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Mesomorphic polymorphism of binary mixtures of water and surfactants
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Department of Physics and Guelph-Waterloo Program for Graduate Work in Physics, University of Guelph, Guelph,

Ontario N1G 2W1, Canada
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In this work, a vector lattice model is employed to study binary mixtures of water and surfactants. The
face-centered-cubic lattice is employed in order to best approximate a realistic liquid environment. The model
is analyzed by low-temperature expansion and Monte Carlo methods. It is shown that for sufficiently strong
surfactant-water interactions the system exhibits a rich polymorphism where up to eight phases are stable. In
addition to the disordered water-rich and surfactant-rich phases, liquid-crystalline phases such as the hexagonal
and the lamellar phases as well as the inverse bicontinuous cubic, inverse hexagonal and inverse micellar cubic
phases are stable in the model. It is shown that the inverse bicontinuous cubic structure in our model is
remarkably similar to the gyroid phase. The formation of water channels in the surfactant bilayers of a lamellar
phase is also examined.@S1063-651X~98!13104-5#

PACS number~s!: 64.70.Ja, 64.60.Cn, 05.50.1q, 87.15.Da
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I. INTRODUCTION

Binary mixtures of water and surfactants exhibit a ri
polymorphism due to their tendency to form water-surfact
interfaces. At low surfactant concentration, surfactant m
ecules form aggregates or micelles that shield their hydro
bon tails from water, leaving only their polar heads expos
Depending on the chemical properties of the surfactant
the temperature of the system, the micelles usually assum
dominant geometrical shape which can be spherical, cy
drical, or a two-dimensional bilayer. At higher concentrati
and sufficiently low temperature, these micelles are the b
building blocks for a rich array of complex liquid-crystallin
phases. For example, spherical or finite cylindrical mice
give rise to micellar cubic (Q9) phases which consist o
periodic arrangements of these micelles. With increas
concentration, the hexagonal (H), bicontinuous cubic (Q8),
and lamellar (La) phases, in that order, are observed to
stable. As is well known, the lamellar phase is a on
dimensionally ordered stack of infinite surfactant bilaye
whereas the hexagonal phase consists of infinite cylindr
micelles arranged in a two-dimensional array. For the la
phase, the two-dimensional array is either hexagonal or
torted hexagonal. The bicontinuous cubic phase, which
intermediate between the hexagonal and the lamellar pha
is a three-dimensional periodic arrangement where both
water and surfactant form continuous networks that span
system. At surfactant volume fractions that are significan
higher than 0.5, the inverse analogs of the above-mentio
phases are expected to be stable. These are the invers
continuous cubic (IQ8), the inverse hexagonal (IH ), and the
inverse micellar cubic (IQ9) phases.

Experimentally, most surfactant-water mixtures do exh
the above-mentioned universal phase behavior. However
chemical properties of surfactant molecules can also give
to very specific features. For example, the micellar cu
(Q9) phase is usually observed in mixtures containing c
ionic surfactants@1# or nonionic surfactants with bulky hea
groups@2#. Similarly, in mixtures containing anionic surfac
tants or surfactants with very long tails, theQ8 phase is not
571063-651X/98/57~4!/4547~11!/$15.00
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stable but is replaced by an intermediate lamellar@3# phase in
which each surfactant bilayer is pierced by water-filled ch
nels. For some systems the water channels are arranged
two-dimensional array, whereas in others the arrangem
are random. There are also systems in which, in addition
the two-dimensional order of the channels, there is als
correlation between channels in adjacent bilayers, resul
in a tetragonal arrangement of water channels. Another
ample of nonuniversal behavior is that, in mixtures where
tail groups of the surfactants are especially bulky~such as
phosolipids!, the phase diagrams are dominated by inve
phases@4#. Similar universal and specific behavior is als
observed in mixtures ofA-B diblock copolymer andA or B
homopolymer@5,6#. These systems show the same progr
sion of stable phases from the disordered micellar phas
the ordered micellar cubic, hexagonal, bicontinuous cub
and lamellar phases when a composition variable such as
concentration of added homopolymer is varied. This simil
ity is explained by the fact that copolymer-homopolymer a
water-surfactant mixtures both tend to form interfaces
tween two distinct fluid components.

At a given surfactant concentration, the mixture organiz
into a phase consisting of water-surfactant interfaces.
configuration of the phase is determined by the competit
between interaggregate and intra-aggregate forces betw
surfactant molecules. The interaggregate forces favor fla
terfaces, whereas intra-aggregate forces tend to favor cu
interfaces. By employing topological arguments, Charvo
and Sadoc@7# showed that this interfacial ‘‘frustration’’ re-
sults in the formation of the various mesophases observe
binary mixtures of water and surfactants, confirming that
phase behavior of these systems is due mainly to the
phiphillic nature of surfactants. However, they did not co
sider the energetics associated with these interactions
general, the free energy of the mixture is a function of t
temperature, surfactant concentration, and curvature of
surfactant-water interface. At a fixed temperature and c
centration, the free energy is minimized when the curvat
assumes a value equal to the spontaneous curvature o
mixture @8#. The spontaneous curvature is the preferred c
4547 © 1998 The American Physical Society
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4548 57A. LINHANANTA AND D. E. SULLIVAN
vature of the interface, and is determined by the chem
properties of the surfactant molecules. For example, in m
tures containing ionic surfactants, the electrostatic repuls
between surfactant head groups result in spontaneous c
tures that are favorable to the formation of high curvat
phases such as theQ9 andH phases@9#. For such mixtures,
a stable lamellar phase is induced by increasing the sur
tant concentration or by the addition of ionic salt whi
screens the head group repulsions@10#. Mixtures containing
surfactants with long alkyl tails favor the formation of fl
interfaces resulting in phase diagrams dominated by
lamellar phase. In mixtures containing surfactants with bu
tails, steric interactions between the tail groups favor
formation of surfactant-water interfaces that are conc
with respect to the water regions resulting in phase diagr
dominated by inverse phases@4#.

This paper focuses on the universal properties of bin
mixtures of water and surfactants. Due to the complexity
water-surfactant mixtures, most theoretical models that
amine these properties are either phenomenological or la
models. A Ginzburg-Landau model with a scalar field an
vector field was employed by Gompper and Klein@11# to
obtain a phase diagram with the above-mentioned phase
quence. Dawson and Kurtovic@12# applied ground-state an
mean-field analyses to a vector lattice model, and obtain
phase sequence of lamellar, cylindrical, and cubic pha
The present work employs a vector lattice model similar
that of Ref. @12# and to that used by Matsen and Sulliva
@13#, Laradji et al. @14# and Ciach and co-workers@15#, in
their studies of tenary mixtures of water, oil, and surfactan
The model, which is presented in Sec. II, generalizes
two-component lattice gas model by allowing the compon
representing a surfactant molecule to have a discrete o
tation. To best represent a realistic liquid environment,
model is studied on a face-centered-cubic~fcc! lattice. Al-
though the model contains universal features that are c
mon to all surfactant-water mixtures—mainly their ability
form interfaces—it does not contain nonuniversal featu
that are associated with the chemical structures of sur
tants. This means that the model can be employed to iden
and understand the universal behaviors of binary mixture
water and surfactants. The goal of this study is similar t
recent Monte Carlo study of a lattice model by Larson@16#.
However, the simple form of our model permits it to b
analyzed by a variety of methods. The simplicity of t
analyses clarifies the physics that underlines the mesom
phic polymorphism of binary water-surfactant mixtures.

In Sec. III ground-state and low-temperature analyses
the model are presented. It is found that for sufficien
strong surfactant-water interaction, with increasing surfac
chemical potential, the phase sequenceW, H, La , IQ8, IH ,
IQ9, andS phases, in that order, is observed to be stable.
W andS phases are disordered water-rich and surfactant-
phases, respectively. Also examined is the formation of
ter channels in surfactant bilayers of a stable lamellar ph
In Sec. IV phase diagrams obtained by the low-tempera
expansion method are presented. These results are com
with Monte Carlo simulation data to be presented more fu
in a subsequent paper@17#. Finally, a discussion of the re
sults and a summary are presented in Sec. V.
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II. MODEL

In the lattice model employed in this work, the surfacta
and water molecules are restricted to occupying a fa
centered-cubic lattice. As in the Ising lattice gas model, e
lattice siteu is assigned a spin variablesu , which takes a
value11 or 0 to represent a water molecule or a surfact
molecule, respectively. In addition, a vector variableŝ is
assigned to every surfactant molecule to describe its orie
tional degrees of freedom. In this work the orientation o
surfactant occupying a siteu is restricted to point toward one
of its 12 nearest neighbors. The Hamiltonian is

H52 (
^u,v&

@J1susv1J2~svŝu• r̂ uv1suŝv• r̂ vu!#

2ms(
u

~12su!, ~1!

where^u,v& denotes a summation over all distinct pairs
nearest neighbor sitesu andv. The vectorr̂ uv specifies the
direction from lattice siteu to sitev. For convenience we se
u r̂ uvu51, where the length scale is in units of the lattice sp
ing. The term with couplingJ1 represents the isotropic inter
actions between nearest-neighbor sites. The terms with
pling constant J2 describe the orientation-depende
interaction between a surfactant molecule and a neighbo
water molecule. This is the simplest form of such an int
action, assumed to be linear in the surfactant orientationŝu .
This interaction expresses the amphiphillic nature of a s
factant molecule, since a positive value ofJ2 favors a sur-
factant orientation with its head pointing toward a neighb
ing water molecule. The last term gives the chemi
potential energy of the surfactant molecules. This is con
tent with analyzing the system in the grand canonical
semble, where the surfactant concentration is controlled
the surfactant chemical potentialms , rather than in the ca-
nonical ensemble where the surfactant concentration is fix

In this work, the energy will be scaled with respect toJ1.
HenceJ1 is replaced by 1 andJ2 by j 5J2 /J1. We define the
scaled Hamiltonian, temperature, and chemical potentia
Ĥ/J1, t5kBT/J1 and m5ms /J1. In terms of these scaled
variables, Eq.~1! becomes

Ĥ52(
^uv&

@susv1 j ~svŝu• r̂ uv1suŝv• r̂ vu!#

2m(
u

~12su!. ~2!

III. ZERO-TEMPERATURE
AND LOW-TEMPERATURE ANALYSES

One advantage of a lattice model is that it can be analy
by a variety of methods such as the mean-field and Be
approximations@13#, or by the low- and high-temperatur
expansion methods. The renormalization group approach
Monte Carlo methods can also be employed. In this paper
low-temperature expansion method is used. Due to the
there is no explicit surfactant-surfactant interaction in o
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57 4549MESOMORPHIC POLYMORPHISM OF BINARY MIXTURES . . .
model, it is possible to include exactly orientational fluctu
tions of surfactants in an expansion about the ground sta
a phase. On the other hand, the inclusion of fluctuations
alter the ground-state concentration of a phase cannot be
ily included in such an expansion. However, computer sim
lation results which are to be presented in a subsequent p
show that even at temperatures as high ast;1 the concen-
tration of an ordered phase deviates only slightly from
ground state, indicating that orientational fluctuations are
dominant mode of excitations at low temperature. T
means that a low-temperature analysis that considers
this mode of excitation can obtain phase diagrams that
clude all the stable phases as well as correctly describe
qualitative behavior of the system.

First consider the water-rich (W) phase, which in the
ground state consists of all sites being occupied by wa
Since each site has 12 nearest neighbors, the z
temperature grand canonical potential per site of theW phase
~equal to the ground-state energy per site! is easily calculated
to be

VW
0

N
526, ~3!

whereN is the number of sites in the lattice. On increasi
the surfactant concentration, which in our model correspo
to increasing the chemical potentialm, it is expected that the
micellar cubic (Q9) phase becomes stable. This consists
finite micelles arranged in a three-dimensional periodic
ray. The optimum size and shape of these micelles, howe
are not certaina priori. The simplest possibility is a spherica
micelle consisting of a central surfactant site and its 12 ne
est neighbors. Computer simulation results found that at
temperature and at a chemical potential where the syste
in a disordered micellarW phase, most of the observed m
celles are indeed spherical or a slight distortion of it. In t
ground state, the 12 surface surfactants orient themse
directly away from the central site, resulting in a wate
surfactant interaction energy of23 j per surface surfactant
which is the lowest possible water-surfactant interaction
ergy for a surfactant site in our model. Since in this mo
there are no explicit surfactant-surfactant interactions,
central surfactant has an interaction energy of zero. T
means that a spherical micelle placed in the mixture in
ground-stateW configuration, changes the energy bynE5
236j 213m1120, where the final term of 120 is the wate
water interaction due to the 13 sites before the addition of
micelle. FornE,0 or m.(120236j )/13, the introduction
of a micelle lowers the grand potential of the system, a
hence aQ9 phase that consists of an ordered arrangem
@18# which maximizes the concentration of these micelles
stable compared to theW phase. However, it is found tha
theQ9 phase is never stable when compared to other ord
phases such as theH or La phase, and therefore we go on
examine the latter.

The H phase consists of infinite cylindrical micelles in
periodic two-dimensional~2D! array. Figure 1 shows a two
dimensional slice through theH phase on the fcc lattice
which is represented as a stack of two-dimensional triang
lattices. The cross sections of the infinite micelles~open
circles! are arranged in a 2D hexagonal array, where
-
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distance between the centers of two neighboring cross
tions is three lattice spacings. In the figure, the filled circ
indicate water sites, and the open circles denote surfac
sites in a particularkth plane, while the squares and triangl
about one of the micelles indicate the locations of surfact
sites of the micelle in the (k11)th and (k21)th planes,
respectively. The arrows in one of the cells indicate t
ground-state orientations of four surfactants in thekth plane.
The two surfactants with the normal arrowheads orient the
selves directly at two water sites in the same plane, whe
the surfactants with the filled and open arrowheads or
themselves directly at water sites in the (k11)th and (k
21)th planes, respectively. The fact that the cross sect
of the micelles are not circular is a consequence of the lat
structure. However, several systems exhibit intermediatI
phases, which are cylindrical phases as is theH phase, but in
which the cylinders have noncircular cross sections or
nized in rectangular, quadratic or monoclinic symmetry@19#.
Since the phase shown in Fig. 1 has hexagonal symmetr
is still appropriate to call this anH phase. Inspection of Fig
1 shows that each plane of this phase can be spanned by
cells of nine sites, of which four are surfactants and five
water, which implies that the surfactant concentration of t
phase is4

9. The zero-temperature grand potential per site

VH
0

N
52

16

9
2

4 j

3
2

4m

9
. ~4!

At nonzero temperature, the system is allowed to occu
higher energy configurations. If the temperature is very lo
only configurations whose energies deviate slightly from
ground state are likely to occur. For theH phase, these are
configurations where the surfactant molecules in the cy
drical micelles have orientations which differ from th
ground-state orientations. Due to the absence of exp
surfactant-surfactant interactions, the orientational fluct
tions of each surfactant are independent and can easil
summed. This produces a low-temperature expansion of
grand potential about theH ground state, given by

VH

N
5

VH
0

N
2

4t

9
ln~FH!, ~5!

where

FIG. 1. Two-dimensional slice through theH phase on a fcc
lattice, where the open and closed symbols denote surfactants
water molecules, respectively. The arrows in one of the cells in
cate the ground state orientations of the surfactants.
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4550 57A. LINHANANTA AND D. E. SULLIVAN
FH5114 expS 23 j

2t D12 expS 23 j

t D14 expS 29 j

2t D
1expS 26 j

t D
is due to orientation fluctuations of the surfactant molecu

Computer simulations of the model have indicated
occurrence of another cylindrical phase which consists o
2D arrangement of infinite cylindrical micelles where ea
micelle has a rectangular cross section containing six sur
tants. This phase is shown in Fig. 2, where the various s
bols have the same meaning as before. For simplicity, arr
indicating surfactant orientations are omitted. Since the
rangement is rectangular, it is appropriate to call this thI
phase. Analysis shows that this phase has a surfactant
centration of 1

2, and a zero-temperature grand potential p
site of

V I
0

N
52

3

2
2

4 j

3
2

m

2
. ~6!

A low-temperature expansion about the ground state giv
grand potential of

V I

N
5

V I
0

N
2

t

6
ln42

t

3
lnFH

2
t

6
lnF11expS 22 j

t D1expS 24 j

t D G . ~7!

The second term in Eq.~7! is due to the ground-state dege
eracy of two of the surfactants in the cross section. The fi
two terms arise from allowing all the surfactant sites to ha
orientational fluctuations. At low temperature, the groun
state degeneracy term provides the most significant cor
tion to the ground-state grand potential. Later, it will
shown that att50 the I phase is never stable compared
the H andLa phases. However, due to the ground-state
generacy, theI phase does become stable at nonzero t
perature for large values ofj .

Consider next the lamellar (La) phase, which is a stack o
infinite surfactant bilayers. The phase is easily constructe
the stacked triangular lattice representation of the fcc lat
by alternating two surfactant layers with one water lay
Figure 3 pictures a two-dimensional slice through a lame
phase showing alternating water monolayers and surfac
bilayers. This configuration is the most favorable one

FIG. 2. Two-dimensional slice through theI phase on a fcc
lattice.
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strong surfactants~large j ), since each water monolayer is i
contact with two surfactant bilayers. Since the orientations
the surfactants are such that their heads reside on the su
of the bilayer, this configuration has the maximum possi
number of surfactant head-water contacts. For weaker sur
tants, lamellar phases with more than one layer of water s
between surfactant bilayers can also be stable, as is indic
by Monte Carlo simulations of the model discussed in S
IV.

At zero temperature, for any value ofj , only the lamellar
phase with one water layer between surfactant bilayer
stable. This lamellar configuration has a surfactant conc
tration of 2

3 and a grand potential per site of

VLa

0

N
5212

4 j

3
2

2m

3
. ~8!

Ground-state analysis shows that each surfactant can o
itself toward any one of the three nearest neighbor water s
in the adjacent water monolayer. This degeneracy is parti
indicated in Fig. 3. A low-temperature expansion of t
grand potential that allows for orientational fluctuations
sites occupied by surfactant molecules gives

VLa

N
5

VLa

0

N
2

2t

3
ln3

2
2t

3
lnF112 expS 22 j

t D1expS 24 j

t D G . ~9!

The second term in the expansion is due to the ground-s
orientational degeneracy, while the final term is due to o
entational fluctuations. At low temperature, the ground-st
degeneracy gives the largest correction to the grand po
tial. At higher temperature, fluctuations become importa
and the lamellar phase can assume configurations tha
very different from the ground-state configuration. Asi
from surfactant orientational fluctuations, two other mod
of fluctuations may also be important. One mode is of flu
tuations that bend the surfactant bilayers. However, in
present model, bilayer curvature fluctuations have a l
probability of occurring. This is because on a fcc lattice
bilayer can only bend at an angle of 60°. Furthermore
bend in a single bilayer induces a bend in all bilayers, and
this mode of fluctuation causes a significant increase in
ergy. A more likely mode of fluctuations is one where t
bilayers are pierced by water-filled channels.

Figure 4~a! shows a surfactant bilayer with a pinhole d
fect. The pinhole defect is the smallest possible water-fil

FIG. 3. Cross-sectional view of a lamellar (La) phase showing
water monolayers alternating with surfactant bilayers. In the figu
filled circles are water molecules, and the arrows denote surfac
molecules with orientations in the direction of the arrows.
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57 4551MESOMORPHIC POLYMORPHISM OF BINARY MIXTURES . . .
channel that can form in a bilayer, and consists of two wa
sites. Figure 4~b! shows a top view of the defect, where th
three triangles indicate the possible locations of the ot
water site in the surfactant monolayer below. To minim
the free energy, the surfactants surrounding the channel
ent themselves at an angle of 60° with the water-filled si
At zero temperature, the placement of a pinhole changes
grand potential bynE52m27. The result is rather curious
since the defect energy does not depend on the wa
surfactant interaction parameterj . This result is exclusive to
pinhole defects, since in general defect energies of la
water-filled channels depend onj . If nE,0, which occurs
when m,3.5, then the pinhole lowers the free energy,
which case an ordered 2D arrangement which maximizes
number of pinholes is more stable than a lamellar phase
no water channels. This is the catenoid lamellar~CL! phase
which has been investigated recently by several authors@20–
22#. This phase is only stable if the lamellar phase is alre
stable when compared to other phases. In the ground s
for j .2 andm,3.5 there is always a range ofm that in-
creases withj where the CL phase is stable compared to
W phase. For this thermodynamic range, however, the lam
lar phase is less stable than theH phase, and so the cateno
lamellar phase is never stable in our model. However, as
be discussed in Sec. IV, at nonzero temperature, water c
nels are observed to form in a stable lamellar phase fom
,3.5, but their arrangement is disordered.

The surfactant-rich region of the phase diagram, wh
occurs at highm, is populated by the inverseIQ8, IH , IQ9,
and S phases. Consider first the inverse bicontinuous cu
(IQ8) phase, which is the inverse analog of theQ8 phase.
The bicontinuous cubic phase is a cubic arrangement of
nonintersecting infinite labyrinths of surfactant molecu
separated by a single water film. For the inverse biconti
ous cubic phase, the roles of the water and surfactant
interchanged, and the phase consists of two water labyri
separated by a single surfactant bilayer film. It is now
consensus that this intriguing phase is characterized by
nite periodic minimal surfaces~IPMS’s! @23,24#. A minimal
surface is a surface having at each point a mean curvatu
zero. For binary mixtures of water and surfactants, the s
plest example of aninfinite minimal surfaceis the surfactant
bilayer in a lamellar phase, which can be considered as
infinite volume that divides two nonintersecting infinite su
volumes ~the two adjacent water layers!. In this case the
periodicity is one dimensional, but in general an IPMS c
have three-dimensional periodicity. For a bicontinuous cu

FIG. 4. Pinhole defect in a surfactant bilayer:~a! a side view of
the defect;~b! a top view where the water is the filled circle and t
open circles are surfactants. The triangles indicate the three pos
locations of the other water site in the adjacent surfactant mo
layer.
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~inverse bicontinuous cubic! phase, the minimal surface i
located at the center of the water~surfactant bilayer! film that
separates the two surfactant~water! labyrinths. For water-
surfactant binary mixtures, the most commonly observedQ8
(IQ8) phase is the gyroid (G) phase with a space grou
Ia3d @24#. A second type of IPMS phase called the diamo
(D) phase with a space groupPn3m has been identified
@24#. A third possible IPMS is the so-called Schwarzprimi-
tive (P) surface with a space groupIm3m, but the occur-
rence of this phase in water-surfactant binary mixtures
not been clearly established@24#.

In this work, we were not successful in finding a stab
Q8 phase, but a stableIQ8 phase has been identified.
two-dimensional slice of the phase is shown in Fig. 5. In
figure the open circles are surfactant sites in thekth plane
and the filled circles, squares, and triangles are water site
thekth, (k11)th, and (k21)th planes, respectively. Inspec
tion of the structure reveals that the phase is bicontinuo
The water sites form an infinite three-dimensional netwo
of rods joined coplanarly 333 with a body-centered-cubic
~bcc! arrangement. To see that the water labyrinth form
bcc array, assume that the center of a unit cell is locate
any water site, and then the centers of the eight nea
neighbor cells are at the water sites located at6@2x̂

1(2/A3)ŷ1A 2
3 ẑ#, 6@22x̂1(2/A3)ŷ1A 2

3 ẑ#, 6@(4/A3)ŷ

2A 2
3 ẑ#, and63A2

3 ẑ, in a Cartesian coordinate represen
tion with distance in units of one fcc lattice spacing. Simp
algebra shows that the centers of the eight nearest neig
unit cells are located at the corners of a cube with ed
length of 2A2. The labyrinth is in a class of structures calle
three-dimensional nets which was studied by Wells@25#. It is
a uniform 3-connected net with the notation~10,3!-a @26#
and a space groupI4132. This phase is very similar to th
inverseG phase, since it is well known that the latter al
possesses bcc symmetry and consists of two noninterse
water labyrinths in which each labyrinth consists of wa
rods joined coplanarly 333 @24#. Indeed, Luzzati and Speg
@27# point out that the gyroid phase is one of the structu
studied by Wells@25#. The main difference between theIQ8
phase in our model and the inverseG phase observed in
experiments is that the former has only one water labyrin
For the latter, the two labyrinths are enantimorphic~mirror

ble
o-

FIG. 5. Two-dimensional slice of the inverse bicontinuous cu
(IQ8) phase. The symbols are explained in the text. Thex and y
axes of the Cartesian coordinate system are shown in the top
hand corner, with thez axis pointing out of the page.
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images! resulting in an overall space group ofIa3d @28,29#.
The absence of a second labyrinth in ourIQ8 phase is prob-
ably due to the lattice constraint and the assumption in
model that a water molecule occupies the same volume
surfactant molecule.

The surfactant concentration of theIQ8 phase is3
4, which,

as expected, is of an intermediate value between theLa and
IH phases. Due to the high symmetry of the phase,
ground-state grand potential per site is easily calculated t

V IQ8
0

N
52

3

8
2

3 j

2
2

3m

4
. ~10!

A low-temperature expansion that allows surfactant orien
tional fluctuations gives a grand potential of

V IQ8
N

5
V IQ8

0

N
2

t

4
lnFIQ8, ~11!

where

FIQ85114 expS 2
j

t D12 expS 2
2 j

t D14 expS 2
3 j

t D
1expS 2

4 j

t D .

Consider now theIH phase, which is the inverse analo
of the hexagonal phase. TheIH phase is made up of invers
cylindrical micelles, which are lines of water molecules s
rounded by surfactants. The inverse cylindrical micelles
arranged in a two-dimensional hexagonal array. A tw
dimensional slice of theIH phase is shown in Fig. 6, wher
the axes of the cylinders make a 60° angle with the pla
The IH phase has a surfactant concentration of6

7 and a zero-
temperature grand potential of

V IH
0

N
52

1

7
2

8 j

7
2

6m

7
. ~12!

A low-temperature expansion of the grand potential that
cludes fluctuations of the surfactant orientations gives

V IH

N
5

V IH
0

N
2

4t

7
ln22

4t

7
lnFIH12

2t

7
lnFIH2 , ~13!

FIG. 6. Two-dimensional slice of theIH phase on a fcc lattice
where the open and closed circles are surfactants and water, re
tively. The axes of the inverse cylindrical micelles make a 6
angle with the 2D plane.
ur
a

e
be

-

-
e
-

e.

-

where

FIH1511
1

2
expS 2 j

2t D1expS 2 j

t D1expS 23 j

2t D
1expS 22 j

t D1
1

2
expS 25 j

2t D1expS 23 j

t D
and

FIH25114 expS 2 j

2t D12 expS 2 j

t D14 expS 23 j

2t D
1expS 22 j

t D .

The second term in Eq.~13! is due to ground-state degen
eracy, and constitutes the largest correction to the ze
temperature grand potential, while the final two terms ar
from the surfactant orientational fluctuations.

Figure 7 shows the ground-state configuration of an
verse micellar cubic (IQ9) phase which is a distorted simpl
cubic arrangement of inverse micelles. An inverse mice
consists of a single water molecule surrounded by 12 nea
neighbor surfactant molecules that orient themselves dire
toward the water molecule. Since each micelle consists o
molecules, and has a water-surfactant interaction energy
212j , the zero-temperature grand potential is

V IQ9
0

N
52

12j

13
2

12m

13
. ~14!

A low-temperature expansion of the grand potential give

V IQ9
N

5
V IQ9

0

N
2

t

13
lnFFIH2

12 11213 expS m212j

t D G . ~15!

ec-
°

FIG. 7. The inverse cubicIQ9 phase on a fcc lattice, where
filled circle indicates the center of an inverse micelle, and the o
circles indicate the surrounding surfactants in thekth plane. The
squares and triangles indicate inverse micelle centers in thek
11)th and (k21)th plane, respectively.
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In Eq. ~15! the first term in the argument of the logarith
includes all orientational configurations of the 12 surfact
sites surrounding a water molecule. In addition, for t
phase, we have allowed for fluctuations that change the
factant concentration. This is contained in the second t
inside the logarithm, which arises from a water site be
replaced by a surfactant. This fluctuation is included beca
it has a low excitation energy due to the high surfact
concentration of12

13.
Finally, at very high surfactant chemical potential t

mixture is in a disordered surfactant-rich (S) phase. At zero
temperature this consists of all sites in the lattice being
cupied by surfactants. Since this phase has no interac
energy, the zero-temperature grand potential is simply

VS
0

N
52m. ~16!

At t50, each surfactant site is allowed to assume all of
orientation states. This ground state degeneracy gives ris
a correction to the zero-temperature grand potential of

VS

N
52m2t ln12. ~17!

Employing the ground-state grand potentials given
Eqs. ~3!, ~4!, ~6!, ~8!, ~10!, ~12!, ~14!, and ~16!, a zero-
temperature phase diagram shown in Fig. 8 is obtained
equating the grand potentials for all possible pairs of co
isting phases. In the phase diagram, forj ,0.5 only the dis-
orderedW andS phases are stable. TheIQ9 phase become
stable forj .0.5, followed by theIQ8 phase forj .1, and by
the H phase for j .2. For 1, j ,2, at theW-IQ8 phase
boundary (m5 15

2 22 j ), lamellar phases with any number o
water layers between surfactant bilayers coexist with theW
andIQ8 phases. However, it is only along theW-IQ8 phase
boundary that the lamellar phase is stable, as elsewhere
preempted by either theW phase or theIQ8 phase as shown
in Fig. 8. This is unexpected since the lamellar phase is
most commonly observed phase in computer simulation
the model@17#. On the other hand, theIQ8 phase is observed
in simulation only for large values ofj and at low tempera-
ture @17#. This is because theLa phase has a large ground

FIG. 8. Zero-temperature phase diagram.
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state degeneracy, whereas theIQ8 phase has none, and thu
at nonzero temperature theLa phase quickly preempts th
IQ8 phase. At the zero-temperatureIQ8-IQ9 phase bound-
ary @m5(13120j )/6#, the IH phase is also stable. Atj 52
andm53.5, theH, W, and IQ8 phases, as well as the pre
viously discussed catenoid lamellar phase, all coexist. H
ever, the CL phase is not stable at any other point on
phase diagram. TheI phase is not stable at zero temperatu
for any value ofj , but becomes stable at nonzero tempe
ture for sufficiently largej .

As is expected, with increasing surfactant-water inter
tion parameterj , a larger number of ordered phases beco
stable. The ground-state results suggest that to obtain a p
diagram that shows completely the rich polymorphism o
binary water-surfactant mixtures, a sufficiently large intera
tion parameterj must be employed. However, althoug
phase diagrams obtained by employing smaller valuesj
have fewer stable phases, they do exhibit behaviors that
not observed for larger values ofj . In view of the variation
in the behavior of the system with changing interaction p
rameter j , the valuesj 51.5, 3.0, and 5.0 are employed i
Sec. IV.

IV. PHASE DIAGRAMS AT T>0

In this section, temperature-chemical potential phase
grams are presented. As at zero temperature, the p
boundaries are determined by equating the grand poten
of possible pairs of coexisting phases. In general, the res
ing phase transitions are first order, which is consistent w
the fact that the various phases have different symmetr
This is also in accord with experimental results. Figure
shows the phase diagram for the interaction parametej
51.5. With increasingm, the W, La , IQ8, IH , IQ9, andS
phases are stable. In general, the slopes of the phase bo
aries are negative. This is because asm increases, phase
with higher surfactant concentrations and hence higher
tropies become stable, and so with increasing tempera
high-surfactant-concentration phases increase their ther
dynamic ranges of stability at the expense of lower conc
tration phases. Two exceptions are theLa-IQ8 and IH -IQ9

FIG. 9. Temperature (t) vs chemical potential (m) phase dia-
gram for interaction parameterj 51.5.
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4554 57A. LINHANANTA AND D. E. SULLIVAN
phase boundaries. In the former case, theLa phase has a
larger ground-state entropy than theIQ8 phase, making the
slope of the phase boundary positive. For theIH -IQ9 tran-
sition, the IH phase has a larger ground-state entropy t
the IQ9 phase, which has none, making the initial slope
the phase boundary positive. However, at higher tempera
the orientational entropy of theIQ9 phase becomes impor
tant, and theIQ9 phase range of stability expands making t
slope of the phase boundary negative.

The La phase is stable up tot51.18, above which only
the disorderedW andS phases are stable. Low-temperatu
analysis gives an expression ofm562t ln12 for theW-S
phase boundary, which in this approximation extends tt
5`. However, it is expected that at high temperature,
W-S phase boundary should really end at a critical po
The mean-field and Bethe approximations give critical po
values of t53 and m5623 ln12521.455, andt52.381
andm520.3141~for j 51.5), respectively. Better estimate
can be obtained by the renormalization group or hig
temperature expansion methods.

At t50, the W-IQ8-La phase boundary obtained b
equating Eqs.~3!, ~8!, and~10! occurs atm5 15

2 22 j . In fact,
along this phase boundary, lamellar phases with an arbit
number of water layers between surfactant bilayers
equally stable. The low-temperature expansion method
ployed in this work found that these dilute lamellar phas
are never stable at nonzero temperature. However, M
Carlo simulation results to be presented in a subsequen
per have observed dilute lamellar phases for interaction
rameter valuej 51.5. In fact, a lamellar phase with surfa
tant number concentration as low as 0.07 has been obse
to be stable.IQ8, IH , andIQ9 are stable up tot50.21, 0.56,
and 0.37, respectively. Due to the fact that these phases
only stable at such low temperatures, they are not obse
in computer simulation studies.

Figure 10 shows the phase diagram for the interac
parameterj 53.0. The phase diagram is qualitatively simil
to the one forj 51.5, with the exception that theH phase is
also stable. In addition to this, the thermodynamic range
stability of the ordered phases is much larger, with theLa
phase being stable up to a temperature oft54.7. Although

FIG. 10. Temperature (t) vs chemical potential (m) phase dia-
gram for interaction parameterj 53.0.
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the W-S phase boundary is not visible in the figure, it do
exist for t.4.7. However, since this boundary should rea
end in a critical point, it is likely that forj 53 the lamellar
phase preempts the wholeW-S coexistence line. For this
value of j , Monte Carlo simulations have observed a sta
IH phase as well as anLa phase. TheH, IQ8, and IQ9
phases are not observed in simulations, although finite cy
drical micelles with cross sections identical to the infin
cylindrical micelles that make up theH phase~see Fig. 1! are
observed in the disorderedW phase. In Fig. 10 the circle
and triangles indicate theLa-disordered~eitherW or S) and
IH -S phase boundaries, respectively, found by the Mo
Carlo method. The simulations are performed only at te
peratures above 0.75, since at lower temperature the M
Carlo equilibration time becomes excessive. For tempe
tures below 1.2, the correlation between theW-La phase
coexistence obtained by the Monte Carlo method and
obtained by the low-temperature expansion method is q
good. For the same temperature range and at higherm, the
S-La coexistence obtained by the Monte Carlo method l
close to the La-IH phase boundary obtained by low
temperature analyses. This suggests that in this therm
namic range the disordered surfactant rich phase preem
the IH phase. At temperatures above 1.2, Monte Carlo d
do not compare well with results obtained by low
temperature analyses. This is because the low-tempera
analyses do not correctly calculate the grand potentials of
disorderedW andS phases near the high-temperature co
istence boundaries with ordered phases. In these region
W (S) phase is either disordered micellar~inverse micellar!
or a sponge (L3) phase. Due to their large entropies, low
temperature analyses of these phases are not expected
accurate.

Only the lamellar phase with water monolayers altern
ing with surfactant bilayers is predicted to be stable by o
low-temperature expansion. However, our Monte Ca
simulations@17# have observed the formation of water cha
nels in surfactant bilayers. As discussed in Sec. III, foj
.2 and at nonzero temperature, the dominant mode of fl
tuations that destabilizes the one-dimensional order of
lamellar phase is the formation of water channels. It w
shown that att50 and form.3.5, the stable lamellar phas
has a surfactant concentration of2

3. When the chemical po-
tential is decreased below 3.5, the formation of water-fil
pinholes in surfactant bilayers becomes energetically fav
able and the surfactant concentration is decreased. L
temperature analysis shows that the catenoid lamellar p
is never stable at nonzero temperature when compared to
H andLa phases. This is because, although the addition
pinholes reduces the internal energy of the system, it a
reduces the surfactant concentration which in turn redu
the entropy of the lamellar phase. However, form,3.5 and
t.0, the random formation of pinholes does occur in
stable lamellar phase@17#. For m;3.5, the concentration o
pinholes is small and the surfactant concentration of
lamellar phase is only slightly reduced from its maximu
value of 2

3. The concentration of pinholes increases with d
creasingm, reaching its maximum value near theH-La co-
existence boundary, where there can be a significant re
tion in the surfactant concentration. At higher temperat
when theH phase is no longer stable and near theW-La
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57 4555MESOMORPHIC POLYMORPHISM OF BINARY MIXTURES . . .
phase boundary, the formation of larger water channels
comes favorable, and the surfactant concentration is
creased even further until finally the order of the lamel
phase is destroyed. This behavior is not observed forj ,2,
where the formation of water channels in surfactant bilay
is never favorable; hence at high temperature and with
creasingm the lamellar phase becomes more dilute by
creasing the distance between surfactant bilayers.

The formation of water channels in surfactant bilayers
a lamellar phase has recently been investigated by sev
authors. Monte Carlo simulation studies@30# of the Larson
lattice model have observed the formation of water chann
in surfactant bilayers. More recently Netz and Schick@21#
employed a self-consistent-field theory to investigate the
bility of a lamellar phase perforated with hexagonally a
ranged water channels. Unexpectedly, they found that
water channels are hydrophobic, i.e., the surfactant m
ecules neighboring the water channels do not rearra
themselves to shield their tails from water. This is in contr
to a later Monte Carlo study by Muller and Schick@22#,
which found that the surfactants surrounding the channel
rearrange themselves in order to shield their tails from wa
making the channels hydrophilic. In our model, the analy
of Sec. III found that the surfactants neighboring the p
holes tend to orient their head groups toward the water ch
nels, which is consistent with hydrophilic channels. This
also the case for larger water channels for which Mo
Carlo simulation has found the channels to be hydroph
which will be examined further in a subsequent@17# paper.

Figure 11 shows the phase diagram for the interac
parameterj 55.0. Qualitatively, the phase diagram is simil
to the one forj 53, with the ordered phases being stable
a larger thermodynamic range. Formation of random wa
channels in surfactant bilayers also occurs form,3.5 at non-
zero temperature, as indicated by Monte Carlo simulat
@17#. In addition to this, the intermediateI phase is also
predicted by low-temperature analysis to be stable in a sm
thermodynamic range as indicated in Fig. 11. TheI phase is
also observed in Monte Carlo simulation forj 55. The H
and IQ8 phases as well as theLa and IH phases are also
observed in Monte Carlo simulations@17#. This is because, a
such high j , the ordered phases are stable up to a m

FIG. 11. Temperature (t) vs chemical potential (m) phase dia-
gram for interaction parameterj 55.0.
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higher temperature than for lower values ofj . TheIQ9 phase
is not observed in our simulations, even though Fig. 11
dicates that this phase is stable abovet;1, implying that the
phase should be observable in Monte Carlo simulation.
course, the low-temperature approximation may not be v
at this temperature since it does not take into account
entropic gain that results from the dispersion of finite inve
micelles when theIQ9 phase melts into the disorderedS
phase. For this reason, theIQ9 phase may in reality be stabl
only at temperatures much less than 1, making it unobs
able by computer simulation.

V. CONCLUSION

In this paper, binary mixtures of water and surfactants
investigated using a simple Ising-like lattice model. T
model extends the Ising model by giving a surfactant sit
discrete set of orientations toward its nearest neighbors
mimics the amphiphillic property of surfactants by making
energetically favorable for a surfactant molecule to orie
itself toward water molecules. Although there are isotro
water-water and surfactant-surfactant interactions, the mo
does not include orientation-dependent anisotropic wa
water and surfactant-surfactant interactions. Furthermor
neglects the structure of surfactant molecules by assum
that these molecules are point particles. Despite this,
phase diagrams presented in Sec. IV exhibit a rich polym
phism. This suggests that the complex polymorphism
served in binary mixtures of water and surfactants is d
mainly to their tendency to form water-surfactant interfac
At a given temperature, the phase behavior is determined
the water-surfactant interfacial free energy as well as by
surfactant concentration~which in this model is controlled
by m). For j .2, cylindrical micelles~Fig. 1! are the most
energetically favorable micelles, and hence the hexago
phase is the first ordered phase to become stable as the
centration increases~increasingm). At higher surfactant con-
centration, the lamellar phase becomes stable even tho
surfactant bilayers are not as energetically favorable as
lindrical micelles. This is because the amount of wat
surfactant interface is maximized in the lamellar phase, m
ing it stable in the surfactant concentration range betwe1

2

and 1
3. Increasing the surfactant concentration further,

inverseIQ8, IH , and IQ9 phases become stable to acco
modate the high number of surfactant molecules. This beh
ior agrees with experimentally observed phase sequence

The stability of theIQ8 phase between theLa and IH
phase is significant, since inverse bicontinuous cubic pha
are commonly observed in experimental studies of wa
amphiphile mixtures@24#. Despite the lattice constraint o
our model, there is a striking similarity between theIQ8 and
gyroid phases, suggesting that the gyroid structure may b
universal a structure as the lamellar or the cylindrical. T
low-temperature analyses of Sec. III show that theIQ8 phase
has the lowest ground-state water-surfactant interaction
site (23 j /2), resulting in a large range of stability in th
zero-temperature phase diagram~Fig. 8!. However, the fact
that the phase does not possess a ground-state entropy r
in its small thermodynamic range of stability in thet-m
phase diagram~Figs. 9, 10, and 11!. For this reason theIQ8
phase is only observed in Monte Carlo simulation for highj .
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4556 57A. LINHANANTA AND D. E. SULLIVAN
The micellar and normal bicontinuous cubic phases
not stable in our model. Since in this model, infinite cyli
drical micelles are more energetically favorable than fin
micelles at low surfactant concentration, it is not surpris
that the micellar cubic phase is not stable. Also it is notew
thy that for j .2 water channels tend to form in surfacta
bilayers of a stable lamellar phase. As discussed earlie
binary mixtures containing surfactants with very long alk
tails, the intermediate phase between theH andLa phases is
usually not theQ8 phase but a lamellar phase with wat
channel defects in surfactant bilayers. The defects can h
two- or three-dimensional order, or be randomly disperse
the bilayers@3#. This suggests that, in our model, the absen
of the Q8 phase is compensated for by the presence of
intermediate defective lamellar phase.

Another interesting result is the fact that both inverse a
noninverse phases are stable in our model. This is contra
most experimental observations in which either inve
phases or noninverse phases—but not both—are obse
As discussed in Sec. I, this behavior is due to steric inte
tions between surfactant tail groups which favor inve
phases when the tail-tail interactions supersede the h
group repulsions. Since our model considers surfactants t
point particles, there are no anisotropic tail-tail interactio
and hence inverse phases occur naturally at high surfac
concentration~high m).

As mentioned earlier, the low-temperature analyses
ployed in this work assume that the ordered phases re
their ground-state concentration and positional structu
while allowing orientational fluctuations of the surfacta
sites. This approximation is justified by Monte Carlo sim
lation findings in which fluctuations that change the surf
tant concentration or the positional structure of an orde
phase are rarely observed. In view of this, the phase
. J
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grams obtained by this method should be quite accurate
pecially at low temperature (t,1). However, at higher tem
perature, near the phase boundaries between ordered
disordered phases, concentration and structural fluctuat
occur, and the approximation is probably less valid. For
ample, for theLa-W phase transition atj 51.5 and t.1,
Monte Carlo simulations show that the lamellar phase
concentration2

3 unbinds with decreasingm to form a dilute
lamellar phase of lower concentration before transform
into a disordered sponge phase. Similarly, forj 55 and att
.1, with decreasingm and near theH-W phase boundary
computer simulations show that a stableH phase of concen-
tration 4

9 unbinds to form a lower-concentration phase of
finite cylindrical micelles that are not arranged in a tw
dimensional array, before transforming into a disorde
phase consisting of dispersed spherical micelles. A rela
point is the formation of water channels in surfactant bilay
of a stable lamellar phase forj .2. As discussed earlier, fo
these values ofj and at low temperature, the formation o
water-filled pinholes occurs form,3.5. However, at higher
temperature and form!3.5, Monte Carlo simulations indi
cate the formation of larger water channels which, with d
creasingm, results in melting of the lamellar phase into
disordered phase. These behaviors are not predicted by
simple low-temperature analyses, and are investigated
Monte Carlo methods to be presented in a subsequent p
@17#.
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