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Boundary effects on the angle of repose in rotating cylinders
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The angle of repose for the flow of granular materials in a half-filled rotating drum is studied by means of
experiments and computer simulations. Particles of different material properties are used to investigate the
effects of the end caps on the angle of repose. By fitting the numerical results to an exponentially decaying
function, we are able to calculate the characteristic rahgkthe influence of the wall. We found thétscales
with the drum radius but does not depend on either the density or the gravitational constant. For increasing
particle diameter, finite size effects are visidI81063-651X%98)10404-X]

PACS numbd(s): 81.05.Rm, 46.10:z, 05.60+w, 02.70.Ns

[. INTRODUCTION measure the angle of repose in different flow regimes. For a
small rotation speed), intermittent flow led to a different
The behavior of granular materials is of great technologi-angle before and after each avalanche occurred, called the
cal interest[1] and its investigation has a history of more starting(maximum and stoppingminimum) angle, respec-
than 200 years. When granular materials are put in a rotatingively. For a larger rotation speed these intermittent ava-
drum, avalanches are observed along the surface of tHanches became a continuous flat surface and thus enabled us
granular bulk2,3]. In industrial processes, such devices areto define one angle of repose defined asdjieamic angle of
mostly used for mixing different kinds of particles. However, reposeas shown in Fig. (a). When Q increases, the flat
it is also well known that particles of different sizes tend tosurface deforms with increasing rotation speeds and develops
segregate in the radial and axial directigds-14). a so-calleds-shape surface for higher rotation speeds, shown
Recently, the particle dynamics of granular materials in an Fig. 1(c). The deformation mostly starts from the lower
rotating drum has been described by using quasi-twoboundary inwards and can be well approximated by two
dimensional systems, tracking individual grains via camerastraight lines with different slopes close to this transition,
and computer programp9]. Extensive numerical studies sketched in Fig. ). For all measurements in this regime,
have also reproduced and predicted many of the experimenve took the slope of the line to the right which corresponds
tal findings[15—-21. The segregation and mixing process to the line with the higher slope.
depends on many parameters, such as[8iZ], shapd19], The average maximum and minimum angles of repose for
mass|[16], frictional forces, angular velocity21], filling the intermittent avalanches were found to be about 36° and
level of the drum22], etc. The angle of repose of the mate- 32°, respectively, see Fig. 2. There seems to be a rather
rial also depends on the parameters and it was argued thslharp transition from intermittent to continuous avalanches,
either the dynamic or static angle difference of the materialsvhich happens around=4 rpm. ForQ) greater than 4 rpm
in the drum influence the axial segregation processhere the avalanches are continuous, the mustard seed data
[4,6,10,11. indicate a linear dependence of the dynamic angle of repose
In this article, we investigate experimentally the depen-on the rotation speed which differs from the quadratic depen-
dence of the dynamic angle of repose on the rotation speedence found by Rajchenba¢8].
of a half-filled drum for particles of different material prop-  We also investigated the dynamic angle of repose for dif-
erties. It is found that the angle is up to 5° higher at the end
caps of the drum due to boundary friction. Using a three- @ (b) ©
dimensional discrete element code, we are able to quantify
this boundary effect and discuss its dependence on gravity
particle size, and density.

Il. EXPERIMENTAL RESULTS

An acrylic cylinder of diameter 6.9 cm and length 49 cm
was placed horizontally on two sets of roller supports and increasing rotation speed of drum
was rotated by a well-regulated electronic motor. The mate-
rial used was mustard seeds which are relatively round of F|G. 1. (a) Flat surface for low rotation speeddy) deformed
average diameter about 2.5 mm, and have a coefficient Gfurface for medium rotation speeds with two straight lines added as
restitution, estimated from a set of impact experiments, okpproximation, andc) fully developedS-shaped surface for higher
about 0.75[23]. A set of experiments were conducted to rotation speeds.
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FIG. 2. Experimentally measured startin@) and stopping %) FIG. 4. Dynamic angle of repose for sma®] and large Q)
angle and dynamic angle of repod®) for mustard seeds. glass beads.

ferent particle diameters and materials in the continuous re- We applied the same measurements to two sets of glass
gime in more detail using a 27 cm long acrylic cylinder of beads having a density of 2.6 g/&nThe smaller beads had
diameter R=6.9 cm. For a given rotation speed, the a diameter of 1.5 mm with no measurable size distribution,
dynamic angle of repose was measured four times at one afhereas the larger beads had a diameter range of 3.0
the acrylic end caps and the average value with an error baf 0.2 mm. Both data sets are shown in Fig. 4 for small
corresponding to a confidence interval af 2vhereo is the  (solid circlg and large(open circle beads. It can be seen
standard deviation of the data points, was then calculatedfom this figure that the transition to tH8-shaped regime
First we used mustard seeds of two different diametersoccurs ataround 16 rpm for the smaller beads and around 24

namely, 1.7 mniblack and 2.5 mm(yellow), with a densit rpm for the larger beads. In general, we found that the small
4 n k) my ) Y gparticles exhibit theS-shaped surface at lower values ©f

than the large particles. The angles of repose are, in general,
lower for the glass beads compared to the mustard seeds
; ) ; . . which we attribute to the fact that the mustard seeds are not
which exists for higher rotation rates, see Figh)1Both data as round as the glass beads and rotations of the mustard

sets are shown in Fig. 3 _for bla(ﬂsol_id circlg and ye”OW__ seeds are therefore more suppressed. The coefficient of fric-
(open circle seeds. The figure also illustrates the transitionson is also higher for mustard seeds.

to the S-shaped regime which occurs at the change of slope, There are two striking differences when comparing Figs.
e.g., at around 11 rpm for the smaller seeds and around 1.@(glass spheresand 3(mustard seedsFor rotation speeds
rpm for the larger seeds. One also notes that the dynamig |ower than 15 rpm, the small and large glass beads have
angle of repose is much higher for the larger particles in thghe same dynamic angle of repose which agrees with the
low frequency regime. For values 6f>15 rpm in theS-  findings in [24], whereas the dynamic angle of repose is
shaped regime, the difference in the dynamic angle of repossignificantly highe(3—4°) for the larger mustard seeds com-
for the two different types of mustard seeds decreases withared to the smaller ones. For rotation spe@dsigher than
increasing(}, and both curves cross around 30 rpm giving al15 rpm, the smaller glass beads show a higher dynamic angle
slightly higher angle for the smaller seeds with the highesof repose than the larger glass beads, and this angle differ-
rotation speeds studied. ence increases with increasing rotation speed. For mustard
seeds, the difference in the dynamic angle of repose between
48 T T T T the smaller and the larger particles decreases with increasing
Q) and the smaller seeds only show a higher angle for the
highest rotation speeds studied. Both Fig. 3 and Fig. 4 seem
44 | . to indicate that the increase in the dynamic angle of repose
$ with rotation speed?) in the S-shaped regime is larger for
[ the smaller particles.
. All the above angles of repose were measured by looking
through one of the acrylic end caps. In order to study the
Cx boundary effect of these end caps on the dynamic angle of
36 | oo D . repose, we performed magnetic resonance imagWRgl)

o = measurements. This technique of studying noninvasively the
=t flow properties of granular materials was first used by Naka-
39 1 L L L gawaet al.[23] and is in addition explained in more detail in

0 10 20 30 40 Ref. [7]. We used the large mustard seeds, which had an
average diameter of 2.5 mm. The dynamic angle of repose
was measured based on the concentration data which were

FIG. 3. Dynamic angle of repose for blac®} and yellow ©) averaged in a thin cross-sectional slice in the middle of the
mustard seeds. cylinder far away from the end caps. It is shown in Fig. 5 as

produce Fig. 2. We varied the rotation spgedrom 5 rpm
to 40 rpm and took the higher angle in tBeshaped regime
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FIG. 5. Comparison of dynamic angle of repose for large mus- FIG. 6. Comparison of dynamic angle of repose for large mus-
tard seeds taken from MRIY) and non-MRI &) measurements. tard seeds taken from MRIX), numerical simulation®), and the
theory of Zik et al. [24] (—).
a function of the rotation speed by the open circles. We
restricted the measurement to the flat surface regime, and aflodulus of the investigated material. Dynamic friction in the
data points then lie approximately on a straight line. On thenodel is defined to be proportional to the relative velocity of
other hand, non-MRI data were measured at the end caps atfte particles in the tangential direction.
are shown as stars in Fig. 5. The consistently higher dynamic During particle-wall contacts, the wall is treated as a par-
angle of repose at the end cap indicates the significance ditle with infinite mass and radius. In the normal direction,
the friction between particles and the boundary wall. We alsd=g. (1) is applied, whereas in the tangential direction, the
found that theS-shape regime seems to start earlier at thestatic friction force
end caps due to the additional wall friction.
Fi= —min( kSJ vij - S(dt, u|Ff| 3
Ill. SIMULATION TECHNIQUE
When measuring the dynamic angle of repose for differis used. This was motivated by the observation that when
ent materials at the end caps, we found that the ang|e iBartiCleS flow along the free surface, they diSSipate most of
always lower in the middle of the drum and the influence oftheir energy in collisions and can come to rest in voids left
the end caps seems to be rather short range, the angle drdpé other particles. This is not possible at the flat drum
to the value in the middle of the drum within a few centime- boundary. In order to avoid additional artificial particles at
ters. We are particularly interested in the dependence of thifle walls which would make the simulations of three-
length scale on the particle diameter and density and on thidimensional systems nearly unfeasible, we rather use a static
gravitational force. Since we only have a limited number offriction law to avoid slipping and allowing for a static sur-
particle diameters and density available in the experimenface angle when the rotation is stopped. Both tangential
we use three-dimensional discrete element methodS, a|§§rces are limited by the Coulomb criterion which states that
known asgranu|ar dynamicsto overcome this prob'em_ the magnitude Of the tangential fOI’CE cannot exceed the mag'
Each partic|ei is approximated by a Sphere W|th radius nitude of the normal force mU|t|pI|ed by the friction coeffi-
r,. Only contact forces during collisions are considered andient ». For particle-particle collisions we uge=0.2, and
the particles are not allowed to rotate. Since the mustaréPr particle-wall collisions,u,,=0.4. In order to save com-
seeds are slightly aspherical, they rotate much less than glapster time, we sel¥ to 6x10* Pam which is about one
beads. This was the motivation for our nonrotating assumperder of magnitude softer than vulcanite but the maximal
tion. The forces acting on particieduring a collision with  overlap of two particles is at most 0.3% of the sum of their
particlej are radii, which is still realistic. This gives a contact time during
collisions of 1.1x 10 * s. The coefficient of restitution for
F{} = —V(ri+rj —Fij n)— 'ynl;ij n (1)  wall collisions is set to 0.77 which is within the error bar of
the experimentally measured value of 0.75, see Sec. Il. In
in the normal directionrf) and experiments with spherical liquid-filled particles, we found
only a weak dependence of the restitution coefficient on par-
Fo=— min(ySJij -S(t), ] ) (2) ficle size and therefore used a normal force law, @&.that
would make the restitution coefficient independent of par-
ticle size. When the same type of force law is applied to

2). v and y. represent a dynamic friction force in the nor- payticle-particle collisions,_it gives a nqrmal restitution coe_f—
), n Ys 1P y ficient of 0.56. A discussion of the different force laws is

mal and tangential direction, respectively, represents the given in Ref.[25] and a review of different applications us-

vector joining both centers of mass, represents the rela- ing granular dynamics is given [26]. Even though detailed
tive motion of the two patrticles, and is related to Young's experiments for binary collisions of particles were per-

in the tangential directi0n§0 of shearing. In Eqs(1) and



4494 DURY, RISTOW, MOSS, AND NAKAGAWA 57

formed, the force relations before and after a collision de- 42 T T T T
pend on the material and the asphericity of the parti2&$ simulation He—
and since these two quantities were not available for mustard fit —

seeds, we can only take the published values as a guideline.
The numerical parameters were finely adjusted by comparing (O(=))
the experimentally determined dynamic angle of repose for 38
2.5 mm mustard seedp€1.3 g/cn?) with the simulation
results over th&) range from 8 to 35 rpm. The radius of the
drum was chosen &=23.5 cm. Both data sets are shown in 36
Fig. 6. Also shown as a solid line in Fig. 6 is the theoretical

result based on a model by Zék al.[24]. They started from

the equilibrium condition for the surface flowin a laminar 34

and thin layer inclined with an angl®: 0 5 10 15 20
z [cm)]
j= ) hgcos O(tan® —tan Oy), (4) FIG. 7. Profile of the dynamic angle of repose along the rotation
3n axis for 2.5 mm spheres®) simulation,(—) fit.

wherep denotes the particle density, gravity, » the con-

stant viscosity, an® o= arctaru. The cutoff deptthg corre- 0 ihe arcus tangens curve proposed by Haged. [29] and
sponds to a constant pressure valuepgt=hog cos®. A 554 found in two-dimensional simulations over a wifle
second expression for the surface flow in a half-filled drumregime[30]. For low rotation speed€)<8 rpm, the experi-
can be obtained by looking at mass conservaigin ment is very near the discrete avalanche regime, and there-
Q fore the simulations where we have used only dynamic fric-
i=p=(R?>-r?), (5) tion for the particle-particle interactions and the theory where
2 a steady flow is assumed tend to deviate slightly from the
experiment. Rajchenbach experimentally found the relation
©~|10—-0]™ with m=0.5 leading 100 =0 .+ 02 [3]
which gives an increasing slope for increasif)gin the
é;raph, whereas the experimental data points in our Fig. 6

tions, as shown in Fig. 6. The theoretical curve is very close

wherer measures distance from the drum center along th
free surface. Equating expressio® and (5) and using
the relation tam® =dy/dx=y’, where y(x) measures the

height of the top surface particle along the surface an . _ .
1 oo . suggest a decreasing slope with increadihgTo illustrate
(cos®) "=V1+(y")", we obtain this point further, we replotted all of our available experi-
N3 (yr)2 / 2,42 _p2y_ mental data points of the large mustard seeds measured at the
(Y7 y)Tan Oty + ey +x"=R) tan@o,(e) end caps, taken from Fig. 3 above, in the same fashion as
Rajchenbach and obtained a scaling exponenmef0.87
with c=37g?/2pp3. Corrections to this model were recently using ®,=34.1°. This has to be compared with=0.5
proposed by Khakhaet al. [28], but they lead to the same found by Rajchenbach anu=0.7 given by the numerical
equations for the dynamic angle of repose as above in thprediction by Tang and Bal31]. The () range of Rajchen-
case of a half-filled drum due to the symmetry of the thick-bach is smaller than the one investigated by us and we specu-
ness of the fluidized layer for shear flow. Solving fgrat late that his finding is valid close to the transition point to the
the origin(drum centey, the only one of the three roots with continuous flow regime where the quadratic fit works rather
no imaginary part reads well. We included this in Fig. 6 as a dotted line using a best
guadratic fit for the value 0f)<<20 rpm.
13—

r_ 1/3_
y'=u+(B+\D) (B+ D)’ Y IV. BOUNDARY EFFECT ON SURFACE ANGLE

— As shown in Fig. 5, the dynamic angle of repose of granu-
where qu=tan 0, lar material in a rotating drum is significantly higher at the
end caps than in the middle. For the experimentally investi-
B:ﬁ(lJr; 2) 4 ECQ R2, g_at_ed particle sizes of the order of miIIi.meter, the effect was
2 visible up to a few centimeters. But this length scale might
depend on the particle diameter and density and also on ex-
ternal parameters like gravity.

Using the above described technique, we simulated ex-
tended three-dimensional, half-filled drums. For a particle
We integrated Eq(6) numerically and checked that the the- size of 2.5 mm and a rotation speed of 20 rpm, the time-
oretical profile has a similar shape for different rotationaveraged angle, denoted t§(z)), as a function of the po-
speeds as the numerical data. We adjusted the parametersition along the rotation axis, is shown in Fig. 7. Each point
using the experimental data points and the best fit was obwith corresponding error bar stands for a weighted average
tained for ¢=0.0111-0.0001 s/ and w=0.51=0, over the nearest neighbors. In order to study the characteris-
=27°. Itis remarkable how well the theoretical curve fits thetic length ¢ of the boundary effect, we fit all data points by
data points from the experiments and the numerical simulathe relation

2 2

D=3

- - 1
+M(1+M2)CQR2+(§CQR2

_. 1
2
+_
K79
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TABLE I. Angle of repose® in the drum middle and dimen-
sionless characteristic lengtiiR as a function of gravityg (simu-
lation).

g(m/s) 1.62 3.73 9.81 13.6 25.1 274
0O(deg) 482 414 350 333 302 18.4

(©) {IR 0.291 0.274 0.277 0.269 0.283 0.260

eters to quantitatively model a desired system, which is why
we gathered as much information for the mustard seeds as
possible. An arcus tangens fit which gave a smaller mean
26 ! ! ! deviation than a parabolic fit was added to Fig. 8 to guide the
0 2 4 6 8 eye. Changing the densify of the particles or the gravita-
d [mm] tional constang has a dramatic effect on the angle of repose:

FIG. 8. Dynamic angle of repose as a function of sphere diam{Or the latter quantity this is shown in Table | and a similar
eter for0=20 rpm (simulation: () end cap, ®) drum middle, ~Pehavior was seen in recent experiméBeJ. For bothp and

end cap P —
middle =

(—) arcus tangens fit. g, an increase in value corresponds to an angle decrease.
When a hydrostatic pressupg~g is assumed, the data for
(0(2))=0,+A0 (e Zi+e (L2 (8) g<30 m/¢ can be well described by Eq7). The lowerg

becomes, the more pronounced tBeshaped surface be-

wherelL stands for the |ength of the drurﬁlOo for the dy_ Comes, and in the ||mg—>0, the transition to the Centrifugal
namic angle of repose far away from the boundaries, anéedime takes place at

AO for the angle difference between the value at the bound-

ary and®., . For the curve shown in Fig. 7, the correspond- \/E g

ing values areA®~4°, which is the same value given in Qc~ Rsin®.

Fig. 5 for the MRI experimenty=3.19+0.25, L=20.6cm, 0
and ®_,=35°*+0.2°. We tested Eq8) against the simula-
tion results for different drum lengths &f2, L/4, andL/8
and found a remarkably good agreement. In the last tw
cases, the value f@., is never reached in the middle of the f
drum due to the boundary effects.

Using drums that are at least 64 particle diameters lon
we studied the dependence ®@f, (middle) and the angle at
the end caps on the particle diameteat the same rotation
speed of 20 rpm. The simulation values in the tangential V. RANGE OF BOUNDARY EFFECT

directioq were qhosen in such a way that the_ normalized | order to study the range of the boundary effect, we
tangential velocities before and after impact wetdepen-  exiracted figures similar to Fig. 7 from our simulations and
dentof the particle diameted. The ratioY/ks was setto 3.1, varied the drum length and radiusR, the particle diameter

a value which gives for acetate spheres a good agreement gf and densityp, the gravitational constan, and the rota-
simulations[25] and experimentf27]. The value ofy was

chosen sufficiently high to give a similar behavior in 0.6 T T T T
particle-particle and particle-wall collisions in the sliding re-
gime. The results for the surface angle along the rotation axis = -
are shown in Fig. 8, which illustrates that the angle increases
with increasing particle size in agreement with the mustard 0.4 _
seed experimental results given in Fig. 3. The angle differ- %

ence of around 4°, which seems to be independent of the ¢/R k x T ;P _ 9 .
particle size, also agrees with the experimental findings. In "WH‘I"% T1

other experiments, different dependencies were observed: 02 L

Das Gupteaet al.[6] mostly found a higher angle for smaller

where ®, denotes the average angle in the linflt—0
15,30. In our case, forQ)=20 rpm the transition to the
entrifugal regime occurs @~0.45 m/€, which is in per-
ect agreement with the numerical findings. Even though we
studied more than ongwo) orders of magnitude ip(g), we
Y%ould not obtain an accurate infinite value limit.

R=35cm

particles using sand grains and Hill and Kakali@§] mea- | 7em ©
sured higher angles for smaller particles when using sand 105¢cm
and glass particles although it was also possible to get no 0 | | | |
angle difference for certain size ratios of glass spheres. The 0 0.05 0.1 0.15 0.2

latter was also found by Zikt al. [24], whereas Cantelaube d/R
[32] did not find a clear trend when using disks in a quasi-

two-dimensional drum. What causes the different behavior is F|G. 9. Dimensionless range of boundary effect for spheres with
not clear at the moment and a more detailed analysis woulfiifferent diameter; ¢) R=3.5 cm, (©) R=7 cm, (®) R=10.5

be desirable but is beyond the scope of this article. It issm, dotted line shows valug=0.26R for radius-independent re-
necessary to use appropriate values for the simulation paramime (simulation.
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1.2

ized zone withd<d. might be describable by a continuum
model. For particles witl>d., we have to take finite size
effects into account.

For comparison, we replot in Fig. 10 the data from Fig. 9
by showing the characteristic lengthmade dimensionless
by the average particle diametdr A strong decrease it/d
and a later saturation is clearly visible for increasing particle
diameter. The solid line is an exponential fit which matches
all data points very well but it can only serve as a guide to
the eye since it does not reproduce the right value in the limit
d—0.

¢/d |

04

0 1 1 1 1 VI. CONCLUSIONS

0 0.05 0.1 015 02 We have investigated the dynamic angle of rep@si a
d/R three-dimensional rotating drum in the continuous flow re-
FIG. 10. Range of boundary effect measured in sphere diamdime. By choosing different materials and particle diameters,
eters for spheres with different diametér) R=3.5 cm,(O) R=7 we discussed thél deper}dence 08 for glass beads a”‘?'
cm, (®) R=10.5 cm,(—) exponential fit(simulation. mustard ;eeds of two different sizes. In the low rotation
speed regime, both types of glass beads showed the same

tion speed(). The data points for the dynamic angle of re- angle of repose, whereas the angle was higher folatiger

pose as a function of position along the rotation axis werdnustard seeds. Using MRI techniques, we could quantify, for
fitted by Eq.(8) giving the characteristic lengthof this run. thg large mustard seeds, the angle difference between the
As expected{ did not vary when the length of the drum or middle a.nd the _end of the drum and f,sdependence. In all

the rotation speed was changed, but surprisingly, the chara€2Ses €ither a linear or an arcus tangens dependefz@wof
teristic length¢ did not change when the density of the par-{! Was found. In order to investigate the rangeof the
ticles or the gravitational constant was changed by more thafioundary effects, we used a three-dimensiatistrete ele-
one order of magnitude, even though the dynamic angle ginentcode and fitted the averaged angle along the rotation

repose strongly depends on both as shown in Table | for th@is to two exponentially decaying functions. We found that
latter quantity. { scales linearly with the drum radius. On the other hand, it

Based on the definition af in Eq. (8), one might specu- d_oes not depend either on the particle density or the gravita-
late that{~R since the gradient of the slope along the rota-tional constant, even though the surface angle changes dras-
tional axis of the surface should be a material property, i.e., ically with these quantities, or on the rotation speed of the
should not depend on the geometry. The angle of repose UM A detailed analy3|s_of thg dependence of the qharac—
independent of the drum radid® and therefore the height teristic lengthl on the particle diametet revealed that'is
difference between the surface at the end cap and the surfatidependent od for small particle diameters but shows finite
in the middle of the drum must be proportional Ro This  Size effects for larged.
leads to{~ R which is indeed the case, and we show in Fig.

9 the dimensionless characteristic lengtR as a function of ACKNOWLEDGMENTS
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