PHYSICAL REVIEW E VOLUME 57, NUMBER 5 MAY 1998

Isomorphic multifractal shear flows for hard disks via adiabatic
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Identical particle trajectories can result from driven shear flows of two different typethermostatted
flows, simulating a nonequilibrium steady state, digl adiabatic flows, in which the irreversible heating
associated with viscous work is not extracted from the system. This trajectory isomorphism applies to shears
of hard particles, such as hard disks and spheres. Here we simulate such isomorphic shear flows. We also
discuss the associated instantaneous Lyapunov spectra, which are not isomorphic. We extrapolate the dissipa-
tive hard-disk spectra to the large-system lii81063-651X98)00605-9

PACS numbd(s): 05.604+w, 46.10+z

[. INTRODUCTION A nonequilibrium “time scaling,” which is reminiscent
of Nosés equilibrium work [13], links the two simulation

About ten years ago it was established that reversiblytypes, and also makes it possible to correlate the correspond-
thermostated nonequilibrium steady states lead to multifracing instantaneous dissipation rates and the phase-space dis-
tal phase-space structurgls-6]. The fractal structures have tribution functions. The present work is devoted to carrying
“Kaplan-Yorke” or “information” phase-space dimension- out simulations exhibiting the isomorphism property and
alities [7,8] less than that of their equilibrium counterparts. analyzing the results. Though we find, on the one hand, that
This finding of reduced dimensionality demonstrated the rarthe particle trajectories are indeed isomorphic, as the analysis
ity of nonequilibrium phase-space states relative to equilibof Ref.[11] suggests, on the other hand we discover that the
rium ones, and explained it in terms of their singular fractalinstantaneous Lyapunov spectra are not simply related to one
nature. The fractal distributions of nonequilibrium phase-another.
space states are confined to “strange attractors,” objects The present work is described as follows. In Sec. Il we
with zero measure, relative to the smooth Gibbsian equilibdiscuss isomorphisms which link together a variety of ap-
rium distributions. Surprisingly, the time-reversible mechan-proaches to the simulation of many-body hard-particle non-
ics underlying the nonequilibrium flows turned out to be per-equilibrium flows. In Sec. lll we show that the configura-
fectly consistent with dissipative singular attractors, and withtional trajectory isomorphism leads to a simple scaling of the
the additional unexpected consequence that the resultingstantaneous Lyapunov sums, in the full phase space
nonequilibrium phase-space distributions were singular{X,y,py,py}n. Section IV includes a brief review of shear-
rather than smooth. flow techniques, using periodic boundary conditions, and

The singular multifractal phase-space structures provideémphasizing the particular difficulties associated with scal-
an appealing mechanical rationale for the second law of theiihg hard-particle collisions using these boundary conditions.
modynamicq1]. But the thermostats underlying these struc-Section V describes our numerical simulations of shear
tures raised a questid®,10]: “Do the fractals correctly rep- flows, and the results obtained from them. Section VI is de-
resent the rarity of nonequilibrium states, or are thesevoted to our conclusions.
singular objects, of reduced dimensionality, merely artifacts
of particular time-reversible thermostatting techniques?” A
recent investigation of this questi¢hl] established that the
multifractal states found in thermostated hard-particle simu-
lations [1-6,19 have precise counterparts in somewhat- The usual Newtonian trajectories traced out by hard disks
more-conventional adiabatic flows. Here we study the relaor hard spheres have shapes independent of the kinetic tem-
tionships between two types of shear-flow problems, the onperature. Quadrupling the temperature, by doubling all the
adiabatic and the other thermostated with a fixed kinetic enparticle velocities KTo<(mv?)), simply doubles the rate at
ergy (“isokinetic” ). It is remarkable that these two very dif- which the{x,y}y or {x,y,z}y paths are traced out. The in-
ferent problem types can generate configuration-space trajecreased speed does not change the shapes of the configura-
tories,{y(x)}n, which are “isomorphic,” meaning “having tional trajectories themselves. Very similar relations hold
the same shape.” also for trajectories generated by inverse-power ‘“soft-

Il. TRAJECTORY ISOMORPHISMS FOR DISKS
AND SPHERES
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Here, and throughout this work, we represent, fyythe

Q“, (,6“’ “scale factor” which correlates the isokinetic and adiabatic
K% é\'b o P . . . . .
& n | & time scales. The treatment of second derivatives, including
° the accelerations and the dissipation rate, discussed in the
following section, is somewhat more complicated. For the
q, q,=49, accelerations, a chain-rule calculation establishes the useful
Adiabatic Isokinetic correspondence

FIG. 1. Corresponding changes in isokinetic and adiabatic tfa([o)a=s(d/dt)a(spo)cvsz[bJr(Ka/ZKa)p]oEsz[b+ ZkPlos
jectories for a time intervadlty=sdt,. The{y(x)} representations
of the trajectories are identical, though both the momenta and othgghere
rates differ, by the scale facter (K, /Kq)*? as is explained in the
main text. (é/S)aE Ka/ZKaE Zx.

sphere” potentialsgecr ", but with the added complexity

that the volume and the temperature must change SImUIt"jb'etail, for shear flows, in Sec. IV, corresponds to the rate of

nepusly[14], na gorrelated way, to maintain an isomor- change of the thermal energy along the corresponding adia-
phism. For simplicity, we specialize our numerical work to batic trajectory

th? two-_dlmensmnal hard-disk case, for .Wh'Ch.the partlcle_ An analytic demonstration of the trajectory isomorphism
trajectories are correlateq ?ets of tV.VO'd”T‘e”S'O”a' Coord'[ll] can be based on showing that the trajectory curvatures
nates,{y(x)}n. Exactly similar considerations follow for {d?y/dx?},, match, at corresponding trajectory poifisyly

hard spheres. with matching slopes,dy/dx=p, /py}n . The trajectory iso-

Driven nonequilibrium simulations most often mcorporate_morlohism is most easily grasped and appreciated by compar-

'Sstggg]r?gf Osrt:tgg?serfqe“?r;%id%a?ﬁeffr;%i?éts?o?cse;ocn;?rgg%g numerical solutions of the two sets of equations. Pro-
y o 9 vided that the initial conditions correspond, exactly the same

applied to a special set pf boundary particles, the thermost%(x)} trajectories are traced out, but at different rates
forces are usually applied homogeneously, to all the parg N ’ '

. Lo . -~ Similar scalings have been considered by several groups in-
ticles, so as to minimize the influence of the boundaries 9 y group

Mass or energy currents are driven by external fields, Senstg:rested in_molecular dynamics, beginning with Nose

tive to a particle’s type or ener while homogeneou 11,13,20-22
" P . yp : gy, wh mog A two-body trajectory segment illustrating shear-flow iso-
shear flows” are usually driven by special periodic shear-

ing boundary conditions. These shearing boundary Condi_r_norphlsm as described by Doll's-tensor dynamics, appears

tions were developed, independently, by at least three sep'grl the Appendix. It is perhaps less obvious, but also true, that
rate sets of workerd17—19. The shearing boundaries corresponding exact scaling relationship connects the dis-

preclude the conservation of total energy, or internal energyS'patlon’ through the mstantanequs sum of the “local”
or angular momentum, whether or not t’hermostating fee _I_’_ya_lp_unov exponents. S_uch a_scalmg does not occur for the
back forces are presen’t |nd|V|quaI exponents. D|SS|pat|on a_nd the Lyapunov spectra
: T ; . . are discussed in the following section.

The idea underlying a trajectory isomorphism between
adiabatic and isokinetic thermostated trajectories can be vi-
sualized as indicated in Fig. 1, where the progress of two  !ll. DISSIPATION AND THE INSTANTANEOUS
isomorphic trajectories, but in two different phase spaces, is LYAPUNOV SPECTRA
outlined schematically. In the figure, we show the correspon-
dence between trajectories (i) the adiabatic phase space
{da,Patn @nd in (ii) the isokinetic phase spadeg,po}n -
Notice that, while the trajectories agree exactly, the moment
differ by a scale factos, discussed below. We indicate vari-
ables following the two types of trajectories by subscripts
for adiabatic and 0 for isokinetic. The isomorphism linking
the two trajectory types implies that all the geometric con-
figurational variables, based on particle coordinates, ar
identical in the two corresponding trajectory segments:

Thus the isokinetic friction coefficierdlk , described in more

The stability of stationary phase-space flows can be de-
scribed by the Lyapunov spectrufin}, where the(time-
averageglexponents are numbered in descending order, with
%iz)\iﬂ. The individual exponents can be precisely deter-
mined as time averag¢23], with an accuracy of a few parts
per 1000. The largest exponeit;, represents the average
rate at which two nearby trajectories diverge from one an-
other. The rate at which a two-dimensional phase-space area,
Befined by three neighboring trajectories, changes with time
defines the sum;+\,=(d InA/dt). Likewise, the averaged

time rate of change of a three-dimensional phase-space vol-
(X,¥)a®(X,¥)o- :

ume,(d InV/dt), is equal to the sum of the largest three ex-
On the other hand, rates, such as the particle velocities arRPnents,\;+X\,+\3. The technical details underlying the
the strain rate—defined more fully in Sec. 1V, are different,computation of the spectrum have been comprehensively de-
and typically become faster in the adiabatic flow, as the ki-scribed for hard disks and sphef@3,24.

netic energy of that flow increases due to viscous heating: ~ The Lyapunov exponents provide an important link be-
tween microscopic mechanics and macroscopic irreversible

(1/dt,5<-y,Px,Py,E)a@S(l/dt,k,y,px,py,;E)o. thermodynamics. Their instantaneous sum provides a direct
measure of dissipation, through the external entropy produc-

s=(K,/Kg)Y?=dty/dt,. tion S[15,16:



57 ISOMORPHIC MULTIFRACTAL SHEAR FLOWS FOR ... 4971

. cases. As the system size is increased, with the dissipation
Sk= —E Ai, approaching ever more closely to the macroscopic hydrody-
namic predictions, T, and the dissipation rate all come to
with the sum including all the Lyapunov exponents. Thusfollow simple analytic formg11].
external entropy production corresponds to the time-
averaged rate at which the comoving phase-space volume— IV. SHEAR-FLOW SIMULATIONS
4N dimensional folN hard disks and B dimensional forlN
hard spheres—decreases. Evidently the occupied phase vol- As is the usual practice, we consider plane Couette flow
ume characterizing a stationary state can neither increase nbgre, with the strength of the departure from equilibrium
decrease. Thus the dimensionality of a steady-state phaseéescribed by a homogeneous “strain rate2du, /dy. It is
space attractor is equal to the linearly interpolated number oflso usual to use feedback constraint forces to extract the
terms in the partial sur@’\; at which the interpolated sum thermodynamic work done by the periodic shear. During the
[7] changes from positiveéindicating growth to negative time intervalt the work done by the shear stres®,, is
(indicating decay. This borderline dimensionality is gener-
ally fractional. It is the “information dimension” or t .
“Kaplan-Yorke dimension,” of the strange attractor, to W(t)=- Jo PyyVedt'.
which the dynamics of the stationary state distribution is
effectively confined. B ; : I :
. . . .By applying feedback, in the form of frictional constraint, or
In the fuII. phase space, both the adiabatic anq the 'SOk""thermostat,” forces {—¢p} either the “temperature”
netic dynamics must satisfy the phase-space continuity equa- 2/(mK th it | v E—d
tion [15,16,25 (p 2(m )) or e internal  energy :
+ 3 p“/2m—where the “momenta{p} are defined relative
] ) to the local stream velocity—can be controlled. For hard
d Inf/dtz—z )\i=—2 (aq/aq)—Z (oplap), disks and spheres the difference between these two ap-
proaches is of order .
despite the fact that both dynamics inhabit multifractals with  In what follows we consider isokinetic shear-flow dynam-
an information dimension well below that of the full space. ics of periodicN-body systems in two space dimensions. For
Taking into account that Gibbs's canonical hard-disk equi-Simplicity we let the systematic shearing motion vary lin-
librium phase-space distributidiy, varies as YT) N, gives early in space,u,=ey. The corresponding thermostated
an interesting and useful relation linking the evolving non-equations of motion—with the presence of a thermostat
equilibrium phase-space density to the corresponding equagain indicated by a subscript 0—can be written in terms of
librium phase-space distribution: a parameterr which further distinguishes among families of
shear-flow models:

d IN(freqf feg/dt=—2 (da/aq)— 2, (ap/ap)+NK,/K, o : : : .
{X:€y+px/m;y:py/m;px:Fx_aepy_gpx;py

=ASk=—> \,, =Fy—(1—a)epy—{pylo-

relative to an ideal gas at thd he friction coefficient{ in these equations of motion pro-

whereAS is the excess entropy, S ) : . .
4 tides the dissipation described in the preceding section.

same energy, and the Lyapunov exponents are those of the =~ > _ X X :
nonequilibrium distribution. Though this relationship holds D20I's-tensor” dynamics, which we adopt in our numerical
for both thermostated and adiabatic shear flows, the indirk, corresponds to the choice=0 while “sllod” [15]
vidual instantaneous Lyapunov exponents are not simply reédynamics corresponds to the alternative 1. For anya, the
lated to one another. The exponents are sensitive to the ratS9Kinetic and isoenergetic forms for the friction coefficiént
at which particle trajectories are generated as well as to th@"® given by relatively simple functions of the particles’ co-
trajectory shapes. ordinates and momenta:

In the following section, we consider the relations linking
the dissipation to the Lyapunov spectrum, for both adiabatic , _ F(p/m)— IM /2K ~ fe= — eP. V2K
and isokinetic shear flows. In the adiabatic case the phase-gK 2, [F(p/m) = eo(pxpy/m)] (e~ €Py '
space density ¢4 increases, relative to the equilibrium one,

mainly due to an increase in the kinetic energy: Apart from small number-dependent corrections, these fric-
tion coefficients are also directly related to the rate of diver-
NkT= ,7;52v, gence of the phase-space density functign, as was out-
lined in Sec. llI:
There is an additional small contribution due to the momen-
tum dependence of the scale facsoin the isomorphic iso- d Infpe/dt=2N{+O(1N).

kinetic casef ., increases, mainly due to the frictional con-

centration of phase-space density, through the frictionn the adiabatic case the increase in the strain rate with time
coefficient{y . There is also a smaller contribution from the contributesy to d Inf,e,/dt. The decreasing value of the
momentum derivative ofx . We will see that the relative equilibrium distribution functions=T~N, provides a contri-

rate of increaseA S'k=d In(freq/ feg/dt, is the same in both  bution N times larger. In the isokinetic case the correspond-
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ing equilibrium distribution is stationary; the thermostatting SvolKE?= v, 1KY,

friction forces{— {xp}n provide the entire increase in the

phase-space density: Otherwise, a rescaling of all the adiabatic disk velocities
would be required whenever two disks collided. This diffi-

d Infeq/dt=(2N){x . culty only disappears in the large-system limit, where a
nearly continuous collision frequency leads to a nearly con-
Between collisions, where the interparticle forces vanishinuous variation of the kinetic-energy ratid= (K, /K).

and the shear stress is purely kinetic, the isokinetic and To achieve some simplicity in a practicable molecular dy-

isoenergetic friction coefficients would be exactly the samenamics simulation, with a few hundred particles, it is essen-

During the isolated two-body collisions, the two friction co- tial that the “adiabatic” hard-disk collisions follow the iso-

efficients would differ slightly, again by terms of ordeNl/  kinetic collision rule. Otherwise not only the strain rate but

only becoming identical as the number of particles increasesilso all the particle momenta would have to undergo artificial

The collisional contributions make highly singular, discontinuous changes whenever any pair of disks collided.

S-function contributions to the maotion of all the particles, at\Wwe make this arbitrary choice in discussing thermostated

the instant of each two-body collision. Although these colli- simulations in terms of an adiabatic analog, in the next sec-

sional contributions can be ignored at low density, they protion.

vide most of the frictional dissipation at high density, for

both shear flows and heat flow. V. NONEQUILIBRIUM HARD-DISK SHEAR
Apart from the friction coefficient/, Doll's-tensor dy- SIMULATIONS
namics follows from a special Hamiltonian, designed to
model either shear or bulk adiabatic floy&6|: In thermostated systems of hard disks or spheres the col-

lisions need to be treated speciallg7—30. The external
an _ _ shear together with the isokinetic constraint affect the time
Higi=®{ah+K({ph+ 2 Vu:gp. evolution of the particles during their infinitesimally short
impulsive collisions. Exact collision rules can be derived
In the plane Couette flows considered here, the correspondi22] by using an approach proposed by Hoover and Kratky
ing nonequilibrium Hamiltoniar2®, includes the terms [27,28 and applied to the sheared Lorentz gas by Petravic,

{éy p«}, one for each particle. The alternative sllod dynamicsLSb'jt‘_ar’ and _Mortr;s$29,3(]. Tr:lebmaln idea is to repla(_:el tr(')e
[16] follows from Newton’s equations of motion, transcribed 'ard Interaction by a smooth but very steep potential. One
to a locally comoving frame. But because the shearin an, for example, assume that particles repel one another
boundaries again prevent energy conservation, neither ith a constant forcé&, whenever their distance is less than
these approaches is more truly “fundamental” than the_t e particle diameter. Fdtr— « the equations of motion dur-

other. The Doll's-tensor approach has the computational ant!9 @ two—par'.[icle collision Simp',ifY considerably and can be
conceptual advantage that it involves no explicit contriby-Selved analytically. The postcollisional momenta are then re-

i o th tion f the “strai leratior’ in th lated to the precollisional momenta by a one-dimensional
lons o the motion from the "Strain acceleratiore, in the implicit equation, which can be easily solved numerically.
event that the strain rate varies with time.

A f the famili f bodv d . ith<Ou Corresponding exact collision rules can be derived also for
<1 gyo 'be ami |es| ?. m?ny- ohyhynamécs wi h . tangent-space dynamics. We note the isokinetic, isoener-
=1 describes a simufation type which provides a Shear ViSgetic - and adiabatic collisions differ only by terms of the
cosity in agreement with Green-Kubo linear-response theor rder 1N

[15,16 at small strain rates. In the usual stationary-state We confined our simulations to a single convenient den-

simulations the strain rate is fixed, &}, and{ is nonzero. sity, one-fourth the close-packed density, and to a strain rate,

For hard disks the special adiabatic friction-free scaling of'ez0 75 (m/kT)Y2 large enough for multifractal effects to

the motion equations, including a variable strain ratg, be important, but without entering the “string-phase” re-
=se,, IS suggested by the equations of motion. Because bothime, which appears at large strain rates. There is nothing
the impulsive force§F} and the equivalent accelerations specially complicated about the simulations. For conve-
{p/m} are Separate|y proportiona| to the collision raté',l/z, nience, we choose the particle massBoltzmann’s constant

as well as to the velocity, againTY2 both the forces and k. the temperaturd, and the disk diametes all equal to

the accelerations are proportional to temperature. If, in addiunity. The shapes of the periodic systems we study are ini-
tion, the strain rate were chosen to be proportionaTtg tially square.

then the corresponding adiabatic trajectories, with zero fric- We accumulated accurate Lyapunov spectra and mea-

tion, become isomorphic to their thermostated twins: sured the corresponding dissipation rates for systems ranging
from N=2 to N=196. The largest Lyapunov exponent, the
{ea=5€0;{=01={y(X)}.={y(X)}0. sum of all the positive isokinetic exponents, and the loss of

phase-space dimensionalityD, are all given in Table |,

The treatment of shear-flow collisions themselves pre-along with the mean dissipation raté)=(S/2Nk), and the
sents a difficulty which cannot be avoided. At high densityfluctuation of its kinetic part. Additional studies of the larg-
most of the transport of momentum and energy occur®st Lyapunov exponenty, not included in Table |, estab-
through isolateds-function collisions linking pairs of par- lished, first, that the number-dependent part of that exponent
ticles. Trajectory isomorphism requires that each collisionis accurately proportional tbl~ Y2, and second, that conver-
must lead to the same changes in the scaled velocities:  gence of the full spectrum of exponergtghich requires the
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TABLE |. The largest Lyapunov exponenty, the sum of the positive Lyapunov exponeris, , , and
the dimensionality loss per phase-space dimengi@v,(4N+ 1), are given, followed by the time-averaged
values of the friction coefficienf and the fluctuations of the streaming contributiong.0All the data are for
N hard disks at a density equal to one-fourth the close-packed density, and a reduced strain rate of 0.75.

N A1 SN, IN AD/(4N+1) (2) N((6)?)

2 2.78 1.39 0.037 0.298 0.258
4 2.10 1.70 0.051 0.275 0.178
9 2.06 1.83 0.058 0.265 0.118
16 2.14 1.86 0.061 0.270 0.123
36 2.25 1.87 0.062 0.271 0.123
64 2.31 1.87 0.062 0.270 0.122
100 2.35 1.87 0.063 0.272 0.123
144 2.38 1.87 0.062 0.271 0.124
196 2.38 1.87 0.062 0.270 0.122

solution of AN+ 2 sets of N+1 coupled differential equa- isokinetic trajectories correspond to only a finite time in the

tions for N hard disk$ is not currently practical beyoni adiabatic case. Nonetheless, the adiabatic trajectories include

=196. The extrapolated spectrum fbr=o, based on an an infinite number of collisions. In fact, the effect of finite-

N~ Y2 extrapolation, is shown in Fig. 2. The gap between thesystem fluctuations on this scaling relation limits its useful-

positive and negative branches of the spectrum is notewomress to finite times, of the order ofNn This painfully slow

thy. convergence to the large-system limit is characteristic of

In view of our finding that the nonequilibrium fluctuations fractal phase-space distributions.

behave well, adN~*? in the large-system limit, we expect

the N-body dynamics to approach a well-defined large- VI. CONCLUSIONS

system limit corresponding to a constant friction coefficient . )

¢. When fluctuations in the isokinetic dissipation rate can be We have successfully characterized hard-disk shear flows

ignored, so that={, is constant, the relationship between which exhibit a de_ztalle_d trajectory isomorphism linking ther-

the adiabatic and isokinetic time scales becomes simple: mostated and adiabatic flows. The fractal phase-space struc-
tures already known to be generated by thermostated simu-

d Ins/dty= {y— s=efoo,dty/dt,=s=eolo -t lations describe also their adiabatic analogs. We found that
’ a a the individual instantaneous Lyapunov exponents for the two
=[1-e %o]/¢. flow types are not simply related to each other. The summed

yp ply

spectra do satisfy a simple scaling ruldS/k=—3\;,
An amusing consequence of this relationship linking thewhereAS is Gibbs’s entropy, relative to that of an ideal gas
adiabatic and isokinetic time scales is that the infinitely longwith the same internal energy and at the same density. The
number dependence of our simulation results confirmed our
3.0 ' ' ; - expectation, based on the central limit theorem, that the ef-
fect of fluctuations on intensive properties would decrease as
N~Y2. For thermostatted systems this finding suggests that
the large-system instantaneous dissipation rate, as well as the
other hydrodynamic state variables, approach those of a sys-
tem with a constant friction coefficient, &— . Provided
that this is true, fluctuations can be ignored and the time-
scaling relationship can be simplified, as shown in the pre-
ceding section:

20 r

10

< 00

[N==]= t,=[1—e %]/,

where the friction coefficiend, corresponds to the total dis-
sipation, including collisional contributions. The multifractal
0.0 02 04 056 08 10 nature of the isokinetic distribution applies also to that of the
ili instantaneous adiabatic phase-space distribution function.
- Thus the present work strongly suggests that the fractal
FIG. 2. Lyapunov spectra foN=16,36,64,100,144,196. The Structure of large-system thermostated flows also represents
vanishing exponents and the corresponding negative exponent8€ limiting structure of adiabatic shear flows.
have been omitted. Lyapunov spectra for systems of 100 and 196 In the present work the friction coefficient linking the two
hard disks are used to extrapolate to the large-system limit based dMpes of trajectories incorporates only the streaming contri-
a number dependence of ordér ¥ The dashed line indicates this butions to the shear stress. We expect that exactly similar
extrapolated “hydrodynamic limit” spectrum. considerations would apply as the system size is increased,
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so that fluctuations in the rate of phase-space collépghe
thermostated cageand equilibrium phase-space growdn 3
the adiabatic cagecan likewise be ignored. )
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APPENDIX FIG. 3. A pair of time-reversible hard-disk trajectorigs(x)}

_ . _ ~according to both isokinetic—constant-strain-rate—dynamics and
We demonstrate numerically the trajectory isomorphismadiabatic—scaled-strain-rate—dynamics, as is described in the Ap-
discussed in the text, for a symmetric pair of hard diskspendix.
undergoing shear according to Doll's-tensor dynamics. The
motion equations are as follows: e(t)=5¢(0),s=[K(t)/K(0)]*2

X=ey+p,/m;y=p,/m;
{x=ey+pmiy=py The forces{F,,F,} represent the hard-particle collisions.

py=F,— Cpxiby: Fy— €py— py, We display a simple num_erical ex_ample in _Fig. 3. _The in_itial
“momenta” of the two disks, which describe their motion
where the isokinetic friction coefficient is a ratio of two- relative to the local stream velocity, are taken to be
particle sums: {£5/13+12/13, so that the initial comoving kinetic energy
is unity. The strain rate is 0.25m/kT)¥2 one-third that
_ E 2 2 used in our many-body simulations. The trajectories shown
4 €< PxPy P in Fig. 3 correspond to an isothermal time interval of 3.0000
and to an adiabatic time interval of 3.4762. Both sets of
The adiabatic equations are exactly similar except that thghotion equations yield the same laboratory-frame trajecto-
strain ratee varies with the kinetic energy: ries, as shown here.
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