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Excitation of electromagnetic wake fields in a magnetized plasma
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We consider propagation of short electromagnetic pulses in a magnetized plasma. A self-consistent system
of equations describing wake-field generation in the weakly nonlinear limit is derived. Due to the external
magnetic field, the generated wake field becomes partially electromagnetic. The equations are applicable for
arbitrary directions of propagation as compared to the external magnetic field. The conservation laws for the
system are discussed in detail. The energy decrease rate and the frequency decrease rate of the short pulse are
determined[S1063-651X98)00406-]

PACS numbgs): 52.35.Mw, 52.40.Db, 52.40.Nk

I. INTRODUCTION magnetic pulse. This means that wake-field generation by a
number of pulse$9] or frequency up-conversion of a short
The interaction of electromagnetic pulses with plasmagulse situated somewhere in the wake field where the deriva-
can give rise to a large number of phenomé¢halll. For tive of the wake-field potential is negatiy&0] can be de-
weakly nonlinear one-dimensional pulses, the quadratic norscribed. The organization of our paper is as follows. In Sec.
linear terms can generate second-harmonic perturbations Hsthe derivation of the equation governing the pulse propa-
well as low-frequency perturbations. Typically, the second-gation is made, starting from the weakly relativistic cold
harmonic terms in turn affect the evolution of the pulse, leadPlasma equations. In Sec. Il a variational principle and the
ing to a cubic nonlinearity of the nonlinear ScHinger type. ~ conservation laws for our system are presented. Section IV
During certain circumstances the low-frequency responsévestigates wake-field generation by a single short pulse,
also leads to such a nonlinearity, but it can also lead to dhich after some approximations leads to concrete expres-
nonlocal response. In particular, a short laser pulse with &ons for the frequency decrease and energy-loss rate of the
duration of the order of the inverse plasma frequency oPulse. In Sec. V we point out some effects that occur due to
shorter generates a low-frequency wake field of plasma oghe presence of the external magnetic field. Finally, the main
cillations [3,4]. Similarly, microwave sources can generateresults are summarized and discussed in Sec. VI.
energetic electron plasma wake fields in laboratory experi-
ments[5]. The large electric fields of the plasma oscillations Il. DERIVATION OF MAIN EQUATIONS
lead to the concept of plasma-based accelerdfjrswhich . .
have shown promising result§]. The plasma wake field can We conslder a E°|d homogeneous magnetized plasma
also interact with a second weaker pulse following the firstWith Bo=B(X cos6+zsind). A short, one-dimensional high-
leading to frequency up-conversion of that pulges]. frequency pulse is propagating in thelirection. We assume
In the present paper we have investigated the interactiofe orderingw> w,,w. where o is the frequency of the
of a short one-dimensional weakly nonlinear electromagnetiulse, w, is the plasma frequency, and.=qB/mc is the
pulse with plasmas during comparatively general conditionselectron cyclotron frequency. The ratia, /o, is arbitrary.
The pulse is assumed to be short enough such that the loWNote that Ref[11] has previously investigated wake-field
frequency response occurs at the electronic time-scale ar@éneration in a magnetized plasma without using our as-
thus ion motion has been neglected. Furthermore, the fresumptionw>w.. However, that work is limited to electro-
quency of the pulse is much larger than the plasma frestatic wake fields. Generally, the low-frequency field turns
quency. Using a WKB ansatz but keeping correction term®ut to be electromagnetic in our case, making our basic as-
that are usually neglected, we have derived a set of selsumption complementary to that of RéL1]. First we note
consistent equations valid for propagation at an arbitrarjhat for > w. the influence of the magnetic field will be
angle to the external magnetic field, taking second-harmonitimited to the low-frequency perturbations generated by the
generation, relativistic effects, and low-frequency wake fieldpulse, as can be verified by examining the cold plasma con-
generation into account. The system of equations exhibitguctivity tensor{12]. In the following we will use the scalar
conservation laws for the energy, the number of high-and vector potentials according to
frequency quanta, and the Hamiltonian of the system, which
are discussed in some detail. During the propagation through E- _Vd— } % B=B.1 VXA
the unperturbed plasma, the pulse energy is transferred to the c ot’ 0 '
wake field, which is partially electromagnetic, due to the
presence of the external magnetic field. Since the number efpplying the Coulomb gauge. To lowest linear order we as-
electromagnetic quanta is conserved, the frequency of theume the vector potential of the high-frequency pulse to be
pulse must decrease. However, our equations allow for given by A=Ay(z,t)exdi(kz—wt)]+c.c., where c.c. stands
general interaction between the wake field and the electrdor complex conjugate. The polarization is assumed to be
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arbitrary, the amplitude is slowly varying in time and space AL AL
as compared to the epifkz— wt)] factor, and the dispersion " 2 5 —4mcqnov, =0. @)
relation w?= w?+k2c? is fulfilled exactly. As can be seen ot z

from the calculations below, the scalar potential will have no

contribution proportional to expkz-wf), but only low- This is the key equation that will lead to a fairly simple

frequency and second-harmonic contributions. The Vecm&escription of the excited low-frequency wave. Generally,

p?‘er!“a" on the_ pther hand, will have a Iow-freql_Jency COMye can think of a wave as a superposition of an electrostatic
tribution, in addition to the lowest-order expression written

above, but no second harmonics, to a good approximation | art described byp, and an electromagnetic part described

) . : : y A_ . What simplifies the picture is that approximately the
the parameter regime of consideration. Thus we will have electromagnetic part is obeying the same equations as for

vacuum and the electrostatic part obeys the same equations
as for an unmagnetized plasma. Furthermore, these parts are
only weakly coupled. This simplification occurs becaugg

is small; to be more preciséy, | | <v,,| even if the parallel
Naturally, all amplitudes are slowly varying am , @, , and perpendigular electric fields are comparable in magni-
and dy, are second order in the amplitude, . IndicesL ~ ude Thatv,, is small can be seen from E(). The reason
andSH will be used for denoting low-frequency and second-1S that our system is nearly stationary in a frame moving with
harmonic parts for all variables in what follows. the group velocity 4 of the high-frequency wave. Since we

From Ampee’s law we immediately have have vy~c and d/it~vydldz, the operator 9*/Jt
_ 0292 952 .
c“d“/9z= becomes small. The parallel and perpendicular

A=A (z,t)+Ay(z,)exdi(kz— wt)]+c.C.,

D=0, (z,1)+ Ps(z,t)ex 2i (kz— wt)]+c.c. (1)

P°D equations of motion are
H—qunvZ:O (2)
dv q o® - a®> Jd(Ay-AY)
and Lz __1 _L + % . _ H
at m gz wC(VLL X)”SIn 0 2ma2c? 0z
FPA L IPA (8)
— —¢"— —4mcqnv, =0, (3
at 0z
. o ] and
wheren is the total density including low-frequency as well
as second-harmonic contributions. The indexrefers to
components perpendicular to the direction of propagation. A qg JAL q
Next we must derive an expression for the perpendicular g mc ot +R(VLXBO)L' ©

velocity using the equation of motion. For an unmagnetized
weakly relativistic cold plasma we have
where the ponderomotive force in E&) acts as a driver for

v, |? 2 the low-frequency perturbations. In E() we see that the
- 4 only effect of the magnetic field is through the term propor-
tional tov, , . Actually, if we neglect this term altogether, we
can use the continuity equation and Gauss'’s law to derive an
equation for the low-frequency response that is exactly the
same as for an unmagnetized plasma. For an unmagnetized
plasma, the low-frequency response is completely electro-
static and accordinghA; =0. However, this would be to
push the approximations to far. From E§) we see that if

+ _ =
gt U2z m

_|._ —_
at Y7z

v, v, qc[ A A

c

We emphasize that E¢4) cannot be used to derive expres-
sions for the evolution of the low-frequency quantities, but it
is valid for the rapidly oscillating parts. The solution for the
velocity is

3Al2
= 9A M (5)  |vi| is indeed small, we must have
mc 2mécS’
which is correct to third order in the amplitude. Inserting Eq. AL A A .
(5) into Eq. (3) and keeping terms up t&> , we obtain — ~(VXBo) ~vy(2XB) =yv B sing. (10
PA _PPA 47q?
— 02—2 + w§A+ For parameters fuffillingo sin #>w),, such a balance means
at 9z that the excited wake field is approximately transverse and
2 electromagnetic, rather than electrostatic. This is due to the
X (N, + N A— @pd |A|2A=0. (6) external magnetic field that clearly cannot be neglected. To
2m?c* resolve this paradox the magnetic correction terms from Egs.

(8) and (9) must be included when deriving the low-
Next we need an equation for the scalar potential. We firsfrequency equation. Acting with/9z on Eq.(8) and using
concentrate on the low-frequency evolution. The perpendicuthe continuity equation followed by Gauss’s law we obtain
lar component of Ampe’s law becomes after integration
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Bd, o . scriptL from now on and wri_teb(g,r)z _(I)L(.x,t). Further_—
5 wp¥—4qu0wc(vuxx)”sin 0 more, we note that for arbitrary polarization of the high-
gzt frequency pulse we can sétH A(¢,7)e, wheree is a
q Ay Aﬁ) co_mplex unit vector, i.e.e-e*=1. Equation(14) is then
o 02 7 (1)  written as[13]
The electrostatic part of the low-frequency perturbation ® wgc 9>P ng) ) w§q|A|2
couples weakly to the electromagnetic part via the last term =2 — agar+ —2+ o+ 2 =0, (17)
on the left-hand side of Eq11). Our next aim is to express wp ¢ m
v, in terms of ®. We start by eliminating , in Eq. (10),
using Eq.(2), and obtaining after integration where w}.= w5+ wZsing. When deriving Eq.(17) a term
proportlonal to wc(c —v3)#*®19&% has been neglected.
AL chsm eﬂy (12) This term can be mcluded without difficulty, but only causes
wp a small frequency shift of the exited wake field and it is

therefore omitted. Equatiofll7) is one of our main equa-
The next step is to substitute EQ.2) in Eq. (7). We then  tions. Clearly, the low-frequency wake field is expressed
obtain only in terms of the scalar potential. However, in contrast to
the unmagnetized case, the wake field may have a significant
P . electromagnetic part, which can be found from EcR). We
—y (13 emphasize that foe. sin > wy,, the electromagnetic energy
density of the wake field is much larger than the electrostatic
Finally, from Egs.(11) and(13) we obtain energy density.
We are now ready to deduce the final form of E46).

Vi =

wesing| &
— e T 2
ot Fri

2
4mqnowy,

L TR w? sir? 0[ PO PP, Sincedl dr<cdl 3¢, we see that the first term in E(L7) is a
a2 top,d + 2 L 12 -cC 972 small correction. As will be discussed later on, this term is of
“p importance for the long-term evolution of the wake field, but

as a first approximation we can use
w30(Ay-AY) PP
= (14
2mc? > 2 2
,0°® 2 wpdlA|
Next we focus our attention on the second-harmonic term Ug €2 +top®=-— me (18

Nnsy in Eq. (6). We remind ourselves that the external mag-

netic field is not of importance at the fast time scale in our . _

parameter regime. Using the longitudinal momentum equawhich together with Gauss’s law gives
tion, the continuity equation, and Gauss’s law, we proceed
similarly as when deriving Eq14). The result is 2 2

ne | g AIA (19

wgsz,_rAH ] - 47Tqvg\. mc® |
—zexp{2|(kz— wt)]+c.c. (15

87w’mc?

Nsy=

) ) ) ] Substituting Eq(19) in Eq. (16), changing to moving coor-
Using Eq.(15) together with the ansatd) in Eq.(6) we find  ginates, and neglecting derivatives proportionaddhi? we

5 ) ) have[13]
) (?A (9AH &AH ﬂAH 47Tq I’]L
—2iw p +ug o +t— o Ay
at 9z IA 1 PA vl PA g SA-0. (20
W3 K22 o7 " K agar 7(952 20mc? 29

2(An-ADALT| 1— — [ (A A A}
w

2m?c*

(16) where vé=dvg/dk is the group dispersion of the high-
frequency pulse. The total cubic nonlinearity becomes pro-
wherev,=kc? w is the group velocity of the high-frequency portional tow?(c?—vg)/w?c? and is therefore omitted. The
electromagnetic wave. The last term proportional to 1system of equationEl7) and(20) governing the evolution of
—k?c?/w? contains the nonlinearities due to second-a low-frequency wake field described Byand a short elec-
harmonic effects and some part of the relativistic contributromagnetic pulse described By is the main result of our
tion. Since 1 k?c? w?<1, however, this term will be omit- paper. Note the presence of the second term in(ZQ).pro-
ted from now on. portional to d°A/dédr, which is a small correction term
Next we introduce new coordinates,£&) moving with  since we havé/dr<<cdl 9&. Although this term is small, it is
the group velocity, that is;=t andé=z—uv4t. We note that important for the long-term evolution since it leads to a vio-
the evolution is slow in the new frame, such that we canlation of the conservation law/d7f|A|?dé=0, as will be
safely used/dr<<cdld&é. For convenience we omit the sub- discussed in detail in the next section.
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ll. VARIATIONAL PRINCIPLE ConsequentlyV, in Eq. (25 corresponds to the pulse en-
AND CONSERVATION LAWS ergy density, whereas the last term corresponds to the energy

d density of the wake field. The ternd@A/d&) (dA* &) in Wy

The system of equation and (20) can be derive
y d €7 20 is a small correction that can be omitted within our approxi-

from a variational principle. Introducing the Lagrangian den-

sity mation scheme, but it is needed to make the energy conser-
vation law exact. The terms in Eq4.7) and(20) that contain
. L IA IA* o[ dA dA*  IA* A mixed derivatives are small corrections that are usually omit-
L=lo| A E‘A? Tk &_§W+ € It ted. However, note that we cannot obtain a self-consistent
conservation law such as E(R5) without including those
JoA? w,ZJC 0P P vé D2 w§¢2 terms. The significance of the corrections terms will be dis-
WU g (9_5 K F ar a—§+ 5(&—5) 72 cussed in more detail in Sec. IV.
p Generally, conservation laws such as E@3)—(25) are
w§q|A|2<I> important for the understanding of the governing equation§.
= (22) Furthermore, they can also be useful for analytical approxi-
mc? mation methods based on the variational princ[d/g]. The

) ] ) idea is to chose a trial function with a specified spatial varia-
where the action functional ig(®,A,A*)=[L d¢ d7 (also  ion involving a number of parameters that are functions of
compare the Lagrangian densities given in R@#]), we  time. It is of course necessary to have physical insight when
obtain Egs(17) and(20) varying® andA* and minimizing  ¢choosing what parameters to use. Minimizing the action then
the action as usual. Since time does not appear explicitly ijjves ordinary differential or algebraic equations determin-
the Lagrangian, the Hamiltonian will be conserved. Calculating the evolution of the parameters in the trial function. The
ing the Hamiltonian density as question of the reliability of the approximate solutions then

arises. An important check that does not involve numerical

= IL %Jr dL oA N 9L @—E calculations is to investigate to what extent the conserved
AIAIIT) It 9(9A*97) IT  d(dPlIT) IT ' quantities are preserved by the variational solution. This
(22)  scheme has been used successfully for the nonlinear Schro
_ dinger equatior{15] and Zakharov’'s equationd6]. How-
we find from @/d7)/H dé=0 that ever, a similar investigation for our set of equations is be-
yond the scope of our paper.
d Jw | oA|2 vEfod 2, w§¢2+ w3a|A[2D ]
dr) .| “Veog "2\ * 2 e |%
IV. ENERGY AND FREQUENCY DECAY RATE
=0. (23) OF THE HIGH FREQUENCY PULSE

Now it is time to consider two more exact conservation laws. Equations(17) and (20) allow for a general interaction
By using Eqgs(17) and(20) and making a number of partial between the low-frequency mode and high-frequency pulses,
integrations we find provided the evolution is slow in a frame moving witly .

) . For example, they can describe wake-field generation by a
ijm [k2|A|2+ K(A&A _px %)}dgzo (24) number of pulse$9] or frequency up-conversion of a short
dr)_= 2 o9& 9¢ pulse situated somewhere in the wake field whebéo&<0

[10]. However, from now on we will concentrate on a single
and pulse propagating through an unperturbed plasma. The pulse
q d (e is assumed to enter the plasmarat0 whenA »=0 and the
— [Wpt Wy = _J' [Wat Wyldé=0, (25 initial pulse energy is denotétg [~ szfm|A(r=' 0)|2d&].
dr dr) o We start by considering the frequency conversion rate. Gen-
erally the frequency shift is given by

where
Wa=K|A|>+ik PNGAN Vil AP N
A— | | | (95 (95 ag (95 ( ) fﬁ K|AK|2dK
and Aw~CcAKk=Cc—F———, (29
| adzax
2 2 -
wpc((9®)
= — . 2

whereA, = [A exp(x&dé. Since we have used a WKB an-
Since frequency and wave-number conversion are propokatz, we are limited to small frequency shifis)<w. As we
tional, we have will see below, this also implies small changes in pulse en-
ergy AW,<<W,o. Changing the order of integration, we can
fx |E|?d o fw IB|2dé= J'w Wadé. write an equation for the rate of change of the frequency shift
—o0 —o —o as
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% vations, we saw that the excited wake field can have a sig-
dA f K|Al?dk nificant electromagnetic compondmf. Eq. (12)]. Actually
) d J-» . . . ;

~C— for w.sind>w,, the wake field is approximately transverse

dr dr ff” A |2dx and electromagnetic. Still the low-frequency equation can be
€ approximated by Eq18), which is the same equation as for

an unmagnetized plasma where the wake field is completely

iifw ( K—A* &A>d§ electrostatic. This paradox will be resolved in Sec. V, where

dr o dW, the importance of the external magnetic field also will be

Aoe N G
Zf |APdé

— oo

~C discussed. At this stage we only note that the energy and

frequency decay rates of the high-frequency pulse are unaf-

fected by the external magnetic field to a good approxima-
(29  tion and therefore Eq(18) will be used in the rest of this

section.

Before deducing the final expression, a number of approxi- In order to simplify our problem, we consider the evolu-

mations have been made usidgv/w<<1, AW,/Wpy<<1, tion during a comparatively short time, such that the high-

and kL<1, wherelL is the characteristic scale length for frequency pulse can be taken as constant. During the condi-

variations inA. The last equality follows from Eq924) tion that the plasma is unperturbed before the arrival of the

and (25 if we note that the term proportional to pulse, Eq.18) can be integratef#] to give

(0A19€)(0A*19€) in Eq. (25) is a small correction term.

Integrating Eq.(29) keeping in mind that the variation in wpd (& , . , .
pulse energy is small, we obtain (&)= mco L [ACEDI? sinkp(§—¢7)]d¢". (33
9

A_w =_ AWe - AW, (30) The resulting potentials for some specific forms of the pulse
w Wao  Wpo' are given in Ref[4]. From Eq.(33) we find that for a short
) pulse with pulse length fulfillingk,L <1 we can generally
where the last step follows from the conservation k2B). write &=, sinf,¢+) after the passage of the pulse,

Since the energy of the pulse is proportional N(w \yheresis a phase factdisee Ref[4] for an expressionand
+Aw), whereN is the number of high-frequency quanta, we amplituded,, is given by

see from Eq(30) that N is conserved. Actually, from Ref.

%_WAO dT )

[10] we see that within our approximation scheme q (&
N is proportional to [*_{Kk?|A|2+ik[A(9A*/9¢) dy= C‘; |ACE")|2dg’. (34)
—A*(9A/0€)]/2}d¢ and thus Eq.(24) is a direct conse- MCvg-/ &

guence of the conservation of high-frequency quanta.
Next we rewrite the conservation |ai&5) by dividing the
integration limits according to

From Eq.(34) combined with Eq.(32) the corresponding
frequency and energy decay rates of the high-frequency

pulse are
d (& d (& > 4
d—Tf_qu)dg—f— d_ngl {Wa+Wepldé=0, (3D dAwldT: dWA/dT: B q“w, f§2|A(§')|2d§’.
w Wa 2m2kc4wv5 &
where¢, and &, are stationary pointén the moving framg (35

located slightly in front of the pulse and slightly after the
pulse, respectively. The integral from to &; can be per-
formed by lettingd/dr operate inside the integral and using
Eq.(17). Next we note that the low-frequency contribution to quanta.
the last integral in Eq(31) is much smaller than the pulse
contribution and accordingly the conservation law can be
approximated by

dez dé— dJél dé= k| ,[d®
prpe ngA §= = g7 ] Waedé=— 50y T

+w,2)q)2

The fact that the energy and frequency decay rates coincide
is again a consequence of the conservation of high-frequency

V. EFFECTS DUE TO THE EXTERNAL
MAGNETIC FIELD

made in the preceding section was made by neglecting the
effect of the first term in Eq(17). Since that term is the only
one containingB,, the effect of the external magnetic field

, (320  Wwas completely omitted in that calculation. This approxima-
t=¢ tion was possible since the high-frequency pulse couples di-

rectly only to® (and not toA,) and furthermore the elec-

whereW, is the energy density of the pulse. Thus the loss oftrostatic and electromagnetic parts of the electric field are
pulse energy only depends on the wake-field magnitude aftanly weakly coupled. Still the external magnetic field has a
the pulse passage. Equati¢d2) can also be obtained by number of consequences for the wake-field properties. First,
neglecting the first term of Eq17), using Eq.(18), which is it is obvious that the electric field is not longitudinal but has
a first approximation to Eq17), from the start. Although the a transverse component that can be found from &8&).
approximation used to obtain E¢L8) clearly can be justi- Clearly, the relative strength of the transverse electrical field
fied, that result is somewhat peculiar. When making the deriecomponent  to the longitudinal one fulfills

)2 The derivation of the energy and frequency decay rates
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|0AL13t]1] P13z = w, sin Blw,. Since the longitudinal field be too small as compared to the plasma frequency. However,
strength is approximately the same as for an unmagnetizede suggest that experiments in the microwave regible
plasma this means that the energy density of the wake field ishould be able to benefit from this idea if an external mag-
amplified by a factom),zmlwg [compare Eq(27)] due to the netic field of reasonable strength is included in the experi-
magnetic field. At first one may think that the energy-lossmental setu17]. It would also be of interest to consider the
rate of the high-frequency pulse must be increased by thissase where the external magnetic field vanisheszfor,,
but that would be contrary to our results in Sec. IV. Tothat is,Br=0. Naturally, Eq.(37) does not apply anymore
resolve this paradox and improve our understanding of thend the saturation of the longitudinal electric field would be
wake-field properties we must use E@7) instead of the determined from mechanisms outside our model, such as
approximation given in Eq18). We note that after the pulse thermal motion, nonlinear self-interaction of the wake field,
passage, Eq.17) can be solved by a WKB approximation. or two-dimensional effects.
Substitutingd = & (&, 7) exp(k,&)+c.c. into Eq.(17), we ob-
tain
~ - VI. SUMMARY AND DISCUSSION
od odb
E‘FAvg&—g:O (36) We have considered propagation of a short electromag-
netic pulse in a magnetized plasma. Two self-consistent

if the low-frequency wave number fulfills,= w,/vy. The equations describing the interaction between the pulse and a

group velocity of the wake field in the moving framer, is  low-frequency wake field for arbitrary directions of propaga-

given by Avg=vgu—vg= —vgwg/w,zw where v gy tions (as compared to the external magnetic fidldve been

=vg sir? wlwh, is the group velocity in the laboratory derived. During the propagation through the unperturbed
frame. We note that the finite group velociiy the labora-  Plasma, the pulse energy is transferred to the wake field and
tory fram@ is solely due to the external magnetic fiekur- ~ the frequency of the pulse is decreased. Due to our WKB
thermore, it is clear that the use of H48) would lead to an  ansatz, the description is limited to small changes in fre-
envelope that is stationary in the moving frame, instead ofjuency. However, the system is general enough to allow also
propagating withAv,. The energy contained in the wake for frequency up-conversion of a second weak pulse, follow-
field can roughly be writteWg=(Ws)Lge , Where angular ing the first strong pulse that has generated the wake field.
brackets denote an average over the wake-field region arlasically, the effect of the external magnetic field is the fol-
Lo is the length of the wake field. Furthermore, we canlowing. First, the generated wake field becomes partially
roughly writeL = — Avg47 (if the pulse enters the plasma at transverse and electromagnetic, as described by(E).
7=0). From the expression faxv 4 we see that the external The energy density of the wake field in the magnetized case
magnetic field leads to eontraction of the wake field by a js |arger by a faCtoerZ)c/w; as Compared to the unmagne-
factor wj/wp, as compared to the unmagnetized case. Thigized case. This magnification is directly attributed to the
exactly compensates for the increased energy density anggitional electromagnetic part of the wake field. Further-

makes the total energy contained in the wake field indepenygre, the group velocity of the wake field in the laboratory

dent of By. Consequently, the energy-loss rate of the high'frame becomes appreciable if %ﬁa)§~w§. Propagation of

fhe wake-field envelope in the laboratory frame leads to a

Due to propagation of the wake field, an interesting effeclcomr"letlon of the_wake field by a f_aCWFz’F/wP as _compar_ed
occurs if the external magnetic field is inhomogeneous. For- the unmagnetlzed cagéor a given time of mteracnqn
definiteness we consider a magnetic field that is directedith the high-frequency pulgeThe nonzero group velocity

- _ induced by the external magnetic field causes an interesting
alongx, hasB=B, constant forz<z,, decreases smoothly ffect | inh | If th tic field i
for z,<z<z,, and finally becomé8=Bg for z>z,. If we efiect in an Innomogeneous plasma. 1T the magnetic Tieid 1S
follow a certain part of the wake field through the inhomo- decreasing in th? d|rect|o_n of propaga_tlor),. the Iongltuq!nal
geneous region; <z<z,, two effects lead to the increase of part of the electric yvake field can b_e S|gnn;|c_antly ?mphﬁed
the longitudinal electric field. First, the decreaseqf,; ~due to the decreasing group velocity. For ginf ~wjp, the .
means that energy piles up from behind and the total enerqgl"'ﬁmge in wake-field properties due to the external magnetic
density of the wake field increases. Second, the ratio of lontield should be easy to detect in laboratory experiments.
gitudinal energy over transverse energy density for the wake Our derivation is based on a WKB ansatz. However, in
field increases a®%/ wZ(z). The combined effect results in a EQ. (20) we have kept the correction term proportional to
very simple expression for the amplification factrof the ~ 9°A/d&d, which is usually omitted4,10]. It is necessary to
longitudinal part of the electric wake field include this term if we want self-consistent conservation

laws. To be more specific, if we neglect this term and calcu-
_Ert By late the energy loss of a high-frequency pulse propagating
T E, Bg’ (37) through an unperturbed plasma, the result becomes a factor 2
too large. In addition to energy conservation, the pulse ex-
whereE,. andEg, are the longitudinal electric field ampli- hibits conservation laws for the Hamiltonian and the number
tude before and aftahe wake field has propagatéidm the  of high-frequency quanta. Together with the variational prin-
region z<z; to the regionz>z,. For this amplification ciple, the conservation laws can be useful for analytical ap-
mechanism to work properly, the cyclotron frequency cannoproximation method$15]. In this paper we have restricted

frequency pulse is also unaffected by the external magneti
field, in agreement with the results in Sec. IV.
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ourselves to the qualitative aspects of the pulse propagationection as compared to the first, that operator can be Taylor
with a specific interest in the frequency decrease and energgxpanded to first order, which gives

loss rate of the pulse. However, the pulse is also subject to a

nonlinear modification of shape. The shape modification oc-

cur on a faster time scale than the frequency decrease and . %_ ﬁ ‘92_A+ wf,q —iﬁ ‘73_A
energy-loss rate of the pul$é]. To investigate such effects It 2 382 20omc2 2k g¢3

detailed solutions of the governing equations must be per-

formed. Such studies have been done for equations of a simi- . wgq d

lar type to ours[18], but a thorough investigation of Egs. +i ma—g[qm]:(h (39

(17) and(20) remains a project for further research.

Finally, we note that Eq(20) can be rewritten slightly.
The first two terms can be combined accordingi@d/dr  where the last two terms are small corrections. The disper-
+ (1K) ?Al9gar=i[1— (i/K) (a9l 9€) 1Al 7, which means sive correction in Eq(39) is typically not of much impor-

that Eq.(20) can be written as tance. However, the nonlinear correction is necessary if we
) should obtain self-consistent conservation laws. We empha-
vg °A w0 size that all results in Secs. Il and IV can be derived from

oA L i g\t
o T\ T kg

2 (9_52 2wmc2q)A =0. Eq. (39) rather than Eq(20), with the difference that some of
(39) the conservation laws become approximate rather than exact.
Probably Eq.(39) is easier to implement than EO) in a
Since the second term in the inverse operator is a small corumerical code.

[1] W. L. Kruer, The Physics of Laser Plasma Interactions polarized modes that propagate with different group velocities.
(Addison-Wesley, Redwood City, CA, 1988 Since the difference in group velocities is very small, however,

[2] P. Sprangle, E. Esarey, and A. Ting, Phys. Rev41A 4463 we can neglect this effect and take the pulse to be arbitrarily
(1990. polarized.

[3] T. Tajima and J. M. Dawson, Phys. Rev. Let8 267(1979. [13] In the term with mixed derivatives we have substitutgdvith

[4] L. M. Gorbunov and V. I. Kirsanov, Zh. Ip. Teor. Fiz93, w/k. This minor change has no consequence for the physical
509 (1987 [ Sov. Phys. JET®6, 290(1987]. results, but due to this the coefficients in the conservation laws

[5] Y. Nishida, S. Kusaka, and N. Yugami, Phys. SEB2, 65 to be presented in Sec. Il becorheth simple and exact.
(19949. [14] C. D. Decker and W. B. Mori, Phys. Rev. #, 1364(1995;

[6] J. M. Dawson, Phys. Scit52, 7 (1994. X. L. Chen and R. N. Sudan, Phys. Fluids581336(1993.

[7] S. C. Wilks, J. M. Dawson, W. B. Mori, T. Katsouleas, and M. [15] M. Desaix, D. Andersson, and M. Lisak, Phys. Rev.48
E. Jones, Phys. Rev. Lei2, 2600(1989. 2441(1989.

[8] V. A. Mironov, A. M. Sergeev, E. V. Vanin, G. Brodin, and J. [16] B. Malomed, D. Andersson, M. Lisak, M. L. Quiroga-
Lundberg, Phys. Rev. 46, R6178(1992. Teixeiro, and L. Stenflo, Phys. Rev.35, 962 (1997.

[9] D. A. Johnson, R. A. Cairns, R. Bingham, and U. de Angelis,[17] If the longitudinal electric field should induce significant par-
Phys. Scr.T52, 77 (1994; D. Umstadter, E. Esarey, and J. ticle acceleration, naturally the external magnetic field must be
Kim, Phys. Rev. Lett72, 1224(1994). turned off. Actually, an adiabatic decrease of the external mag-

[10] V. A. Mironov, A. M. Sergeev, E. V. Vanin, and G. Brodin, netic field would lead to a further increase in the longitudinal
Phys. Rev. A42, 4862(1990. electric field since the transverse energy of the wake field
[11] P. K. Shukla, Phys. Sci’52, 73 (1994. would be transferred to the longitudinal degrees of freedom.

[12] As is well known, the presence of the magnetic field causes 18] A. M. Sergeev, E. V. Vanin, G. Brodin, L. Stenflo, D. Ander-
splitting of the electromagnetic mode into left- and right-hand sson, and M. Lisak, Phys. Lett. &77, 130(1993.



