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Solitonlike pulses in perturbed and driven Hertzian chains and their possible applications
in detecting buried impurities
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We present detailed numerical studies on the motion of an initial perturbation in a chain of spheres which are
characterized by Hertzian contacts. We consider the propagation of the perturbation in the presence and in the
absence of gravitational compaction in the chain@see R. S. Sinkovits and S. Sen, Phys. Rev. Lett.74, 2686
~1995!#. Our results show that robust solitonlike pulses carry the initial perturbation from the surface to the
depths of the Hertzian chains for various magnitudes of the initial perturbation at finite loadings of the column.
In addition, we probe the structural characteristics of the solitonlike pulse as a function of the magnitude of the
initial impact, of loading, and of the gravitational field. Our results suggest that the solitonlike features, while
altered, persist at finite gravitational fields when the compaction of grains with increasing depth becomes
important. In the presence of light mass impurities in the Hertzian chain, we present evidence of backscattering
of the solitonlike pulse and suggest that acoustic backscattering can be a possible probe of buried light mass
impurities in granular beds. In closing, we discuss the propagation of perturbations in finite Hertzian chains
when the surface grain is coupled to a transducer which vibrates with very low amplitude and frequency, and
we report the formation of metastable standing-wave-like patterns in finite Hertzian chains.
@S1063-651X~98!12202-X#

PACS number~s!: 46.10.1z, 03.40.Kf, 43.25.1y
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I. INTRODUCTION

Nonlinear elasticity and sound propagation in dry gran
lar columns at small loadings@1–8# has emerged as a subje
of increasing attention in recent years. It has been noted
Nesterenko@2# that the propagation of a perturbation in
loaded chain of Hertzian contacts possesses solitonlike
tures. The studies of Miller@9#, Sinkovits and Sen@5#, and
Costeet al. @8# have independently confirmed the presen
of these solitonlike pulses. In particular, Sen and Sinko
@6# have carried out particle-dynamics-based studies wh
show that these solitonlike pulses are present in gravitat
ally compacted granular columns.

As of now, there are a handful of physical systems wh
are known to support solitonic pulses@10#. The presence o
solitonlike pulses in perturbed Hertzian systems theref
presents interesting possibilities@2,5,6,8,9,11#. One such
possibility is to use the solitonlike pulses, which can tra
through the granular contacts with minimal dispersion,
probe buried objects that may be indetectable using the m
frequently used electromagnetic probes. Metal-poor la
mines in dry granular beds are examples of underground
jects which may become detectable using acoustic ba
scattering of solitonlike pulses.

To explore the prospects for the application of solitonli
pulses for detecting certain buried objects in granular bed
is imperative that one must acquire a detailed understan
of the following three aspects. First, the conditions un

*Author to whom correspondence should be addressed.
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which these solitonlike pulses can be initiated and sustain
Second, to determine whether the solitonlike pulses are
tially reflected or backscattered by impurities. Third, tran
ducers are commonly used devices for exciting the surfa
based grains and thus it is very important to address the i
of what kind of amplitudes and frequencies are appropr
for such transducers for minimizing the attenuation of t
solitonlike pulses. The present study is a first step toward
exploration of these fascinating issues.

In this paper, we present particle-dynamics-based stu
on the propagation of perturbations in chains of linea
aligned spherical beads~we shall refer to these systems
granular chains in the rest of this paper!. The intergrain in-
teractions in our model are characterized via the Hertz
contact law@12#, and have been used to successfully mo
assemblies of glass and stainless steel spheres as well as
grains. The definition of these contacts is given in Sec
below. We address the effects of constant loading acro
granular chain at zero gravitational field and study the effe
of finite gravitational fields on the properties of the solito
like pulse. This work also presents simulational results
the backscattering of the solitonlike pulse from impurities
the granular chain. In closing, we present some prelimin
results which suggest that low frequency, low amplitu
pulses injected into gravitationally compacted finite granu
chains lead to metastable standing-wave-like patterns.
calculations suggest that ‘‘soliton pulse spectroscopy’’ p
sesses the potential for probing buried objects in gran
beds.

The details of the models studied and the particle dyna
ics simulations are presented in Sec. II. The results of
study are presented in Secs. III–VI. Section III discusses
2386 © 1998 The American Physical Society
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57 2387SOLITONLIKE PULSES IN PERTURBED AND DRIVEN . . .
geometric properties of the pulse for various initial velocit
of the first grain at different constant loadings and at z
gravitational fields. Section IV presents the time evolution
the pulse as it passes through light and heavy impu
masses at zero gravitational fields. Section V addresses
scattering of a solitonlike pulse in a vertical gravitationa
compacted column with a few light mass impurities. Sect
VI discusses the propagation of perturbations generated
transducer attached to the surface grain in a vertical grav
tionally compacted column. Section VII closes with a su
mary of the work and the direction of ongoing and futu
research.

II. THE MODEL AND THE SIMULATIONS

A. Intergrain interactions

We model the granular chain as a collection of sphe
which are either placed in contact with one another via so
form of loading while the chain is oriented horizontally,
are oriented vertically and loaded by gravitational comp
tion. We follow the classic work of Hertz@12# and describe
the energy associated with the repulsive interaction betw
any two compressed spheres labeledi and i 11 of radii Ri
andRi 11 ~while they are uncompressed! as follows. We de-
fine the ‘‘overlap’’ between the two adjacent grains
d i ,i 11, which can be written asd i ,i 11[Ri1Ri 112r i ,i 11,
where we letr i ,i 11 represent the distance between the c
ters of the two spheres. The interaction energy between
granular spheres is expressed as a function of this overla
follows:

V~d i ,i 11!5
2

5DS RiRi 11

Ri1Ri 11
D 1/2

d i ,i 11
5/2 [ad i ,i 11

5/2 , ~1!

where the constanta[ (2/5D)ARiRi 11 /Ri1Ri 11 and
where

D5
3

4S 12s i
2

Ei

1
12s i 11

2

Ei 11
D , ~2!

in which s i , s i 11 and Ei , Ei 11 are Poisson’s ratios an
Young’s moduli of the two bodies, respectively. The pote
tial energy V(d i ,i 11)50 when r i ,i 11.Ri1Ri 11. The
V(d i ,i 11);d i ,i 11

5/2 law in Eq. ~1! arises due to purely geo
metrical effects and is an exact result for perfectly spher
grains@for a detailed derivation of Eq.~1!, see Ref.@12##. As
noted by Costeet al. @8#, the interaction energy in Eq.~1! is
expected to remain valid when the repulsive force andd i ,i 11
vary relatively slowly in time, in comparison with the time
takes for a bulk longitudinal acoustic wave to travel acros
diameter of a spherical grain. We also neglect plastic de
mation of the spheres in this study. The experimental w
of Costeet al. @8# seems to suggest that this is a reasona
approximation for certain materials such as steel sphe
However, plastic deformation may play an important role
studying sound propagation in softer granular materi
These effects will be addressed in a separate publica
@13#.
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B. Equations of motion and initial conditions

In this paper, we focus on the propagation of a pertur
tion that is initially impacted to the first grain of a granul
chain. We present studies in which~i! the granular chain is
uniformly loaded but gravitational compaction is absent, i
when the chains are horizontal, and in which~ii ! gravita-
tional compaction is present and provides the mechanism
progressively higher loading of the grains as the depth
creases, i.e., the chains are vertical. In case~i!, loading the
grains in such a way that they are in intimate contact w
one another is an important issue. The equation of motion
a grain of massm at locationzi for case~i! is given by

mz̈i5a@$D02~zi2zi 21!%3/22$D02~zi 112zi !%
3/2#,

case~i!,

~3!

mz̈i5a@$D02~zi2zi 21!%3/22$D02~zi 112zi !%
3/2#2mg,

case~ii !.

In Eq. ~3!, we defineD0[Ri1Ri 112 l 0, wherel 0 enters due
to loading for the horizontal chain problem and we repla
Ri1Ri 11 in the definition ofd i ,i 11 given above Eq.~1! by
D0. As we shall see,l 0 plays an important role in distin
guishing between the shocklike perturbations and the so
compression pulses that can be generated down a col
with suitable initial impact velocities on the first grain in th
chain. For the vertical column problem in case~ii !, in which
gravitational compaction plays an important role, we a
2mg to the right-hand side of Eq.~3!.

In case~i!, givenD0, the initial positions of all the grains
in the chain are specified. The velocity of the first grain
specified at timet50. The velocities of all the other grain
are initially set to zero. For a given loading orl 0, the velocity
of the first grain therefore defines the physical properties
the solitonlike pulse. We discuss these properties in deta
Sec. III.

The initial structure of the vertically oriented granul
chain@case~ii !# is quite different@5,6#. In this case, the grain
at the bottom of the chain is most compressed while the
at the surface of the chain is least compressed. Since
granular systems, being macroscopic, are largely insens
to changes in temperature, it is extremely important to de
mine the ground state of a gravitationally compacted gra
lar column. We accomplish this as follows. The location
the bottom grain is first fixed and the positions of the rema
ing grains are set such that the repulsive forces due to
overlap between the adjacent grains exactly equal the fo
required to support the grain column. For a system ofN
grains in which the bottom grain is labeled 1, the overl
between grainsi andi 11 is determined via the 1D sum rul
as follows@5,6#:

g (
j 5 i 11

N

mj5
5

2
ad i ,i 11

3/2 . ~4!

The reader may observe that if the gravitationally compac
chain is loaded, then it is essential to take into account
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additional repulsive force term that must arise from th
loading@as described in case~ii ! of Eq. ~3!# on the left-hand
side of Eq.~4! above. We do not consider loaded gravitatio
ally compacted chains in this study.

The results presented in Sec. III@case~i!# and in Secs. IV
and V @case~ii !# address the solutions to Eq.~3! in the ab-
sence of gravitational compaction and in the presence
gravitational compaction, respectively. In the zero grav
tional compaction problem, Eq.~3! can be analyzed in the
strongly nonlinear limit, if one assumes that the characte
tic size of the perturbation is much greater thanRi . This
analysis can be found in the work of Nesterenko@2# and in
Ref. @8#. We refer the reader to these articles for the deta
analytical treatment and move on to further details of o
numerical studies at this stage.

C. Program units

Our results are based upon careful numerical integra
of the coupled equations of motion for granular chains w
N spheres, whereN;103. We have used the third-orde
Gear predictor-corrector algorithm@14# for our dynamical
studies. The data are represented in program units throug
this paper. We have set one program unit of distance as 125

m, one program unit of mass as 2.3631025 kg, and one
program unit of time as 1.010231023 s.

In our calculations, we set the grain diameter 2Ri5100
~expressed in program units!, the gravitational acceleratio
g51 if it is included in the study~which corresponds to 9.8
m/s2), and the massm of each grain to 1~which corresponds
to 0.23631024 kg!. In Eq. ~1!, we set the constanta55657.
The integration time step has been kept at 1.2531025 in
most of our calculations, unless specified otherwise. Cho
ing a smaller time step does not appear to improve or af
the accuracy of our calculations for the studies presen
here. Choosing a time step that is a decade larger, howe
results in poorer resolution of the features of the solitonl
pulses of interest.

III. SOLITONLIKE PROPAGATION
AT CONSTANT LOADINGS

The advantage of a numerical study of propagation
solitonlike perturbations in a Hertzian chain over an anal
cal treatment lies in the fact that one can probe almost
aspect of the system dynamics. The findings presented in
section concern the details of the shapes of the soliton
pulses at different loadings~described viaD0 or l 0) and at
different magnitudes of the initial impact on the first grain
a horizontally oriented Hertzian chain, which is denoted
v imp .

Our studies using chains with 1000 grains reveal t
loading and the impact velocity of the first grain play cruc
roles in determining the characteristics of the solitonl
pulse. These observations are in qualitative agreement
the findings of Miller @9#. We first focus on the results a
very low loadings.

A. Solitonlike pulse at infinitesimal loadings: Shocklike
regime

At very low loading, sayl 051026 @see Eq.~3!#, the
grains are barely in contact with one another. If a large ini
t
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velocity is given to the first grain, then our calculations i
dicate that the kinetic energy associated with the initial p
turbation far exceeds the potential energy associated with
compression between the adjacent grains. As shown in F
1~a!–1~c!, in this ‘‘shock wave’’ regime, the shape of th
collection of grains which are off-equilibrium looks ver
nearly like a temporally expanding rectangular object.
each of the cases probed, the rectangular pulse mo
through the uniformly loaded chain at a fixed velocityc. The
velocity associated with the propagation is dependent u
v imp , wherev imp refers to the initial velocity of the first grain
at time t50. We study cases in which forl 051026,
v imp51023, 1022, and 1021 are considered. For infinitesi
mal loadings, our calculations reveal thatc is independent of
l 0 and is strongly sensitive tov imp . Larger magnitudes of
v imp caused larger sound propagation velocities in our st
ies. One would expect, however, that the magnitude oc
would become insensitive tov imp for hard-core spheres, i.e
when the potential diverges for all finite overlaps. Figu
1~d! shows the dependence of the pulse velocityc;v imp

a .
We find thata is very close to 0.2 for the Hertzian chai
systems that we have probed.

The width W(t) of the expanding rectangular pulse~ig-
noring the tail-like structure at the end of each pulse! which
represents the shock front is a measure of the diffusion
efficient of the perturbation in the Hertzian chain. The ta
like structure of the pulse is not a major concern in the
finitesimal loading regime because the velocity of the ta
like part is also a constant in time. As we shall see later,
larger loadings, the dynamics of the tail-like structure wou
be more complex. Our numerical studies reveal that

W~ t !;t, ~5!

in the infinitesimal loading regime, i.e., for largev imp cases.
This is an expected result in view of the fact that the sou
velocity remains fixed as the pulse propagates down
chain.

As l 0 is increased to 1025, the shapes of the propagatin
pulses as shown in Figs. 1~a!–1~c! are no longer preserved
The most noticeable change is seen at largerv imp as shown
near the beginning of the chain in Fig. 2~a!. The ‘‘shock
wave’’ part of the pulse is followed by regions of eve
higher overlap between some grains before a regime of
gressively low overlaps emerges. These effects are
barely visible in Figs. 1~a!–1~c!.

To understand these features we simply observe that
part of the granular chain that lies behind the pulse and
suffered a compression oscillates between the location of
unperturbed first grain~i.e., with respect to its location a
t,0) and the progressively increasing length of the p
turbed region of the chain in the direction of the propagati
For smaller magnitudes ofv imp and fixedl 0, the decreased
ratio of v imp /L0 prevents the formation of the larger overla
@see Figs. 2~b! and 2~c!# at intermediate length scales as
Fig. 2~a!. We now turn our attention to the tails that develo
at the rear end of the pulses in Figs. 2~b! and 2~c!. The
physical meaning of the tails in Figs. 2~b! and 2~c! becomes
clear when we recognize that after the shock front has pa
by a given point in the chain, the particles begin to return
their equilibrium positions. As we shall see, many of t
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FIG. 1. Data showing the propagation of a broad rectangular pulse from right to left at various times in a Hertzian chain withl 051026

~in program units! @see Eq.~3!#. Thex axis refers to the grain position, where the first grain is labeled as 1000 and the last one as 0y
axis refers to the position of each grain~in program units! with respect to their original equilibrium location in the chains. In~a! v imp51023,
~b! v imp51022, and in~c! v imp51021. In ~d! we show a plot of lnc versus lnv imp for l 051026, 1025, and 1024. The data for variousl 0’s
have been lumped together because the differences in loading have no significant effect onc. The solid line yields a slope of 0.2.
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more interesting aspects associated with the dynamics o
granular chain are buried in the information contained
these tails. To explore these tails in further detail we cons
smaller loadings. These issues are discussed in Sec. III

B. Solitonlike pulse at larger and intermediate loadings:
Compressive regime

For l 051024 and 1023 andv imp51023 and 1022, respec-
tively, i.e., for v imp / l 0;10, we find that the propagatin
pulses develop long tails. The results from these calculat
are shown in Figs. 3~a! and 3~b!. The grains that are locate
at the tail of the pulse suffer displacements in both directi
with respect to their equilibrium positions at fixed loading
The tails are especially prominent whenl 0 is fairly large,
being O(1023), andv imp is only about an order of magni
tude larger thanl 0 @see Fig. 3~b!#. This is the regime in
which the compression between the grains plays an im
tant role and hence we shall refer to this parameter rang
the compressive regime. Our studies suggest that the deta
of the tails are sensitive to the particulars of the granu
masses and contacts. We therefore contend that the p
with long tails are strong candidates for acoustic detec
studies.
he

er
.
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s
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r-
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r
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Analyses of the data in Figs. 3~a! and 3~b! reveal interest-
ing results. We have made semilogarithmic plots of the m
nitudes of grain displacements along the direction of co
pression~negative side of they axis! with depth. The plots
reveal that the tails at various depths and times are well fi
by exponential decays in depth. We refer to thepulse func-
tion asP(z,t), z being the length of the chain, as

P~z,t !;exp~2z/ct!, ~6!

wherec defines the velocity associated with the motion
the pulse along the chain. Time elapsed since the pertu
tion was effected is denoted byt.

Finally, we present data that describe the features of
propagating perturbation whenl 051023 and v imp51021,
i.e., in a regime ofv imp / l 0 in which both the ‘‘shock-wave-
like’’ features and the compression effects are clearly visib
This is shown in Fig. 4, in which we have used a long
chain of 3000 grains. The reflected pulse from a rigid bou
ary is presented in these data. The calculations suggest
the flat top of the in-going pulse is altered to a sloping top
reflection. This suggests that the shock-wave-like feature
the pulse is altered and the individual grains suffer differi
overlaps at impact and illustrates the various subtle dyna
cal effects associated with the reflection of solitonlike puls
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IV. EFFECTS OF IMPURITIES

We now turn to the question of whether buried light ma
impurities can be acoustically detected using backscatte
of the solitons sent down the chain. Sand grains are ra

FIG. 2. Data showing the propagation of a pulse from right
left in a Hertzian chain withl 051025 ~in program units! at various
times. As in Figs. 1~a!–1~c!, the x axis refers to the grain position
and they axis to the grain displacements~in program units! with
respect to their original equilibrium positions.~a! shows additional
compressions whenv imp51021, especially in the three leadin
pulses. These compressions arise due to additional weaker hits
the first grain and are most clearly visible whenv imp is rather large.
~b! and~c!, which are forv imp51022 and 1023 also possess simila
features. The tails, however, are more dominant and the additi
compressions are no longer so clearly visible.
s
ng
er

heavy objects~density of sand is;2700 kg/m3). Thus, most
impurities such as rubber, plastic, or wood would be le
dense than sand. It is in this spirit that we are especi
interested in detecting light impurities. It is instructive
recall here that the dynamical behavior of harmonic osci

om

al

FIG. 3. ~a! and~b! Data showing the propagation of pulses wi
long exponentially decaying tails in depthz ~expressed in grain
diameters! at various times and for two different combinations
v imp and l 0 values. As in Figs. 1 and 2, they axis represents the
displacement of grains~in program units! from the original equilib-
rium positions. In~a! l 051024, v imp51023 and in ~b! l 051023,
v imp51022.

FIG. 4. The figure represents the forward propagation and
reflection of a solitonlike pulse in a regime in which both shockli
and compressive effects are present. The calculations have
done forv imp51021 ~i.e., largev imp expressed in program units!
and forl 051023 ~i.e., intermediate range loading, also expressed
program units!.
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tor chains with a single light impurity has been extensiv
probed by many workers. It is well known that the presen
of a light impurity leads to the localization of the perturb
tion at the light impurity site and that there is a speci
frequency that characterizes the localized oscillations of
light impurity @15#. One would expect that long-lived osci
lations, albeit over a broad window of frequencies, may p
sist in light impurities in Hertzian chains as well. As w
discuss below, our calculations seem to suggest that s
long-lived oscillations may indeed be present in Hertz
chains with light impurities.

Our first studies have been carried out for a horizon
granular chain (g50) of 1000 grains in which the impurity
has been placed at the 500th grain. Let us first consider
case of a light impurity with a mass of 0.5. We set the va
of a52000. The forward propagating solitonlike pulse a
the backscattered signals are shown in Fig. 5~a! for
v imp51022 and l 051024, i.e., in a regime in which signifi-
cant tails are visible in the solitonlike pulse. The backsc
tered pulse has an altered tail with respect to that in
in-going pulse, as can be seen in Fig. 5~a!. We should point
out that the front of the backscattered solitonlike pu
should be most easily detectable at the surface of the ch
However, the front or the ‘‘head’’ of the pulse simply tel
one that a reflection has occurred and hence may not be
useful in discriminating between the details of the impur
with significant confidence. The most important informati
concerning the backscattering process can be obtained
the features in the tail of this pulse. This implies that o
must manipulate the parametersl 0 andv imp , as alluded to in
Sec. III B above, such that the distinctive features of the
are most clearly visible.

We now ask the question of whether one gets differ
backscattered pulses for the light and heavy mass impuri
This is an important issue to be considered if soliton ba
scattering is to be used to detect buried light mass impurit
We present backscattering data from a heavy and less c
pressible impurity of mass 2.0 anda510 000. These data ar
presented in Fig. 5~b!. Although at first sight, the raw data i
Figs. 5~a! and 5~b! look rather identical, a careful look re
veals that the backscattered pulse from the heavy impu
case possesses a distinctly different tail profile with resp
to that for the light impurity case. These differences are
lustrated in Fig. 5~c!.

Can these differences be experimentally detected?
cently, using microelectromechanical sensors, it has bec
possible to use capacitive measurements to detect very s
scale disturbances in various systems@16#. Therefore, it may
well be possible to detect the light mass impurities and se
rate them from the heavy mass impurities by distinguish
between the detailed features of the tails of backscatte
pulses using acoustic backscattering of solitons.

V. EFFECTS OF GRAVITATIONAL COMPACTION
AND IMPURITIES

Gravitational compaction is an important aspect of ve
cal granular columns. In a finite column, the grain at t
bottom suffers maximum overlap under such compacti
while the one at the surface is uncompressed. This cond
is realized via Eq.~4!. The increasing overlap with dept
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FIG. 5. ~a! Plot of grain displacements~in program units! as a
function of depth~in grain diameters! for in-going and reflected
pulses. The reflection occurs from five light mass impurities wh
are located symmetrically about the midpoint of the chain. Obse
the nonexponential profile of the tail of the pulse.~b! Plot of grain
displacements as a function of depth for in-going and reflec
pulses when five heavy impurities are placed symmetrically ab
the midpoint of the chain. The reflected pulse has a very differ
structure compared to that in~a!. The key differences arise from
excessive compressions created by the motion of the hea
masses.~c! The dashed and the solid lines illustrate the differen
between the grain locations with respect to their original equi
rium positions for the light and the heavy impurity cases, resp
tively.
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results in an increase in the speed of an acoustic perturba
in the vertical gravitationally compacted grain columns. P
ticle dynamics simulations of the behavior of sound spee
such columns were reported earlier in Refs.@5# and @6#. For
Hertzian contacts, the speed of the fastest moving grai
depthz in a pulse increases asz1/6, wherez is set to zero at
the surface, as shown in the work mentioned above. We
cus on the properties of the solitonlike pulse below.

The basic features associated with the solitonlike puls
nonuniform loading forv imp51021 lie in the fact that the
square-wave aspect of the pulse is now altered and repl
by a bump with a tail consisting of bumps of decreas
amplitude. These features are illustrated in the calculati
presented in Fig. 6, in which the grain positions are p
sented for three different magnitudes of the gravitational
celerationg. The smaller bumps following the head of th
pulse are created by the oscillations that persist as a resu
gravitational compaction. It is evident from the data in Fig
that the number of smaller bumps is less and the gran
displacements off the original equilibrium positions a
larger when the gravitational effects are small. The data
the various values ofg were recorded after the same amou
of time had elapsed since the initiation of the perturbati
The calculations shown in Fig. 6 suggest that the oscillati
of the grains in gravitationally compacted grain colum
may help the problem of detecting buried impurities. As d
cussed in earlier publications@5,6#, these data reflect the fac
that while sound speed increases with depthz as z1/6, the
magnitude is sensitive tog, as expected~see Fig. 6! @4–6#.

Here we extend the earlier analysis to report on the
havior of the solitonlike pulse when it encounters a sm
chain of light mass impurities and a corresponding stu
with heavy mass impurities that are placed in the cen
region of vertical grain columns atg51. We present our
calculations for the velocity of the grains as a function
depth in the column~rather than displaced positions of th

FIG. 6. The data show the granular displacements~in program
units! from the original equilibrium positions~in program units! as
a function of depth forg50.001 ~dotted!, g50.1 ~long dashes!,
g51.0 ~solid!, and g510.0 ~dot dashes! in a 600 grain column.
g51.0 corresponds to an acceleration of 9.8 m/s2. The number of
peaks in the pulse increases and the magnitude of the grain
placements decreases asg is increased. The data are all taken af
the same amount of time has elapsed since the initiation of
perturbation. Thus, the pulse speed is sensitive tog.
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grains as a function of depth! for the light mass parameter
considered in Sec. IV. The results are presented in Fig
and 8.

Figures 7~a!–7~f! present the backscattering data for t
solitonlike pulse for five adjacent light mass impuritie
(m50.5, a52000) which are centered about the position
the 500th grain, while Figs. 8~a!–8~f! present the same ca
culation for a set of five adjacent heavy mass (m52.0 and
a510 000) impurities which are also centered around
500th grain.

Figures 7~a!–7~d! and 8~a!–8~d! illustrate the grain ve-
locities as a function of position, at various correspond
times, for the chains with five light and five heavy impur
ties, respectively. Comparison between Figs. 7~d! and 8~d!,
which present snapshots of the two systems immediately
ter the incoming perturbation collides with the five impuri
chains, reveals that the details of the grain velocities a
function of position are slightly different in the two case
The differences between the two cases become more ap
ent as a function of time. Figures 7~e! and 8~e! show differ-
ences between~i! the directions of motion of the grains tha
lie in the leading part of the backscattered pulses, and~ii ! the
amplitudes of the backscattered signals, the amplitudes b
slightly larger for the chain with light impurities. Compar
son between Figs. 7~e! and 8~e! and Figs. 7~f! and 8~f! illus-
trates the robustness of the features in the backscatt
pulses in these two idealized chains. We have carried
these calculations with a single light impurity and a sing
heavy impurity in Hertzian chains. All of the features show
here were also observed in those studies.

Our studies suggest that the leading part of the backs
tered pulse consists of compressive motion along the colu
when the backscattering is from light impurities. For mass
impurities, the leading part of the pulse consists of mot
that is opposite in direction to that of the original perturb
tion. These features are significant and robust and, he
should be detectable in actual experiments.

VI. DRIVEN COLUMNS

We have also carried out studies in long columns
10 000 grains in which the last grain is held fixed and
which we arranged for the surface grain to oscillate at
amplitudeA52.0 ~recall 2R5100) and with a small period
t510. The oscillatory signal travels down the column a
leads to the formation of bands in the column consisting
regions in which the grains are significantly compress
~high grain velocities and kinetic energies! with respect to
their nearest neighbors along the direction of propagation
the pulse and inter-band regions in which they are wea
compressed~low grain velocities and kinetic energies! in the
direction that is opposite to that of pulse propagation. W
present snapshots of the kinetic energy of the grains a
function of depth at various times in Figs. 9~a!–9~f! and of
velocity of grains as a function of depth in Figs. 10~a!–10~f!.
These features are visible in Figs. 9~a! and 10~a!. In time, the
regions with strong and weak compression effects tend
acquire approximately equal compressions and hence
come more symmetric as in Figs. 9~b! and 10~b!. Figures
9~c! and 10~c! exhibit regions of very small scale granula
motion between the regions of significant compressi

is-

e
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FIG. 7. ~a!–~f! Plot of velocity of grains~in program units! as a function of depth as time progresses in a vertical grain column (g51).
The light impurities are located symmetrically about position 500. Observe the amplitude and the shape of the reflected pulse.
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which tend to give way in Figs. 9~d!, 9~e!, 10~d!, and 10~e!
to standing-wave-like patterns, which tend to remain sta
over many thousands of integration time steps.

The plots shown have been obtained by averaging o
ten time steps which are each 1.2531024 apart in time. The
data suggest that over long times and length scales, t
develops standing-wave-like patterns in the column.

VII. DISCUSSION

We have presented particle-dynamics-based simulat
on the propagation of perturbations in Hertzian chains.
le

er
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ns
e

have probed the problem of propagation of a solitonl
pulse under various loading conditions described byl 0 and
for various initial impacts characterized byv imp in horizon-
tally oriented granular chains, i.e., forg50. For cases in
which l 0;1026, we find that the pulse propagation can
characterized as shocklike. In the shocklike regime, the
tial impact dictates the pulse speed, and the dynamical
fects associated with the compression and the dilation of
grains which are in contact play a weak role. In this regim
the pulse behaves like a soliton and preserves its iden
over space and time as well as during collisions with anot
solitonic pulse. The latter will be discussed in a separ
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FIG. 8. ~a!–~f! The data shown are very similar to those in Figs. 7~a!–7~f! except that now there are five heavy impurities distribu
about the 500th grain. The shape of the reflected pulse is different, indicating that the dynamics of the light masses affect the refle
profile.
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publication @13#. To our knowledge, Eq.~3! is not widely
recognized as a soliton generating equation under appro
ate boundary conditions. Preliminary calculations to be d
cussed elsewhere@13# reveal that the solitonic features pe
sist for potentials in whichV(d i ,i 11);d i ,i 11

n , wheren.2.
For larger magnitudes ofl 0, i.e., l 0;1023 or 1024, the

pulse propagation exhibits effects which are strongly infl
enced by the dynamical effects associated with the comp
sion of the grains. The pulse shapes when plotted as a f
tion of distances moved by the grains with respect to th
ri-
-

-
s-
c-
ir

original equilibrium positions versus their positions in th
chain, exhibit a head followed by a long exponential tail. O
studies suggest that this tail contains critical details about
system dynamics. We prefer to call the pulse solitonlike
this compressive regime. The pulse suffers slow distort
and contains distinct oscillatory features which are unch
acteristic of perfect solitons.

We have carried out detailed analyses on the problem
backscattering of the solitonlike pulse, under appropri
loading andv imp , from light and heavy mass impurities wit
g50. In addition, we have probed the problem of solit
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FIG. 9. ~a!–~f! Plot of the average kinetic energy of grains~in program units! as a function of their positions~or depths! in the column
when the surface grain is being driven by a signal 2sin2tp/1.01231023 at timest560 ~a!, 132 ~b!, 204 ~c!, 276 ~d!, 492 ~e!, where time is
measured in units of 1.01231023 s. Observe the formation of standing-wave-like patterns at large times. The snapshots hav
constructed by averaging the data over 1.5 time units. The integration time step was 1.26531027 s in these studies.
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backscattering for buried light and heavy mass impurities
the presence of gravitational fields. Our studies suggest
the detailed features in the tails of the backscattered pu
are sensitive to the characteristics of the impurity for
g50 problem. The differences between the backscatte
pulses are even more dramatic in vertical columns with fin
n
at
es
e
d

e

g. Therefore, these studies promise the possibility of us
acoustic signals for detecting certain buried impurities
granular media.

Finally, we have probed the propagation of low frequen
sinusoidal signals in long but finite granular columns ov
three decades in time. Our calculations reveal the format
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FIG. 10. ~a!–~f! Plot of the average velocity of grains as a function of their positions~or depths! in the system in Figs. 9~a!–9~f! at the
corresponding times.
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of standing-wave-like patterns from the constructive and
structive interference of traveling solitonlike waves. We b
lieve that this is a new result and may have possi
interesting applications in measuring positions of bur
massive objects in granular beds.

To carry out effective detection of buried impurities
granular beds one must acquire a detailed understandin
the propagation and backscattering of solitonlike pulses
can be generated under appropriate loading conditions
initial impacts. Perhaps the most crucial step in acquir
-
-
e
d

of
at
nd
g

this capability lies in one’s ability to discriminate betwee
the backscattered pulses from light and heavier impuritie
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