law of mass action~LMA !,
the validity of which should be viewed with skepticism
heterogeneous surface reactions such as the DD mode
pecially when clustering effects are important. In additio
the trivial error in the equations, as mentioned above, sho
also be corrected. So in the present work, we will apply
and PA method to the DD model. To provide a comparis
the corrected version of LMA is also presented.
234 © 1998 The American Physical Society



ly
n
te
r

rk
ua
s

us
ica
h
re
ie

e

-

e
ri

re
;
r

-
ul
in

-
fo

rin
c

o
e-
of

se
e

nd
itt

an

e
lso
ts

d

ring
ate
ith
k,

d

-
ne
tra-
t

s
n
for

PRE 58 235KINETIC PHASE TRANSITION OF THE DIMER-DIMER . . .
There is another motivation to perform theoretical ana
sis on this kind of complex surface reaction models. O
knows that MCS often requires a large amount of compu
time due to the use of large lattice and averaging over a la
number of independent runs. Although in analytical wo
one should also perform numerical integration of the eq
tions of motion to obtain the critical values and the pha
diagrams, the computer time needed is much shorter. Th
one can demonstrate the universal validity of an analyt
method, e.g., SA or PA, there is a possibility to study t
critical behavior of surface reaction models, if one ca
more about the qualitative features, in a more conven
way than MCS.

Albano had also considered the roles ofB diffusion, B
desorption, andC desorption, and a unitary diffusion rat
and infinite desorption rates were used in his work. WhenB
desorbs, the critical point shifts toy1B50.7014, and a reac
tive window occurs foryB,y1B,1. WhenC desorbs, one
finds two critical points aty1B.0.56 andy2B.0.649. In the
present work, we will further consider the role ofA desorp-
tion with finite desorption rate. Our major purpose is to d
termine if the theoretical analysis remains valid for the va
ants of the DD model. The present paper is organized
follows: in Sec. II the three types of mean field theory a
presented followed by the major results and discussions
Sec. III we study the role ofC1C reaction; and we state ou
conclusions in Sec. IV.

II. MEAN FIELD THEORY FOR THE DD MODEL

In this section, we would like first to give a brief intro
duction to the simulation algorithm, which would be helpf
in the derivations of the equations of motion. At the beg
ning, an adjacent pair of empty sites is randomly picked~the
trial ends if not successful! and a dimerA2 (B2) is adsorbed
with probability yA (12yA), respectively. After the adsorp
tion of a dimer, the six neighboring sites are checked
reaction~1c! and~1d!. NoticeC is formed on a site which is
originally occupied byA while the site corresponding toB is
vacant. When more than oneB is found in the neighborhood
of anA, one of them is selected randomly to form aC which
immediately reacts with anotherB to form BC(g). The re-
action partners are chosen randomly out of the neighbo
sites of aB if they are of the same type, otherwise the rea
tion betweenB andC takes precedence over that betweenB
andA. If C1C reaction is considered, the neighborhood
a newly formedC must be checked for possible further r
actions. After each adsorption trial, the desorption stepi
species (i 5A,B,C) is repeated fordpi times. For more de-
tails, one can turn to Albano’s paper@21#.

Now the mean field treatments can be formulated, ba
on LMA, SA, or PA, respectively. At the beginning, w
would like to consider the original DD model, i.e., theC
1C reaction is not included.

According to LMA spatial homogeneity is assumed a
all correlations are neglected. The rate equations are wr
as

duA

dt
52yAKA

auS
22KC

f uAuB22KA
duA

2, ~2a!
-
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duB

dt
52yBKB

auS
22KC

f uAuB2KBC
f uBuC22KB

duB
2, ~2b!

duC

dt
5KC

f uAuB2KBC
f uBuC2KC

d uC , ~2c!

RBC5KBC
f uBuC . ~2d!

The superscriptsa, d, and f stand for ‘‘adsorption,’’ ‘‘de-
sorption,’’ and ‘‘formation,’’ respectively;u i ( i 5A,B,C,S)
denote the average coverage ofi species;RBC is the rate of
BC production. For this approach, the probability to find
empty pair isuS

2. As Albano did, we also chooseKA
a5KB

a

5KC
f 5KBC

f 51 and let other rate coefficients vary. On
should note that this choice is rather arbitrary, which a
limits the validity of LMA: another choice of these constan
would lead to different results.

Identical with LMA, SA also neglects all correlations an
the probability to find an empty pair isuS

2 too. However, it is
directly based upon the elementary reaction steps occur
on the lattice, such that it contains no undetermined r
constants and can provide quantitative comparison w
MCS. Following the main idea proposed in Dickman’s wor
one can readily obtain

duA

dt
52yAuS

2~12uB!322yBuS
2@~12uC!32~12uA2uC!3#

22KA
duA

2, ~3a!

duB

dt
52yBuS

2~12uA2uC!322yAuS
2@3uB~12uB!2

16uB
2~12uB!12uB

3 #22KB
dub

2, ~3b!

duC

dt
52yBuS

2@~12uC!32~12uA2uC!3#

16yAuS
2uB~12uB!222yBuS

2@12~12uC!3#2KC
d uC ,

~3c!

RBC54yAuS
2@3uB

2~12uB!1uB
3 #12yBuS

2@12~12uC!3#.
~3d!

According to Eq.~3a!, A adsorption~the first term! leads to
increment ofuA , given that there is noB species in the three
neighboring sites of either of the two newly adsorbedA spe-
cies;B adsorption and following successful reaction withA,
given that there is noC in its neighborhood, decreasesuA
~the second term!. The third term in Eq.~3a! stands forA
desorption. The terms in Eqs.~3b! and ~3c! can be inter-
preted in a similar way, considering the fact that adsorbeA
may react with more than oneB.

Differently from LMA and SA, which neglect all correla
tions, PA takes into account pair correlation. Now o
should derive the equations of motion for the pair concen
tions xi j ~notice the probability to find an empty pair jus
readsxSS according to PA!. However, this is rather tediou
work for the DD model due to the complexity of the reactio
mechanism and the fact that one must check immediately
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reactions after adsorption. One must distinguish between
processes taking place on the surface leading to diffe
pair-change numbers~PCNs! and between different configu
rations which might lead to a given process. In Table I
show the processes and the corresponding ratesRk, where
we use notes and diagrammatic forms for the initial confi
rations to help illustrate the processes. Processes (1a) – (1f )
belong to theA-adsorption group; (2a) – (2 f ) stand for
B-adsorption processes and (3a) – (3c) are desorption steps
According to the standard statistical rules proposed by D
man, the derivation of the rates is rather straightforward
cording to the notes. The PCNsDNi j are given in Table II.
Notice thatDNi j for each process comes from different po
sible initial configurations which have different rates and d
ferent contributions toDNi j , e.g.,

DNi j
~1b!5 1

3 DNi j ~SSB!1 2
3 DNi j S S S

* BD .

Now the equations of motion read

dxi j

dt
5(

k
DNi j

k Rk, ~4a!

RBC5R1d1R1e1R1 f1R2d1R2e12R2 f . ~4b!

Performing numerical integration of Eqs.~2a!–~4b!, one
can readily obtain the critical values and phase diagram
the DD model, including the effects of desorption of t
adsorbed species. The major results are interpreted in Fi
and 2, where the variations ofuA , uB , and uC with yA ,
obtained from LMA, SA, PA, and MCS are presented. F
Fig. 1, all desorption rates are 0, while for Fig. 2,dpA51
anddpB5dpC50. It is straightforward to study the roles o
B desorption orC desorption by these equations or MCS, b
the qualitative results are nothing different from that o
tained by Albano and thus it is not necessary to repeat th
here.

On first look at Fig. 1, one finds that all the three types
mean field analysis predict a first-order IPT aty1B5 2

3 , in
correct agreement with MCS. However, it is clear that S
and PA provide a much better quantitative prediction th
LMA. In the vicinity of the IPT, one sees that there is litt
difference between SA and PA, while away from the IP
PA is better than SA. For example, PA can well reprodu
the ‘‘jam’’ effect whenyA51 or yB51, i.e., the total cover-
age is about 0.88 due to the requirement of empty pairs
dimer adsorption, while SA predicts that the surface is tota
poisoned byA or B, respectively.

Looking at Fig. 2, for whichA desorption is considered
one also finds that both SA and PA can well reproduce
phase diagrams obtained by MCS. Now the critical po
exists aty1A50.345,0.338,0.333,0.332 according to MC
PA, SA, and LMA, respectively. A reactive window occu
in the intervaly1A,yA,1. For yA51, the coverage ofA
reads 1/(11dpa)50.5, while a rather small presence ofB2
in the gas phase reducesuA to about 0.4 and increasesuC to
0.2. It is shown that this interesting characteristic can
correctly reproduced by SA and PA, but not LMA.

We now can draw the conclusion that both PA and SA
valid for the DD model which has only one first-order IP
he
nt

e

-

-
c-

-
-

of

. 1

r

t
-
m

f

n

,
e

or
y

e
t
,

e

e

This fact seems to support the point of view that correlat
effects are not so important in the vicinity of a first-ord
IPT, which was also implied, as mentioned above, by Dic
man’s work on the ZGB model. So SA may be sufficient
produce first-order IPTs. We will further discuss this point
the next section whereC1C reaction is considered.

III. THE ROLE OF C1C REACTION

In this section the role ofC1C reaction is studied. As
stated in the Introduction, the results reported by Alba
were rather counterintuitive—thatC1C reaction leads to a
reactive window. In fact, after investigation of the equatio
of motion proposed in Ref.@21#, one can find something
wrong that A2 and B2 are switched. We have performe
MCS in the present work and we find thatC1C reaction
does not change the qualitative critical behavior of the D
model, i.e., the first-order IPT still exists aty1B5 2

3 and no
reactive window appears, as is shown in Fig. 3. This is r
sonable becauseC1C reaction does not change the stoich
ometry of the model~notice if C desorbs, the stoichiometri
ratio betweenA2 and B2 changes to 1:1 such that anoth
critical point appears as was reported in Albano’s wor!.
Compared to the original DD model,uA (uC) is higher
~lower! in the interval 0,yB,y1B , which is obviously due
to the fact thatC1C forms BC(g) andA(a).

It is also feasible to study the role ofC1C reaction by
mean field analysis constructed in the preceding section.
cording to LMA, one just needs to add corresponding ter
to Eqs.~2a! and ~2c!. Hence

D
duC

dt
522D

duA

dt
522KBC8 f uC

2 . ~5!

HereKBC8 f is the rate constant ofC1C reaction. For SA and
PA, however, difficulty arises because one must check
mediately the neighborhood of a newly formedC for further
possible reactions. According to SA, the equations of mot
now change to

duA

dt
52yAuS

2$~12uB!313uB~12uB!2@12~12uC!3#%

22yBuS
2@~12uC!32~12uA2uC!3#~12uC!3,

~6a!

duB

dt
52yBuS

2~12uA2uC!322yAuS
2@3uB~12uB!2

16uB
2~12uB!12uB

3 #, ~6b!

duC

dt
52yBuS

2@~12uC!32~12uA2uC!3#@2~12uC!321#

16yAuS
2uB~12uB!2@2~12uC!321#

22yBuS
2@12~12uC!3#. ~6c!

Here we have not included the desorption terms. For PA,
should further distinguish the processes listed in Table
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TABLE I. List of adsorption and desorption processes for the DD model and their rates. Notice the* in the diagrammatic forms must b
of type S.

Process Diagrams Rates~Rk! Notes

(1a) S S (12bs)
6yaxss NeitherS site has NNB(s)

(1b) S S B, and
S

*
S
B

6bs(12bs)
5yaxss

One has only one NNB;
the other has none

(1c) S
B

S
B, and

S
B

S

*
B 9bs

2(12bs)
4yaxss Both have only one NNB

(1d) B S
B

S

*
, and

B
S
B

*
S

*

@6bs
2(12bs)

412bs
3(12bs)

3#yaxss
One has more than NN

B(s); the other none

(1e)
B
S
B

*
S

*

B,

B
S
B

*
S
B

, B
B
S

*
S B, B

B
S

B
S

@18bs
3(12bs)

316bs
4(12bs)

2#yaxss

One has more than two
NN B(s), the other only
one

(1 f ) B S
B

S
B

B
,

B
S
B

B
S
B

, B
B
S S

B
B @9bs

4(12bs)
216bs

5(12bs)1bs
6#yaxss

Both have more than two
NN B(s)

(2a) S S (12m)6ybxss
NeitherS site has NNA(s)

or NN C(s)

(2b) S S A, and
S

*
S
A

2(12m)3@(12cs)
32(12m)3#ybxss

Neither has NNC; but one
has NNA(s)

(2c)
S
A

S
A, and

S
A

S A
@(12cs)

32(12m)3#2ybxss
Neither has NNC; but

both have NNA(s)

(2d) S S C, and
S

*
S
C 2(12m)3@12(12cs)

3#ybxss

One has NNC(s); and no
NN A(s) or NN C(s) for the
other

(2e)
S
C

S
A, and

S
C

S A
2@12(12cs)

3#@(12cs)
32(12m)3#ybxss

One has NNC(s); the
other has NNA(s), but no
NN C(s)

(2 f ) S
C

S
C, and

S
C

S C @12(12cs)
3#2ybxss Neither has NNC(s)

(3a) A A xaadpa A2 desorption

(3b) B B xbbdpb B2 desorption

(3c) C xcdpc C desorption

where i s5
xis

2xs
, and m5as1cs .
e
Since it is rather complicated, we just give an example h
to illustrate the main idea. For process (2c), the initial con-
figurations

S S

A A

and
re S S A

A

first change to

S S

C C
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TABLE II. Pair-number changes for the processes listed in Table I.

Process DNss DNas DNbs DNcs DNaa DNbb DNcc

(1a) 2126bbss 6(bbss2bbas) 0 26bbcs 116bbas 0 0

(1b) 211
7
3 sb2

13
3 bbss

2
3 1

7
3 bbss2

13
3 bbas 2

5
3 1

7
3 (bb2sb) 12

13
3 bbcs12bbss

7
3 bbas 2

7
3 bb 2bbcs

(1c) 2
7
9 1

43
9 sb2

29
9 bbss 2

29
9 bbas 2

25
9 1

43
9 (bb2sb) 25

9 1
29
9 (bbss2bbcs) 0 2

2
9 2

43
9 bb 11

29
9 bbcs

(1d) 11
14
3 sb2

5
3 bbss

7
3 1

5
3 (bbss2bbas)

10
3 1

14
3 (bb2sb) 2

5
3 bbcs

5
3 bbas 2

14
3 bb 0

(1e) 13
9 1

65
9 sb2

10
9 bbss 2

10
9 bbas 2

35
9 1

65
9 (bb2sb) 26

9 1
10
9 (Bbss2bbcs) 0 2

4
9 2

65
9 bb

10
9 bbcs

(1 f ) 44
9 1

92
9 sb 0 241

92
9 (bb2sb) 0 0 2

8
9 2

92
9 bb 0

(2a) 2126buss 0 6(buss2bubs) 0 0 116bubs 0

(2b) 2
1
3 (517buss) 2

1
3 (517sa) 1

3 (517buss27bs) 2
1
3 (517sa) 2

7
3 aa

7
3 bs

7
3 ca

(2c) 0 222
50
9 sa 0 21

50
9 sa 2

2
9 2

50
9 aa 0 2

9 1
50
9 ca

(2d) 7
3 (sc2buss)

7
3 ac

7
3 (buss2bubs)1

5
3

7
3 (cc2ssc)2

5
3 0 7

3 bubs 2
7
3 cc

(2e) 11
25
9 sc 211

25
9 (ac2sa) 0 2

9 1
25
9 (cc1sa2sc) 2

25
9 aa 0 2

25
9 (ca2cc)

(2 f ) 20
9 1

50
9 sc

50
9 ac 0 221

50
9 (cc2sc) 0 0 2

2
9 2

50
9 cc

(3a) 116sa 6(aa2sa) 0 6ca 2126aa 0 0

(3b) 116sb 0 6(bb2sb) 0 0 2126bb 0

(3c) 4sc 4ac 0 (4cc2sc) 0 0 24cc

where i j5
~11d i j !xi j

2xj
~ i , j 5A,B,C or S!,

bbi j5bb~11d i j !xi j , bb5
1

2xs2xbs
, d i j 5 H1 if i5j

0 otherwise.

bui j5bu~11d i j !xi j , bu5
1

2xs2xas2xcs
bo
h
g-
for
and

S S C

C

after B2 adsorption, respectively. Immediately,

S S

C C

changes to

S S

A S

with probability one. According to

S S C

C

however, further reactions depend on the nearest neigh
~NN! of the newly formedC. Thus
rs

S S C
~C! C ⇒ S S C

~A! S ,

with probability

2~12ca
3!@12~12ca!3#, here ca5

xac

2xa
,

which indicates that one newC has NNC species; and

S S C ~C!

~C! C ⇒ S S S ~A!

~A! S ,

with probability

@12~12ca!3#2,

to denote that both newly formedC have NNC species; and
if there is no NNC species for both, the probability of whic
is (12ca)6, then the initial configuration remains unchan
ing. After these steps, one should work out the PCNs
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FIG. 1. Variations of~a! uA , ~b! uB , ~c! uC with yA for the original DD model obtained by MCS~circles!; PA ~solid line!; SA ~dashed
line!; LMA ~dotted line!.

FIG. 2. Variations of~a! uA , ~b! uB , ~c! uC with yA for the DD model withA desorption (dpA51) obtained by MCS~circles!; PA ~solid
line!; SA ~dashed line!; LMA ~dotted line!.

FIG. 3. Variations of~a! uA , ~b! uB , ~c! uC with yA for the DD model withC1C reaction obtained by MCS~triangles!; PA ~solid line!;
SA ~dashed line!; LMA ~dotted line!. The MCS results for the original DD model~circles! are presented for comparison.
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these subprocesses. For the sake of simplicity, we do no
the PCNs in the present paper.

The phase diagrams obtained by LMA, SA, and PA
also presented in Fig. 3. The validity of SA and PA is ag
demonstrated, while LMA is quantitatively bad. In additio
the good agreement between SA and PA further suppo
the point proposed in the preceding section that correla
effects are not so important in the vicinity of the first-ord
IPT such that SA is sufficient to produce it.

We would like to note here that if theC1C reaction is
realized in a separate simulation step, then one need
check for reaction immediately uponC(a) formation such
that the derivation of equations of motion would be high
simplified. That is, one just needs to add corresponding te
into Eqs.~3! and ~4!. Of course, this would lead to anothe
model.

IV. CONCLUSION

In the present work we have studied a complex surf
reaction model, the dimer-dimer model1

2 A21B2→AB2 , by
means of Monte Carlo simulation and mean field he
based upon the law of mass action, site approximation,
pair approximation, respectively. One finds that both SA a
PA can correctly reproduce the phase diagram of the
model, especially in the vicinity of the single first-order IP
hy
ist
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d
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Based on this fact, one can draw the conclusion that co
lation effects are not important near first-order IPTs, as
ready implied in Dickman’s work. Since simple mean fie
analysis based on LMA often cannot provide quantitat
comparisons with MCS due to the arbitrary choice of ra
constants and PA is rather complicated if the reaction mec
nism is complex, maybe SA can provide a simple and su
cient approach to reproduce first-order IPTs of surface re
tion models. Nevertheless, it is expected that PA can prov
more correct quantitative predictions and SA may lose va
ity to produce second-order IPTs.

We have also studied a variant of the DD model, whi
takes into accountC1C reaction. We find thatC1C reac-
tion does not alter the qualitative critical behavior of t
model, which is rather comprehensible due to the fact t
C1C reaction does not change the stoichiometric ratio
tweenA2 andB2 . This result is well supported by mean fie
analysis. In addition, both SA and PA can well reproduce
phase diagram, which further supports the main conclus
of the present work.
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