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Simulating fractal pattern formation in metal-oil electrorheological fluids
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1Department of Theoretical Physics, Kossuth Lajos University, P.O. Box 5, H-4010 Debrecen, Hungary
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Inhomogeneous electric field induced aggregation of metal microspheres suspended in an insulating oil is
studied by means of computer simulations. In the present model the metal particles are subjected solely to the
forces exerted by the inhomogeneous external electric field and by the fluid; the interparticle interaction and
stochastic forces are ignored. The metal clusters grown in the simulation are found to be fractals. At low
concentration there is quantitative agreement between the simulations and the experiments of Wen and Lu
@Phys. Rev. E55, R2100~1997!#. The fractal dimension of the aggregates has power law dependence on the
concentration, and the time evolution of the growth process also shows qualitative behavior similar to that in
the experiments.@S1063-651X~98!06703-8#

PACS number~s!: 61.43.Hv, 64.60.Cn
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I. INTRODUCTION

Fractal growth phenomena have attracted considerabl
cent scientific interest. These phenomena cover various fi
of physics such as crystal growth, electrochemical dep
tion, viscous fingering, and dielectric breakdown@1#. All
these phenomena are considered to be governed by the
growth mechanism that is supported by the fact that stoc
tic models such as the diffusion limited aggregation~DLA !
and the dielectric breakdown model~DBM! give an adequate
description of most of the observed features of these p
cesses@1,2#.

Very recently a type of fractal pattern formation induc
by high electric field in an electrorheological~ER! fluid was
observed experimentally by Wen and Lu@3,4#. In their elec-
trorheological experiment, conducting microspheres w
suspended in insulating silicon oil. When applying a hi
external electric field various kinds of patterns formed by
aggregating particles have been observed depending on
actual geometry of the electrodes. For instance, in the cas
a homogeneous external field~i.e., between parallel plana
electrodes! the suspended metal particles stick to each oth
forming a netlike structure@3,4#. Applying an inhomoge-
neous external field the aggregation of the particles resu
in fractal structures with treelike branching morphology@4#.
The authors called this aggregation process electric field
duced diffusion limited aggregation~EDLA! in order to dis-
tinguish it from the other types of aggregation proces
mentioned above.

The most important experimental findings of EDLA pr
cesses can be summarized as follows.

~1! The aggregate is a fractal independently of the el
trode configuration.

~2! The fractal dimensionD of the aggregate depends o
the volume fractionf of the microspheres in the solid-liqui
mixture and this dependence can be well fitted by a po
law, i.e.,D;fg, whereg50.15.

~3! At a given volume fractionf the fractal dimensionD
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is independent of the electrode configuration.
~4! The time evolution of the EDLA process also show

interesting features. At a fixed value of the external fieldEW
the aggregation process slows down considerably after s
time and to maintain the aggregation it is necessary to
crease slowly the external field strength. The process l
until the growing cluster connects the two electrodes, giv
rise to a short circuit~electric breakdown!. It was found that
the growth rate of the fractal aggregate increases very rap
just before the contact.

In this paper we present a two-dimensional dynami
simulation of the aggregation processes induced by an in
mogeneous electric field in metal-oil ER fluids. Our model
based on the assumption that in this type of aggregation
long range attractive forces acting on the metal particles p
the primary role for the structure formation instead of t
stochastic Brownian motion of the particles. For simplici
our study is restricted to the case of the inhomogeneous
ternal electric field when, at low volume fraction, the dire
particle-particle interaction is negligible compared to t
forces exerted by the electrodes. The model is applied
study the geometrical structure of the aggregates focusin
the concentration dependence of the fractal dimension.
dynamical model also makes it possible to get some ins
into the time evolution of the aggregation process.

II. THE MODEL

To work out a model of EDLA processes, first the mech
nism leading to the aggregation of the metal particles ha
be analyzed. For our investigations we chose the cylin
cally symmetric electrode configuration which is the mo
studied experimental situation of Ref.@4# ~see Fig. 4 of Ref.
@4#!.

During the whole process the electrodes are kept at fi
potential values. The space between the electrodes is fi
with an insulating oil in which the metal particles~or par-
ticles with high dc conductivity! are suspended. When th
ER fluid is exposed to an external electric fieldEW the sus-
pended particles obtain an induced dipole momentdW , which
3216 © 1998 The American Physical Society
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57 3217SIMULATING FRACTAL PATTERN FORMATION IN . . .
is proportional to the local effective electric fieldEW eff:

dW 5aEW eff and EW eff5EW 1EW d, ~1!

where a is a constant andEW d denotes the induced dipol
field. a is determined by the size of the particles and by
dielectric constants of the particles and the fluid. The
duced dipoles interact with the external field and with ea
other as well, which makes the exact study of the sys
very complicated. The forceFW el exerted by the external elec
tric field on a dipoledW is given by

FW el5~dW ,grad!EW ~2!

or in components

Fi
el5~dW ,grad Ei !, ~3!

wherei 5x,y,z denotes the vector components. Ignoring th
the presence of dipoles modifies the external field, it follo
that in a homogeneous external fieldFW el50. Hence, in this
case the dipole-dipole interaction dominates the dynamic
the system. It was revealed in several ER experiments
the dipole-dipole interaction favors the formation of cha
of particles along the direction of the external field for ins
lating particles@5,6# and network of chains with fractal struc
ture for conducting particles@4#. The chain formation of in-
sulating particles has also been reproduced by Monte C
@7,8# and by molecular dynamics simulations@9,10#.

Following the arguments of Ref.@4#, in the experimental
situation considered, under the influence ofFW el given by Eq.
~2! the metal particles start to move towards the inner e
trode and the nearest particles stick to it, forming a se
Since the particles are conducting the stuck ones change
originally regular electrode shape to an irregular one t
results in a considerable modification of the electric fie
itself. Due to the subsequent sticking of the metal partic
the inner electrode develops branches with sharp tips w
the electric field strength is the greatest and hence the f
acting on the dipoles is the largest. It may also happen
before reaching the growing metal cluster, due to the dipo
dipole interaction a few particles stick to each other creat
short chains moving towards the aggregate. The role of
effect becomes important with increasing concentration.

In the simplest approximation, besides affecting the va
of a in Eq. ~1!, the fluid exerts a hydrodynamic forceFW hydr

on the moving particles according to Stock’s law

FW hydr52bvW , ~4!

whereb depends on the particle size and on the viscosity
the fluid, andvW denotes the velocity of the particles.

In order to investigate the fractal pattern formation in E
fluids under inhomogeneous electric fields we constructe
dynamical model, which takes into account the main ing
dients of the growth mechanism described above. Since
growth goes on eventually in a plane our model is two
mensional. Our approach is based on the assumption th
an inhomogeneous external field at low enough concen
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tion of the conducting microspheres the interparticle inter
tion is negligible compared to the forceFW el exerted by the
external field.

In the model starting from a random spatial configurati
of the metal particles we follow their trajectories until stic
ing to the aggregate by solving the equations of motion. T
particles are subjected solely to the effect ofFW el and FW hydr,
the interparticle interaction is not taken into account~neither
dipole-dipole nor hard core interaction!, and the induced di-
pole field EW d is set to zero. These approximations are co
sistent at low concentration. It also implies that our mode
applicable strictly to the case of inhomogeneous exter
fields but without any restriction for the electrode geomet
The determination of the trajectories of the particles does
contain a stochastic component, randomness is introduce
the model solely through the random initialization of th
positions of the particles. The neglect of the interparti
interaction allows us to perform simulations with a lar
number of particles.

In order to determine the electric field the Laplace eq
tion

DU50 ~5!

is solved on a square lattice with the boundary condition t
the inner electrode is kept atU50 and the outer one atU51
fixed potential values. The discrete form of Eq.~5! on a
square lattice can be written as

Ui , j5
1

4
~Ui 11,j1Ui 21,j1Ui , j 111Ui , j 21!, ~6!

which is a system of linear equations where the numbe
equations is equal to the number of lattice sites conside
In our simulation code a relaxation technique is used to so
Eq. ~6! @11#. The electric field strength can be obtained fro
the potentialU as

EW 52gradU. ~7!

Inserting Eq.~7! into Eq. ~1! and using Eq.~2! yields the
force exerted by the external field of the electrodes on
particle:

Fx
el5aF ]U

]x

]2U

]x2
1

]U

]y

]2U

]y]xG , ~8!

Fy
el5aF ]U

]x

]2U

]x]y
1

]U

]y

]2U

]y2 G . ~9!

Equations~9! and~8! give FW i , j
el at the lattice sitesi , j used

for the calculation ofU.
The motion of the particles is determined in the followin

way: The particles are considered to move in the continu
coordinate space, the lattice is used only to obtainFW i , j

el and to
grow the aggregate. The equations of motion of the part
system are

mr̈Wk5FW i , j
el 1FW hydr, k51, . . . ,N ~10!
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3218 57F. KUN AND K. F. PÁL
whereN denotes the total number of particles andrWk is the
position of the center of thekth particle. In the simulation
code Eq.~10! is solved by applying a fifth order predicto
corrector scheme@12#. During the integration of Eq.~10! FW i , j

el

is considered to be constant within a plaquette cente
around the lattice sitei , j .

A moving particle sticks to the growing aggregate when
enters a plaquette belonging to the perimeter of the clus
Figure 1 gives an explanation of the lattice structure us
and of the growth rule. After each sticking event the pote
tial Ui , j of the lattice site occupied by the new stuck partic
is set to zero, and the force fieldFW i , j

el has to be recalculated
This procedure goes on either until there are no suspen
particles left~that may be the case at very low concentratio!
or until the growing cluster reaches the outer electrode.

III. RESULTS

In the framework of the model described above we p
formed simulations in order to investigate the geometri
structure of the aggregates generated with emphasis on
concentration dependence of the fractal dimension. This
namical model allows us also to monitor the mass of
growing cluster as a function of time. This way informatio
can be gained about the time evolution of the growth p
cess.

For all the simulations a lattice of size 2003200 sites was
used and the total number of particlesN was varied in order
to change the concentrationf5N/Nplaq, whereNplaq is the
number of plaquettes between the two electrodes. The n
ral time scalet0 of the system arises from the force expre
sions, i.e.,t05ba/Fmax

el , wherea denotes the lattice unit an
Fmax

el is the estimated maximal value ofFel. The parameter
values used in the simulations arem51, a51, a
51, b50.04.

FIG. 1. The lattice structure used in the simulations and
illustration of the growth rule. The open circles denote the em
lattice sites while the filled ones are occupied by the particles of

cluster. The forceFW i , j
el is considered to be constant within th

plaquette centered around the sitei , j ~plaquettes bounded by soli
lines!. The plaquettes belonging to the perimeter of the cluster
shadowed. The example indicates that growth can occur not on
the direction of the four nearest neighbors but also in the direc
of the next nearest neighbors of the cluster particles.
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Representative examples of clusters generated at diffe
N values are presented in Fig. 2. It can be observed tha
lower volume fraction@Figs. 2~a!, 2~b!# the metal cluster is
composed of a few long branches strongly directed towa
the outer electrode, with hardly any longer side branches
is important to note that when a growing branch is gett
closer to the outer electrode the electric field strengthEW is
rapidly increasing in the vicinity of the branch tip. Whe
there are no more suspended particles left in front of the
new particles can reach the branch only from the two sid
which results in splitting of the tips into two side branches
can also be seen that tip splits may occur serially star
from one branch. The occurrence of tip splits is limited
the geometrical configuration of particles remaining ava
able for the further growth. The comparison of Figs. 2~a! and
2~b! to the experimental results of Ref.@4# †see Figs. 4~a!,
4~b! of Ref. @4#‡ shows that at low concentration qualitativ
agreement is found between the simulations and the exp
ments.

By increasing the concentration@see Figs. 2~c!, 2~d!#, the
number of side branches increases and the cluster gets
dense but not as rapidly as was found in the experime
†Figs. 4~c!, 4~d! of Ref. @4#‡. In the zones lying between th
main branches of the aggregate the electric field strengt
considerably lowered by screening. Hence, the force ac
on the particles between the branches is much smaller
between the cluster tips and the outer electrode. Due to
screening mechanism, the growing cluster can reach
outer electrode, leaving a large number of particles in
fluid that did not have time to become part of the cluster. F
clarity, the particles that remained suspended in the fluid
not indicated in Fig. 2.

To give a quantitative description of the geometric
structure of the aggregates, their fractal dimensionD was
evaluated at several values of the volume fractionf. In order

e
y
e

re
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n

FIG. 2. Representative examples of simulated electric field
duced aggregation clusters. The value ofN is 1000, 2000, 3500,
5000 for ~a!, ~b!, ~c!, ~d!, respectively.



r
f
o
-

3
y.
e
e

g.
e
te

d

ss
f
r-
on
t
r
s
o
i
t

n

c
tio
in
h

b
m

i

ig.
is

etal
d in
ing
we
by
m-
er-
nd

of
eri-
ctal
po-
ion
to

nts
por-
tra-
ion
t a
the
re.
is

an-
lts
of

on
of

n
m
in

-

57 3219SIMULATING FRACTAL PATTERN FORMATION IN . . .
to determine the fractal dimensionD we counted the numbe
of particles M (R) belonging to the cluster in a circle o
radiusR centered at the central electrode. At each value
the volume fraction,M (R) was averaged over 15 simula
tions with different initializations andD was obtained as the
slope of ln̂M(R)& vs lnR. The results are plotted in Fig.
along with the fractal dimension measured experimentall

As expected, at low concentration there is close agr
ment between the fractal dimensions obtained experim
tally and from the simulations, while for increasingf there
is increasing deviation between them. It can be seen in Fi
that similarly to the experimental results, a power law, i.
D5Bfg, seems to be a reasonable fit also to the simula
data with parametersB51.996 andg50.132 different from
the ones extracted experimentally. The value ofB falling
very close to 2 implies the consistent result that the mo
would give rise to a space filling cluster only atf51.

During the simulations we monitored the cluster ma
i.e., the number of particlesM of the cluster as a function o
time t. Typical results are presented in Fig. 4 for two diffe
ent values off. It can be observed that at low concentrati
@Fig. 4~a!# the M (t) function is composed of two distinc
parts, i.e., the increase ofM (t) is much steeper in the late
stage of the growth than at the beginning of the proce
similarly to the experimental findings. This acceleration
the growth process in the vicinity of the outer electrode
caused by the increase of the electric field strength as
cluster gets closer to the outer electrode. The compariso
Fig. 4~a! to Fig. 4~b! shows that the behavior ofM (t) is
sensitive to the concentration. At high concentration@Fig.
4~b!# the total amount of time needed for the cluster to rea
the outer electrode is much less than at lower concentra
@Fig. 4~a!#. The reason is that when the concentration
creases the average interparticle distance decreases, w
results in decrease of the time elapsed between two su
quent sticking events. Hence, less time is spent for the
tion of the particles and this acceleration of the growth

FIG. 3. The fractal dimensionD of the aggregate as a functio
of the volume fractionf. The experimental results are taken fro
Ref. @4#. The parameter values of the curves fitted to the data po
are also given.
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amplified further by the increase of the field strength. In F
4~b! the behavior ofM (t) seems to be exponential, which
also illustrated in the inset on the semilogarithmic plot.

IV. DISCUSSION

In the present paper we studied the aggregation of m
microspheres induced by an inhomogeneous electric fiel
an insulating oil. The basic idea of our model is that start
from a random spatial configuration of the metal particles
follow their trajectories until they stick to the aggregate
solving the equations of motion without any stochastic co
ponent. For simplicity, the induced dipole field and the int
particle interaction is neglected in the model. It was fou
that at low concentration the results obtained by means
computer simulations are in good agreement with the exp
mental observations. Power law dependence of the fra
dimension on the concentration was obtained with an ex
nent smaller than the experimental one. The time evolut
of the growth process is found to be qualitatively similar
the experiments.

The deviation of the simulations and the experime
demonstrates that the interparticle interaction has an im
tant effect on the structure formation at higher concen
tions. It results in the faster increase of the fractal dimens
and it may also explain the slowing down of the growth a
fixed external field. For a better understanding, neglect of
particle-particle interaction has to be overcome in the futu

In the model calculations the trajectory of the particles
deterministic; randomness is introduced solely by the r
dom initialization of the position of the particles. The resu
obtained imply that the electric field induced aggregation
metal microspheres in an insulating oil is not a diffusi
controlled process in the sense that the Brownian motion

ts

FIG. 4. The number of particlesM of the aggregate as a func
tion of time t at volume fractions~a! f50.04 and~b! f50.1.
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the particles does not play a crucial role in the struct
formation. Instead, the long range attractive forces acting
the metal particles govern the process. In the experiments
increasing the temperature and decreasing the particle
one may reach a regime where stochastic effects bec
important.
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