
PHYSICAL REVIEW E AUGUST 1998VOLUME 58, NUMBER 2
Monte Carlo study of structural ordering in charged colloids using a long-range attractive
interaction

B. V. R. Tata* and Norio Ise†

Central Laboratory, Rengo Company Limited, 186-1-4 Ohhiraki, Fukushima, Osaka 553, Japan
~Received 21 July 1997; revised manuscript received 1 April 1998!

Monte Carlo simulations have been carried out for aqueous charged colloidal suspensions interacting via an
effective pair potentialUs(r ), which has the long-range attractive term in addition to the usual screened
Coulomb repulsion. Simulations are performed over four orders of magnitude of particle volume fractions (f)
under salt free as well as added salt conditions. The computed pair correlation functionsg(r ) at high values of
f show a face centered cubic~fcc! crystalline order, which is found to transform to a body centered cubic~bcc!
crystalline order upon lowering off. The crystalline order is found to melt into a liquidlike order upon the
addition of salt. A purely repulsive potential based on Derjaguin-Landau-Vervey-Overbeek theory was earlier
claimed to be responsible for the formation of bcc and fcc phases and the associated order-disorder transitions.
It is clearly shown here thatUs(r ) also explains equally well such phenomena and the results are shown to be
in close agreement with experimental observations. Simulations in the dilute regime show a vapor-liquid
transition upon variation off and the coexistence of ordered and disordered regions with voids upon variation
of the charge on the particles. These results explain the reported experimental observations, which suggested
the existence of a long-range attraction in the interparticle interaction. For very low volume fractions calculated
pair correlation functions show only a single peak and are found to be independent off. The reported results
on the direct measurement of the pair potential are discussed in the light of the present results.
@S1063-651X~98!09508-7#

PACS number~s!: 82.70.Dd, 64.70.Pf
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I. INTRODUCTION

The electrostatically stabilized aqueous monodisperse
loids exhibit crystalline, liquidlike, and even glassy structu
ordering at ambient conditions@1# depending on the suspen
sion parameters such as the particle concentrationnp , salt
concentrationCs , effective chargeZe, and diameterd of the
particle. The perfect scaling of the magnitudes of elastic c
stants, the latent heat of melting of colloidal crystals w
particle concentration, and the interaction energy being
same order as in atomic systems have made the resear
treat monodispersed colloids as model condensed matter
tems@1#. Apart from the interest in fundamental studies, t
colloidal crystals have important technological uses as o
cal devices@2# and materials with photonic band gaps@3#.
The advantage of this model system is that the range
strength of interparticle interaction can be varied over a w
range rather easily. It is believed that the interaction can
described using the Derjaguin-Landau-Verwey-Overb
~DLVO! theory @4#. The DLVO potential is predominantly
screened Coulomb repulsion, except at very short distan
~of the order of a few angstroms where the van der Wa
attraction is dominant!. In stable suspensions the van d
Waals attraction is negligible; hence hereafter we refer to
screened Coulomb repulsion as the DLVO potential. Dur
the past several years more and more experimental evid
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has emerged for the existence of an attractive interactio
large interparticle separations~of the order of micrometers!.
Some of these are~a! stable voids in colloidal fluids and
crystals@1,5–11#, ~b! the nonspace filling localized ordere
structures coexisting with disordered regions@12,13#, and~c!
highly ordered colloidal single crystals@14#. Here the mea-
sured interparticle distanceDexpt is found to be significantly
smaller than the average interparticle distanceD0 obtained
from np , suggesting the nonspace filling nature of the
dered phase. A system of particles interacting via a pur
repulsive interaction, when restricted to a finite volume, c
not lead to a large difference in the interparticle distan
making the suspensions inhomogeneous. The importanc
the attractive interaction was demonstrated by the~d! obser-
vation of reentrant transition@1,15# when the salt concentra
tion Cs alone is varied and~e! the vapor-liquid condensation
upon variation ofnp at a fixed salt concentration@1,16#. ~f!
Observation of long-lived metastable colloidal crystallit
@17# and ~g! amorphous dense regions coexisting with vo
in highly charged dilute poly~chlorostyrene-styrene sul
fonate! suspensions@18# also attest to the presence of lon
range attraction. All these observations cannot be explai
using the DLVO potential. We mention here that this e
dence is on suspensions at finite volume fractionsf. How-
ever, there have been experimental reports of direct meas
ment of pair potentials on very dilute suspensions un
confined@19–22# as well as unconfined geometries@23,24#.
A pair potential obtained under confined geometry reporte
shows a long-range attraction.

In view of the above experimental results and the limi
tions of the DLVO theory, several authors have attempted
describe charged colloidal suspensions by~a! taking into ac-
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2238 PRE 58B. V. R. TATA AND NORIO ISE
count ionic correlations@25,26#, ~b! modeling the fluctua-
tions in the surface charge on the particles due to adsorp
and disorption of small ions@27#, and~c! treating the asym-
metry in size and charge between colloidal particles us
integral equation theories@28,29#. Although the interparticle
interaction resulting from these model calculations shows
existence of attraction, either the range of attraction is fou
to be short@27# or analytical forms are not available@28,29#
for further studies. Sogami and Ise@30# have proposed an
effective interaction model based on the Gibbs free energ
the interaction. This model not only takes into account
large size difference between colloidal particles and sm
ions but also relates the variation of macroion charge to
release of counterions. The important result of this mode
that the effective pair potentialUs(r ) has an attractive mini-
mum at interparticle distances of several thousands of a
stroms, which is consistent with the experimental evide
mentioned above. The well depthUm and position Rm

strongly depend on the screening parameterk. The presence
of this secondary minimum has led to controversy for so
time @31,32#. Overbeek’s arguments that brought out t
controversy are shown to be incorrect by Iseet al. @33#,
Smalley@34#, and Schmitz@35–37#.

We mention here that experimental structure factors
liquidlike ordered colloidal suspensions@38#, data of elastic
constants@39# and photothermal compression@40# of colloi-
dal crystals, reentrant transitions@1,41#, and the coexistence
of voids with ordered and disordered regions@18,42# have
been explained successfully usingUs(r ). However, it has not
been shown whether this potential explains successfully
formation of fcc and bcc phases and the associated or
disorder transitions. Similarly, the reported experimental
servation of the transition from the vapor-liquid coexisten
to homogeneous liquidlike order upon variation off under
deionized conditions is not yet explained. Our aim is to e
plain these results by performing simulations for measu
suspension parameters usingUs(r ). Further, it is also of in-
terest to study the systematic dependence of structural o
ing on volume fractionf, charge densitys, and salt concen-
tration Cs . Hence we carry out Monte Carlo~MC!
simulations withUs(r ) by varying these parameters over
wide range. The equilibrium state of the suspension is ch
acterized by calculating the pair correlation functiong(r ),
coordinate-averaged pair correlation functiongc(r ), and
mean square displacement^r 2&. The results are organized i
this paper as follows.

The details of MC simulations are given in Sec. II. Se
tion III deals with simulation results at high volume fra
tions, where suspensions are expected to be homogen
@i.e., the interparticle separationDs obtained from first peak
position ing(r ) being equal to the average interparticle se
ration D0 obtained fromf# and ordered. Section IV de
scribes the simulation results at intermediate volume fr
tions. The experimental results that suggested the exist
of a long-range attraction are discussed in this section. S
tion V presents the simulation results for a very dilute regi
of the suspensions and the results on the direct measure
of the pair potential. A brief summary with conclusions a
given in Sec. VI.
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II. DETAILS OF SIMULATION

MC simulations are carried out using the Metropolis
gorithm with periodic boundary conditions for a canonic
ensemble~at constantN, V, andT, whereN, V, andT are,
respectively, the number of particles, volume, and tempe
ture!. The particles in aqueous suspensions of spherical
ticles are assumed to interact via a pair potentialUs(r ) @30#,
which has the form

Us~r !52
~Ze!2

e S sinh~kd/2!

kd D 2S A

r
2k Dexp~2kr !, ~1!

whereA521kd coth(kd/2) and the inverse Debye scree
ing lengthk is given as

k254pe2~npZ1Cs!/ekBT. ~2!

The diameterd of the particle is taken to be 110 nm.Ze
is the effective charge on the particle~related to the surface
charge density bys5Ze/pd2), Cs is the salt concentra
tion, T is the temperature~298 K!, e is the dielectric constan
of water, andkB is the Boltzmann constant. The position
the potential minimumRm is given as Rm5$A1@A(A
14)#1/2%/2k and its depth byUm5Us(Rm). Both Rm and
Um depend ons andCs . For the required volume fraction
f(f5nppd3/6), the lengthl of the MC cell is fixed from
the relationl 35N/np .

In the high volume fraction regime suspensions are
pected to order into a fcc or bcc crystalline order depend
on the value off and other suspension parameters. In or
to find out the true ordered state we carry out simulatio
with different system sizes and initial configurations bei
liquidlike, bcc, and fcc. Slowing down of the MC evolutio
process~the rate at which the system reaches equilibriu
from the initial configuration! can take place when the simu
lation parameters are close to the phase transition@43,44#. In
such a situation it is known that monitoring the height of t
first peak in the structure factorSmax along with the total
interaction energyUT is useful in finding out unambiguousl
whether or not the system has reached thermal equilibri
Hence, along withUT , Smax also is monitored during the
evolution of the system from ordered states. Most of
simulations away from the transition~e.g., melting! take ap-
proximately 43105 configurations to reach equilibrium
while those close to the transition need nearly 83106 con-
figurations. A Monte Carlo Step~MCS! is defined as the se
of N configurations during which, on average, each parti
gets a chance to move. The step size to move the part
during the MC evolution process is chosen in such a way
the trial acceptance ratio is always around 50%@46#. Simu-
lation results reported here correspond to a true equilibr
state as we perform simulations with widely different initi
configurations evolving to the same final state@43–45#. By
performing simulations for the same set of parameters w
N5250, 432, and 1024, we find that the results are the sa
within statistical error forN>432. HenceN is fixed at 432.
After reaching equilibriumg(r ), gc(r ), Smax, and the mean
square displacement^r 2& are calculated using procedures r
ported earlier@1,41,45#.
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III. HOMOGENEOUS SUSPENSION: FCC AND BCC
ORDERING AND MELTING TRANSITION

There have been reports of experimental phase diagr
for polystyrene suspensions consisting of fcc, bcc, and
uidlike phases@1,47#. The convenient experimental param
eters are the volume fractionf and salt concentrationCs .
The screened Coulomb repulsive potential given by
DLVO theory is claimed to be responsible for the orderi
and has been used extensively to understand the orde
phenomena and associated phase transitions@1,45,48–51#. In
this section we show simulations carried out for high volu
fractions usingUs(r ) under salt free as well as added s
conditions. The simulations are started from disorde
~liquidlike! states, which are prepared by performing sim
lations at high salt concentrations. After reaching equil
rium pair correlation functions are calculated and are sho
in Fig. 1. The coordinate-averaged pair correlation funct
@1,45# gc(r ) obtained by averaging the coordinates of t
particles over a sufficiently large number of configurations
free from thermal broadening and helps in identifying t
crystal structure unambiguously. Hencegc(r ) is also calcu-
lated and is shown in Fig. 1~B!. It is clear from Fig. 1 that for
low values off suspensions exhibit a bcc crystalline ord
and upon increasing the volume fraction a fcc order. He
the bcc to fcc transition for salt free conditions is expected
take place in between the values off50.14 and 0.20. In-
deed, the experimental observation of Sirotaet al. @47#
showed a bcc structure for volume fractions below 0.15 a
a fcc structure above 0.2. Thus there exists a close agree
between our simulations and experiments. bcc as well as
crystalline order is found to melt into a liquidlike order upo
increasing the salt concentration. The fcc structure that
curs at higher volume fraction melted at a higher value ofCs
than the bcc crystalline structure. This salt dependence is
same as that reported in the experiments@47#.

In order to identify the crystal-liquid transition we carrie
out simulations for different values ofCs . For these simula-
tions the initial configuration is always chosen to be partic

FIG. 1. ~A! g(r ) versusr at high volume fractions for suspen
sion parametersCs50 ands50.15mC/cm2. Curvesa, b, c, andd
correspond tof50.1, 0.14, 0.2, and 0.3 respectively. Curvesb, c,
andd are shifted vertically for the sake of clarity.~B! gc(r ) versus
r for the same suspension parameters as in~A! and the first peak
height of curvesa, b, c, andd are 10.2, 11.8, 9.5, and 8.3, respe
tively. The curvesb, c, andd are shifted vertically for the sake o
clarity.
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arranged on a bcc lattice as the volume fraction used
these simulations is rather lowf50.03, where suspension
are expected to form only a bcc crystalline structure. T
Smax and the^r 2& as functions of MCS are calculated usin
equilibrium particle positions as described in our earlier p
pers@1,45#. The melting trnasition has been identified fro
the sudden change inSmax behavior as a function ofCs ,
which occurred atCs56.5mM. Further,Smax is found to be
as high as 2.8 just before freezing, which is consistent w
the Hansen-Verlet criterion of freezing reported for atom
@52# and colloidal systems@1,45,48,49#. The ratio of the root
mean square displacement to the lattice spacingW is found
to be 0.2760.05, which is consistent with the Lindeman
criterion @53# for melting reported earlier for colloidal sys
tems@1,45#.

The charge densitys of the particle plays an importan
role in determining the ordering of the charge stabilized s
pensions as it alters the range and strength of the interac
In the case of polystyrene colloids, a variation ins is pos-
sible by controlling the concentration of charge determin
salts during synthesis. In the case of charge stabilized s
colloids,s can be varied by controlling the sodium hydro
ide concentration@54#. The pair correlation functions for dif-
ferent s values withCs50 showed liquidlike behavior a
low values ofs(,0.08mC/cm2) and crystalline behavior for
larger values ofs. The transition is identified by computin
Smax as a function ofs and is shown in Fig. 2. The sudde
change inSmax occurring ats50.085mC/cm2 is due to the
freezing transition driven bys. We mention here that the
value ofs50.085mC/cm2 at the crystal-liquid transition is
in close agreement with that reported by Yamanakaet al.
@54# for aqueous silica colloidal suspensions.

Simulations are performed as a function off, keeping
other suspension parameters fixed to investigate the effe
the variation in the interparticle separation on the structu
ordering. The calculated pair correlation functions are sho
in Fig. 3. As expected, the first peak position ing(r ) shifts to
lower r values and is due to the increase innp . Further, a
liquidlike order ~curvesa and b of Fig. 3! can be seen for
low values off and crystalline order~curvesc andd of Fig.
3! upon increasingf. The freezing transition is identified

FIG. 2. Smax as a function of surface charge density on t
particles. The sharp increase in its value is due to theL→C transi-
tion. The suspension parameters aref50.03 andCs50.
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2240 PRE 58B. V. R. TATA AND NORIO ISE
from the behavior ofSmax as a function off and is found to
occur atf50.0175. When the volume fraction is increase
the strength of the interaction between particles increa
which leads to the buildup of structural correlations. T
freezing takes place whenever the structural correlati
cross a threshold value.

Until now, the DLVO potential alone had been claimed
be responsible for the observed structural ordering and a
ciated phase transitions in charge stabilized colloids. Ho
ever, present simulations thus clearly demonstrate
Us(r ), which has the long-range attractive term in additi
to usual screened Coulomb repulsive term, also expla
equally well the same phenomenon. It is easy to unders
from Table I and Fig. 4 whyUs(r ) is also successful in
explaining the structural ordering and the associated tra
tions. Table I shows that the suspensions obey the rela
D0>Rm except at very high values ofCs . Here D0 is the
average interparticle separation calculated using the exp
sion D05P(1/np)1/3 ~where P51.0911 for bcc order and
1.1266 for fcc order! and the values off. Since the structure
is also known from simulations, we also estimate the aver
interparticle separationDs using the first peak position o
g(r ). The ratioDs /D0 is found to be one for the suspensio
parameters listed in Table I. This suggests that suspens
are homogeneous~occupying the full volume!. Further, it
can be seen from Fig. 4~see also Table I! thatRm<D0. Thus
the particles that are atD0 experience only a screened Co
lomb repulsion and the strength of the interaction atD0 de-
termines the structural ordering. Since the attraction is
dominantUs(r ) also explains equally well the structural o
dering and the associated order-disorder transitions in ho
geneous suspensions. In these suspensions, which of th
pair potentials better describe the observed phenomeno
difficult to judge because accurate measurements ofs and
Cs are experimentally not easy.

IV. INHOMOGENEOUS SUSPENSIONS: VAPOR-LIQUID
COEXISTENCE AND VOIDS WITH ORDERED

AND DISORDERED REGIONS

In the preceding section we presented results on hom
neous suspensions where the interparticle interaction

FIG. 3. g(r ) versusr for different intermediate values of vol
ume fraction f. Curves a, b, c, and d correspond tof
50.01, 0.015, 0.02, and 0.03, respectively. Curvesb, c, and d
are shifted vertically for the sake of clarity. The other suspens
parameters ares50.2mC/cm2 andCs54 mM .
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dominated by a repulsive term. In this section we disc
simulation results for dilute suspensions where the attrac
part plays an important role in determining the structure a
its need in explaining experimental evidence that sugge
the long-range attraction in the effective interparticle int
action.

For dilute aqueous polystyrene suspensions Tataet al.
@1,16# have reported a phase transition analogous to the
known vapor-liquid condensation in atomic systems. Up
deionization, weakly interacting homogeneous suspens
below a critical particle concentration condense into a c
centrated phase with liquidlike order and a dilute vap
phase. Aroraet al. @1,15# have reported that above a critic
concentration suspensions that are homogeneous and n
teracting at high salt concentrations exhibit vapor-liquid co
densation for the intermediate salt concentrations and ree
a homogeneous state having liquidlike order at low salt c

n

TABLE I. Inverse Debye screening length (k), position of the
potential minimum (Rm), depth of the potential well (Um), and
average interparticle separation (D0) for different suspension pa
rameters at high volume fractions. The abbreviations fcc, bcc, anL
represent the face centered cubic, body centered cubic crysta
and liquid states, respectively

f
s

(mC/cm2)
Cs

~mM! kd Rm /d Um /kBT D0 /d State

0.30 0.15 0 4.092 1.737 0.591 1.352 fcc
0.30 0.15 50 4.830 1.614 0.495 1.352 fcc
0.30 0.15 65 5.030 1.587 0.471 1.352 fcc
0.30 0.15 160 6.149 1.476 0.356 1.352 fcc
0.30 0.15 350 7.926 1.369 0.237 1.352L
0.25 0.15 0 3.736 1.737 0.639 1.437 fcc
0.25 0.15 250 6.846 1.427 0.302 1.437L
0.20 0.15 0 3.341 1.931 0.689 1.547 fcc
0.20 0.15 30 3.888 1.781 0.619 1.547 fcc
0.20 0.15 200 6.123 1.478 0.358 1.547L
0.14 0.15 0 2.795 2.152 0.742 1.742 bc
0.14 0.15 10 3.022 2.049 0.723 1.742 bc
0.14 0.15 140 5.123 1.576 0.460 1.742L
0.03 0.2 0 1.494 3.478 1.177 2.83 bcc
0.03 0.2 4 1.661 3.179 1.240 2.83 bcc
0.03 0.2 6 1.739 3.061 1.263 2.83 bcc
0.03 0.2 6.5 1.757 3.034 1.269 2.83 L
0.03 0.2 7 1.776 3.008 1.274 2.83 L
0.03 0.2 8 1.813 2.958 1.283 2.83 L
0.03 0.2 10 1.884 2.867 1.299 2.83 L
0.03 0.2 15 2.051 2.683 1.328 2.83 L
0.03 0.085 0 0.974 5.121 0.159 2.83 bc
0.03 0.085 0.1 0.981 5.088 0.160 2.83 bc
0.03 0.085 0.4 1.001 4.994 0.163 2.83 bc
0.03 0.085 1 1.039 4.820 0.167 2.83 L
0.03 0.085 2 1.101 4.570 0.175 2.83 L
0.03 0.05 0 0.747 6.590 0.0442 2.83 L
0.03 0.06 0 0.818 6.039 0.069 2.83 L
0.03 0.09 0 1.002 4.986 0.183 2.83 bc
0.03 0.1 0 1.057 4.748 0.235 2.83 bcc
0.03 0.12 0 1.157 4.366 0.361 2.83 bc
0.03 0.175 0 1.398 3.687 0.868 2.83 bc
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centration.Us(r ) has been shown earlier to explain the s
driven reentrant transition@1,41#.

Here we report MC simulation results performed as
function of f for a fixed salt concentration, with an aim t
understand the experimental observations of Tataet al.
@1,16#. We mention here that some of the suspension par
eters used in the simulations are the same as those rep
by Tataet al. @16# and are given in Table II. The calculate
pair correlation functions and the projection of the parti
coordinates for different values off are shown in Figs. 5
and 6. It can be seen in Fig. 5 that theg(r ) for f values in
the range (0.2531023) –(1.1231023) are markedly differ-
ent from those at (2.2731023) –(4.031023) ~Fig. 6!. The
first peak and a few other peaks at higherr suggest structura
correlations up to several neighbor distances. Unlike for

FIG. 4. Pair potentialUs(r )/kBT for different suspension pa
rameters. Curvesa and b correspond to the same values ofs
50.15mC/cm2 andCs50, but volume fractions 0.2 and 0.03, re
spectively. Curvesc and d correspond to the same values off
50.03 but s and Cs are 0.085 mC/cm2, 2 mM , and
0.05 mC/cm2, 0 mM , respectively. The vertical continuous an
dotted lines denote the average interparticle spacingD0 correspond-
ing to values off50.2 and 0.03, respectively.
t

a

-
ted

e

homogeneous suspensions, the first peak position ing(r ) at
these volume fractions occur very close to the potential m
mum Rm . Further, the pair correlation functions decay
one gradually asr increases. This type of behavior is e
pected only when the suspensions are inhomogeneous.
appearance of peaks in pair correlation functions at distan
much shorter thanD0 together with a liquidlike structura
correlation suggests the formation of dense phase drop
The projection of the particles in the MC cell@Fig. 5~b!#
shows the formation of liquidlike droplets coexisting wi
isolated particles that constitute the rare phase. Thus sus
sions in thef range (0.2531023) –(1.1231023) can be
identified as the vapor-liquid coexisting state. Increasingf
beyond 1.1231023 showed typical liquidlike behavior a
shown in Fig. 6. The projection of the coordinates in the M
cell @Fig. 6~B!# also appears homogeneous. Thus pres
simulations agree well with the experimental observat

FIG. 5. ~A! g(r ) vs r for dilute suspensions for different value
of f with s50.21mC/cm2 andCs54 mM . Curvesa, b, c, andd
correspond tof50.2531023, 0.3231023, 0.6031023, and 1.12
31023, respectively. Curvesb, c, andd are shifted vertically for
the sake of clarity.~B! Projection of the particle coordinates in th
MC cell. The parameters ofa andb are the same asg(r ) for curves
b andd, respectively.
e-

TABLE II. Inverse Debye screening length (k), position of the potential minimum (Rm), depth of the

potential well (Um), and average interparticle separation (D0) for different dilute suspensions. The abbr
viations VL andL represent the vapor-liquid coexisting state, and liquid state, respectively.

f (units of 1023) s (mC/cm2) Cs (mM ) kd Rm /d Um /kBT D0 /d State

0.20 0.21 4 0.736 6.682 0.770 15.03 VL
0.25 0.21 4 0.739 6.659 0.772 13.96 VL
0.32 0.21 4 0.743 6.630 0.780 12.85 VL
0.60 0.21 4 0.757 6.504 0.790 10.43 VL
1.12 0.21 4 0.784 6.290 0.810 8.46 VL
1.60 0.21 4 0.807 6.118 0.833 7.52 VL
2.27 0.21 4 0.839 5.896 0.861 6.69 L
2.86 0.21 4 0.866 5.720 0.884 6.19 L
3.40 0.21 4 0.890 5.575 0.772 5.85 L
4.00 0.21 4 0.916 5.426 0.926 5.53 L
9.00 0.21 4 1.109 4.540 1.073 4.22 L
10.0 0.21 4 1.143 4.414 1.097 4.08 L
15.0 0.21 4 1.303 3.922 1.198 3.57 L
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2242 PRE 58B. V. R. TATA AND NORIO ISE
@16# of vapor-liquid coexistence at values off,2.031023

and the appearance of a homogeneous state having liqui
order upon increasingf under low salt concentrations. Th
vapor-liquid coexistence at low values off (f,0.2
31023) occurs whenRm is smaller thanD0 ~see Table II!
andUm'1kBT. Under these conditions the particles that a
initially at D0 get trapped in the potential well withRm as the
average interparticle distance constituting the conden
phase. Since the well depths are only of the order ofkBT, all
particles are not expected to get trapped. Those particles
remained untrapped constitute the gas phase. Further,
can also see from Table II that the differenceRm2D0 mono-
tonically decreases asf is increased. The suspensions e
hibit a vapor-liquid coexistence for large differences and
homogeneous liquidlike structure when the difference is v
small or positive.

For large well depths (Um.2kBT) and whenRm,D0,
suspensions can be inhomogeneous. From Eq.~1! it can be
seen that well depths are large when the charge on the
ticles is high. We have carried out systematic investigati
of the effect ofs on the structural ordering and the resu
are reported in our earlier paper@42# and hence we discuss
only briefly here. Figure 7 shows the effect ofs andCs on
structural ordering for dilute suspensions. For a suspen
with s50.2 mC/cm2 andCs50 @Fig. 7~A!# the simulations
show a homogeneous crystalline order~bcc!. Upon increas-
ing the charge on the particles suspensions become inho
geneous in the form of a dense phase coexisting with vo
The structural ordering within the dense phase depend
the value ofs andCs . The homogeneous to inhomogeneo
transition is identified and discussed in detail elsewhere@42#.
There exists a critical charge density below which the s
pensions are homogeneous and ordered. Above the cr
charge density suspensions become inhomogeneous. S
in Fig. 7~B! is the effect of salt concentration on a suspe
sion whose charge density is just below the critical cha
density. It can be seen that a homogeneous crystalline o
existing atCs50 becomes inhomogeneous

FIG. 6. ~A! g(r ) vs r for dilute suspensions with higher value
of f keeping other parameters the same as those in Fig. 5. Cu
a, b, c, and d correspond tof52.2731023, 2.8631023,
3.4031023, and 4.031023, respectively. Curvesb, c, and d are
shifted vertically for the sake of clarity.~B! Projection of the par-
ticle coordinates in the MC cell. The parameters ofa andb are the
same asg(r ) for curvesb andd, respectively.
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upon increasing the salt concentration. The ordering wit
the dense phase of the inhomogeneous state depends o
amount of salt present in the suspension. Thus observatio
a homogeneous ordered state or a void structure coexis
with ordered-disordered regions depend on the suspen
parameters. The charge on the particles and the salt con
tration in the suspensions play an important role in determ
ing the structural ordering as well as homogeneity of
suspensions. The present simulation results explain repo
experimental observations of a homogeneous crystal
state@1,47# as well as inhomogeneous phases in the form
voids with ordered or disordered~amorphous! regions
@1,7,9,11#. When well depths are large compared tokBT and
Rm,D0, particles that are initially at a separation ofD0 get
trapped strongly into the potential well, resulting in the fo
mation of a dense phase with interparticle separation clos
Rm . As the total volume of the suspension is fixed the fra
tion of the volumef v @ f v512(Rm /D0)3# appears in the
form of voids. Our recent experiments on highly charg
poly~chlorostyrene-styrene sulfonate! particles have shown
voids coexisting with dense amorphous regions, confirm
the existence of large well depths at several particle dia
eters, when particles are highly charged@18,42#. Such an
observation is analogous to the gas-solid coexistence
atomic systems. It is clear from these simulations tha
k-dependent long-range attractive term in addition to
usual repulsive term explains consistently all the experim
tal observations. On the other hand, the theoretical calc
tions of van Roij and Hansen@55# show that the gas-solid
and the gas-liquid coexistence can also occur even wit
purely repulsive screened Coulomb pair potential, provid
the effective Hamiltonian contains a negative term that c

es

FIG. 7. ~A! gc(r ) vs r for suspensions for differents at Cs

50 andf50.03. Curvesa, b, andc correspond tos50.2, 0.4,
and 0.68 mC/cm2, respectively. The projections of the time
averaged particle coordinates in the MC cell are shown in the ins
~B! gc(r ) for suspensions with different salt concentrations fors
50.35 mC/cm2 and f50.03. Curvesa, b, and c correspond to
Cs50, 2, and 15mM , respectively. The insets correspond to pr
jections of the time averaged particle coordinates in the MC ce
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drive a spinodal instability. The negative term arises due
the macroion-counterion interaction. However, the quant
tive agreement between the experimental results and the
culations using the effective Hamiltonian for physically re
sonable suspension parameters has yet to be demonst
Further, the reentrant transition@15# reported in dilute sus-
pensions as a function ofCs are difficult to understand usin
van Roij and Hansen’s calculations@55#.

V. SIMULATIONS AT VERY LOW VOLUME FRACTIONS

In this section we discuss the MC simulation results c
ried out at very low volume fractions@f5(0.131024) –
(1.031024)] with an aim to understand the recent measu
ments of the interparticle interaction in charged colloids u
der very dilute conditions@19,21–23#. For sufficiently dilute
dispersions the relationship

g~r !5exp@2U~r !/kBT# ~3!

can be used to obtain the pair potentialU(r ) @56#. In order to
check whether the volume fractions used here satisfy
relation, we useg(r ) obtained from simulations and Eq.~3!.
As expected, the pair potentialU(r ) ~see Fig. 8! obtained at
these low volume fractions is found to be the same as
used initially to obtaing(r ) in simulations. This suggest
that at very low volume fractions suspensions obey Eq.~3!
and the interaction between particles is the true pair po

FIG. 8. Pair potential in units ofkBT obtained using Eqs
~1! and ~3! for suspension parametersf51.031025, s
50.21 mC/cm2, andCs54 mM .
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tial. Pair correlation functions calculated for such dilute su
pensions are shown in Fig. 9. Table III summarizes the s
pension parameters and the simulation results. It can be
that there exists only a single peak occurring at the dista
r 5Rm and no further peaks at larger , suggesting that the
suspensions are noninteracting@gaslike ~G!#. Further, the
peak position is found to be independent off even when the
particle concentration is varied over one order of magnitu
This suggests that in this range of volume fractions susp
sions are essentially noninteracting. Kepler and Fraden~KF!
have observed such a concentration independence~see Fig. 2
of Ref. @19#! in their experiments and their pair correlatio
functions also showed a single peak. KF@19# as well as
Crocker and Grier~CG! @22# employed Eq.~3! to obtain the
pair potentialU(r ), which indeed showed the existence of
long-range attraction when the gap between like-char
glass plates used for confining the suspension is ab
,6mm. These suspensions are called confined colloids.

However, when the gap is.7mm, the measuredU(r )
shows no attraction@22#. CG attribute the absence of an a
traction to the absence of confinement and interpret the
corresponding to about 8mm as direct evidence for the
DLVO pair potential but not toUs(r ) based on the effective
charge numbersZ and k extracted by fitting to the expres
sion of the DLVO potential andUs(r ). Further, CG have no
performed independent measurements forZ, Cs , and np ,
which characterize the suspensions used forU(r ) measure-
ments.

We have carried out careful effective charge measu

FIG. 9. g(r ) vs r for very dilute suspensions for different value
of f. The values ofs and Cs are the same as those in Fig.
Curves a, b, c, and d correspond to f50.131024, 0.3
31024, 0.6031024, and 1.031024, respectively. Curvesb, c,
andd are shifted vertically for the sake of clarity.
n

TABLE III. Inverse Debye screening length (k), position of the potential minimum (Rm), depth of the

potential well (Um), and average interparticle separation (D0) for very dilute suspensions. The abbreviatio
G represents the gaseous state.

f (units of 1024) s (mC/cm2) Cs (mM ) kd Rm /d Um /kBT D0 /d State

0.1 0.21 4 0.726 6.772 0.760 40.82 G
0.3 0.21 4 0.727 6.762 0.761 28.30 G
0.6 0.21 4 0.728 6.743 0.763 22.46 G
1.0 0.21 4 0.732 6.729 0.765 18.95 G
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ments@57# on the same suspensions~i.e., catalog numbers
and the suppliers are the same! used by CG. Surprisingly
these direct measurements revealed that the effective ch
numbers are much smaller than those mentioned by CG
Ref. @22#. In addition to such a disagreement in the char
we notice that theU(r ) data on confined colloids is no
completely free from the effects of confinement. The e
dence in support of our claim is described below.

Recently, Muromatoet al. @58# have investigated, using
confocal laser scanning microscope, which probes m
higher depths than the conventional optical microscope u
by CG, the effect of a like-charged glass plate on the dis
bution of charged colloidal spheres in dilute suspensions
different charge densities of the glass plate and for differ
salt concentrations of the suspensions. These results cl
show that the particle concentration is high clo
(,10 mm) to the glass plate and gradually decreases to
average concentration far away from the plate. Muromatet
al. @58# call this enhancement in the particle concentrat
close to the glass plate a gathering of particles near a l
charged plate. These observations suggest that the p
particle interaction is significant and persists to distance
high as 5–50mm depending on the charge. In light of th
observations of Muromatoet al., we believe that CG’sU(r )
data corresponding to about an 8-mm gap need not be en
tirely free from confinement.

To summarize, CG’sU(r ) data corresponding to about
gap of 8mm is not entirely free from geometrical confine
ment of the glass plates. These observations, together
our measurements ofZ on their particles, which show a larg
discrepancy with respect to their estimated values, lead u
conclude that CG’sU(r ) measurements corresponding
about an 8-mm separation do not provide compelling ev
dence for the nonexistence of attraction in dilute charg
colloids and the failure ofUs(r ) to describe them.

Our experimental observations, viz., the vapor-liquid co
densation in dilute suspensions seen as a function of vol
fraction @16# and as a function of salt concentration@15#, for
low charge density particles and the coexistence of vo
with glasslike disordered regions@18# in dilute suspensions
with high charge density particles, suggest that the cha
density on the particles dictates the strength of the lo
range attraction seen in the bulk dilute suspensions. The
sition of the well depth is dictated by small ion concentrati
~i.e., counterion concentrationnpZ plus salt ion concentra
tion Cs). Since the counterion concentration depends on
charge on the particle, the range of the attraction also
pends on the charge density of the particle. It is easy
conclude from these observations that the long-range at
tion at very dilute concentrations is observable only wh
colloidal particles are highly charged. Yoshino’s observat
of long-lived colloidal pairs provides such evidence@59#.

The fact is that the colloidal particles used by CG@22# are
not highly charged and hence there is no measurable at
tion in U(r ) for a greater than 7mm gap of the glass plates
However, this does not rule out the applicability ofUs(r ) to
explain their observation of the screened Coulomb repuls
in the measuredU(r ). It is easy to see from Eq.~1! that
Us(r ) has a screened Coulomb repulsive term, which is
rge
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same as that of the DLVO potential except for the prefac
For very dilute suspensions with low charge density partic
the well depths become too small to be detected experim
tally. In such casesUs(r ) also behaves more like the DLVO
potential. Hence the observedU(r ) can be fitted to both
Us(r ) and the DLVO potential. In fact, CG have done th
and extracted the values forZ andk. Further, we could also
fit Us(r ) to CG’s experimentalU(r ) data reported earlie
@24#. This fit gave us a well depth of 0.09kBT at a position of
2.33 mm. CG’s experiments cannot resolve such small w
depths. The attraction inU(r ) emerges when charged gla
plates were brought closer to a gap less than 6mm @19,22#.
However, the pair potential derived under the DLVO fram
work for charged colloids with confinement does not sh
attraction@60#. Similarly, very recent numerical calculation
using the Poisson-Boltzmann equation carried out by Osp
and Fraden@61# for parameters of KF and CG’s confine
colloids@19,22# also do not show any evidence for attractio
However, these calculations show a reduction in the stren
of repulsion. Thus these results clearly suggest that~a! the
attraction does not arise due to the physical confinemen
charged colloidal particles and~b! confinement does no
drastically alter the nature of the interparticle interactio
Hence we believe that theUs(r ) that is derived for bulk
suspensions cannot be applied for a quantitative compar
with experimental results of confined colloids. However, w
believe thatUs(r ) can be used for a qualitative understan
ing of experimental observations on confined colloids b
cause of our own reported results@20# and from the conclu-
sion drawn above@i.e., ~a! and ~b!#.

We mentioned earlier that the strength of attraction g
enhanced when particles are highly charged. The counte
concentrationnpZ also becomes higher proportionally b
cause the effective charge on the particle dictates the co
terion number in the suspension.Us(r ) is derived by taking
into account this relationship explicitly@30#. The long-range
attractive term inUs(r ) arises due to the mediation of coun
terions present between charged colloidal spheres@30,37#.

We believe that the same counterion mediation is resp
sible for attraction seen in dilute confined colloids@19,22#. In
the case of confined colloids the charge on the glass pl
enhances the attraction and the counterions dissociated
the glass plates in addition to those from the particles
responsible for mediating the attraction. It is known that t
charge on the glass plate and charge on the colloidal par
comes from similar dissociation processes of respective
chains that are in contact with water. Although the count
ion species resulting from the glass plate and the collo
particle are different, they lose their identity because of th
exchange to H1 by the ion exchange resins. The counteri
concentration is expected to reduce when the plate separ
is increased. Hence the counterion mediation becomes w
resulting in an attraction that is too small to be detected w
charged plates are at a wider separation. Recent experim
by Muromatoet al. @58# provide evidence for our explana
tion. The experiments of Muromatoet al. with a Nafion-
coated polyethylene surface that is charged showed a g
ering of similarly charged colloidal particles, where
experiments with an uncharged polyethylene surface sho
no gathering, clearly indicating that a charge on the confin
surface and its associated counterions in the suspension



ne
or
o-

il-
o

su
s

e
en
te
a

ut

s
e
m
w

er
e
re
en
on
ha

ns

a
cu
f

am
ns
in
V
n-
n

,
s

m
th

rts

th
ro
e
ll
n
n
t

e

e.
s
tu

ion
to

cur-
nd
on
ge
at
ing
ge
ar
ed

the
r sus-

on-
the

e
oth-
us-
d

ond
l

,
ed
s

is in
nt
iz.,
uid
n of
red
the

n
VO
ng

nce
ar-
in
-

ion

les
the

or
l as
ny

PRE 58 2245MONTE CARLO STUDY OF STRUCTURAL ORDERING IN . . .
responsible for the attraction but not the physical confi
ment. Further, these observations do not support the the
ical results obtained within the framework of the DLVO p
tential by Gonzalez-Mozuelos and Medina-Noyola@62#. As
per these calculations@62#, one is expected to observe a p
ing up of particles touching the wall as the charge density
the similarly charged glass plate is reduced.

CG imagine that the charged glass plates in confined
pensions mimic the role of many colloidal particles in den
suspensions and many-body effects are assumed to b
sponsible for the origin of attraction seen in bulk susp
sions. Many-body effects might be important in concentra
suspensions. However, we do not believe that these
strong enough and responsible for the attraction in dil
suspensions. It is recalled that we observed~a! a vapor-liquid
coexistence at a volume fraction as low as 0.000 32@42#, ~b!
a reentrant transition upon lowering ofCs at a volume frac-
tion 0.0028@15#, and ~c! voids coexisting with amorphou
dense regions@18# on highly charged colloids at a volum
fraction of 0.006. These observations at such low volu
fractions cannot be reconciled by many-body effects. Ho
ever,Us(r ) is shown to explain successfully all these obs
vations, indicating that the influence of counterions pres
in between the charged colloidal particles is considered
sonably well in deriving the effective pair potential betwe
two colloidal particles in a suspension of finite concentrati
Some of these include the present simulations and some
been reported earlier@41,42,18#.

Apart from Us(r ), there have been recent calculatio
based on integral equation methods~IEMs! @28,29# showing
the existence of a long-range attraction in the effective p
potential. The behavior of the depth and its position cal
lated as functions ofk are found to be similar to those o
Us(r ). The commonness between IEMs and the Sog
theory is that both consider the finite number of macroio
The Sogami theory explicitly relates the macroion charg
process to the release of counterions. However, the DL
theory is for a very dilute system with no explicit relatio
ship to the macroion charge to the release of counterio
Medina-Noyala and McQuarrie@63# have shown that in the
infinite dilution limit IEMs yield the DLVO result. However
such a connection between the Sogami theory and IEM
yet to be established. Recently, Schmitz@37# reported a ther-
modynamic picture for the origin of attraction in the Soga
theory by focusing the attention on the electrical part of
Helmholtz and Gibbs free energies and its dependence on
screening parameterk. He showed that these electrical pa
of the two free energies are not equal whenk is finite. This
difference is attributed to the internal pressure due to
confinement of the counterions to the vicinity of the mac
ions. In this context it is worth mentioning the differenc
between the short-range attraction seen in uncharged co
dal suspensions with free polymer chains and the long-ra
attraction in charged colloidal suspensions free from a
polymer chains. The short-range attraction arises due to
depletion effects when free polymers are present betw
uncharged colloidal particles@64#. This attraction is of short
range because the basic interactions are hard-sphere typ
the other hand, the attraction seen in charged colloids i
long range because the interactions are Coulombic in na
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VI. CONCLUSIONS

We have shown that the effective interparticle interact
Us(r ), which has a long-range attractive term in addition
the screened Coulomb repulsive term, explains the oc
rence of fcc crystalline order at high volume fractions a
bcc crystalline order at lower volume fractions. The additi
of salt is found to result in melting. For a smaller char
density on particles simulations show a liquidlike order th
is found to freeze into a bcc crystalline order upon increas
s. The variation in volume fraction in the intermediate ran
also shows a crystal-liquid transition. Thus it is very cle
from these simulations that the interparticle interaction ne
not be repulsive at all interparticle distances to explain
homogeneous phases observed in these suspensions. Fo
pension parameters for whichRm.D0, the dominant inter-
action between particles is essentially repulsive and resp
sible for the homogeneous nature of the suspension and
ordering is dictated by the strength of interaction atD0. This
explains whyUs(r ) is equally successful in explaining th
structural order in homogeneous suspensions, which is
erwise explained using the DLVO potential. For those s
pensions whereRm,D0 simulations showed a vapor-liqui
coexistence for low values ofs andf. This coexisting state
is found to transform into a homogeneous liquid state bey
a critical value off, in agreement with the experimenta
observations. For large values ofs the well depths are large
resulting in the formation of voids with ordered or disorder
structures. At very dilute volume fractions simulation
showed a concentration-independent single peak, which
conformity with experimental observations. The prese
simulations explain several experimental observations, v
the direct measurement of the pair potential, the vapor-liq
coexistence to a homogeneous liquid state upon variatio
f, and the coexistence of voids with ordered and disorde
regions. These cannot be understood based purely on
repulsive DLVO potential. In view of the present simulatio
results, the earlier understanding obtained using the DL
potential to explain the bcc-fcc transition and the melti
phenomena needs a revision.

The present simulations clearly emphasize the importa
of thek-dependent long-range attractive term in the interp
ticle interaction for the description of ordering phenomena
charged colloids.Ab initio calculations are expected to pro
vide insight into the mechanism of the long-range attract
and also help in resolving the existing debate@1,31,32,34–
37# on the validity of the Sogami theory@30#. Careful experi-
ments on very dilute suspensions of highly charged partic
under unconfined geometry help in the understanding of
origin of the long-range attraction.
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