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Dispersion relation and growth in a free-electron laser with ion-channel guiding
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A theory of a helical wiggler free-electron laser with ion-channel guiding is presented. Electron motion has
been analyzed using single particle dynamics and regimes of orbit stability have been discussed. With the help
of these trajectories, source currents have been obtained and the linear dispersion equation showing coupling of
electromagnetic and space-charge waves by the wiggler field has been set up for a monoenergetic electron
beam. Growth rates have been obtained for different ion-channel frequencies. The variation of resonant fre-
guencies and peak growth rates with ion-channel frequency has been illustrated. Substantial enhancement in
peak growth rate is obtained as the ion-channel frequency approaches the wiggler frequency.
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I. INTRODUCTION ments[9]. In a recent study of a helical wiggler FEL with
ion-channel guiding, it has been shown that in the low-gain-
In a free-electron laser, focusing is applied to collimateper-pass limit, substantial gain enhancements are obtained
the intense electron beam in the transverse direction. Focugnder appropriate conditiorjd0]. This motivates the study
ing also enhances the growth rate by exploiting the resoof dispersion characteristics and consequent growth rates
nance between the frequency of the focusing device and th@ot reported in literatupefor such a configuration, in the
frequency of the wiggler field. The technique of ion-channelhigh gain regime.
guiding of an electron beam in a free-electron lageEL) The purpose of the present work is to examine the FEL
has become an area of great interest, as it eliminates the ne@tchanism in the presence of the ion channel and to obtain
for conventional quadrupole or solenoid focusing magnetsthe dispersion relation and growth rate for helical wiggler
thereby reducing the capital and running cidst The pres- FEL. Section Il deals with electron trajectories in a helical
ence of the ion channel allows beam currents higher than th&iggler FEL with ion-channel focusing, using single particle
vacuum limit and also helps radiation guidif@]. Caporaso dynamics. Regimes of stability of the electron orbit have
et al.[3] have shown the successful transportation of a 10 kAbeen discussed. In Sec. Il the dispersion relation showing
electron beam through the advanced test acceletaAfbA)  the coupling of electromagnetic and space-charge waves by
by replacing the solenoidal guide field by an ion channelthe wiggler field is derived and analyzed with the help of
This is effective in suppressing the transverse beam breakufjustrations. Section IV is devoted to a summary and discus-
(BBU) instability, which is the most serious obstacle to highsion of results.
current beam transport. Motivated by the need for stable

transport of a multiampere beam over large distances in the Il. ELECTRON MOTION
FEL two beam acceleratofTBA), ion focusing has been ) o
applied in anX-band FEL experimenf4]. Chenet al. [5] Consider a relativistic electroftharge—e, rest massn,

have proposed to take advantage of continuous focusing irelativistic factory,, energyy,mc®) moving with veIocityJ
the ion-focused regime for application in a TeV linear - 3¢y a1ong thez axis of a helically polarized wiggler mag-
electron-positron collider. Simulation studies have shownatic ~field of amplitude B, and wave numberk,,
that_ eﬁ_ectlve gain enha_nce_ments can be obtained by |ntro(-:27_rl)\w) described by
ducing ion-channel guiding in FE[6].

In ion-channel focusing, a relativistic electron beam is
injected into a pre-ionized plasma channel of uniform den-
sity in the ion-focused regim@dFR) [7]. The interaction re- o .
sults in the formation of a positive ion core by expelling the N the presence of a pre-ionized plasma chartoelniform
plasma electrons along the beam. This positive ion core a@€NSity having its axis coincident with the wiggler axis. The
tracts and confines the beam electrons. The plasma chanrjgnsverse electrostatic field generated by the ion channel can
width is of the order of the equilibrium beam radius, which P& written ag7]
helps in damping the routine instabilities that arise in trans- .
port[8]. Also the effects of emittance growth due to scatter- Ei=Ai(x,y,0), 2
ing have been found to be negligible over a wide range of
parameters relevant to present day beam propagation expewhereA;=2men, andn; is the density of positive ions hav-

ing chargee. With the appropriate choice of ion channel and
electron beam parameters, IFR propagation may be achieved,
* Author to whom correspondence should be addressed. Mailindgeading to the suppression of routine instabilities that arise in
address: 2 Faizabad Road, Lucknow 226007, India. beam transport. Thus in the presence of the wiggler and ion

§W= B, (cosk,z,sin k,,z,0) (€N)
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fields alone, the energy of the electr@r y,) may be con-
sidered to be a constant of motion.
The equations of motion of the electron can be written as ,, |

d( yomv v 4B
% = —eAiXo+ 07w sin szov (3) /

d mou ev,oB !
(yod—tyO) = —eAyo— —— coskyZ, (4) B/

d(yomu 5) e i /
TZ == (vxoBw SinkyZo—v 0By, COSK,Zp). " /
@, 0.5 o /

©) /

Steady-state transverse electron displacements for constar 4
axial velocity (v ,0=CB,0; Zo= B,Ct) are obtained by solv- /
ing Egs.(3) and(4); /

KiC . //
sinky,zp, (6) /

X0:
YoB20ww /

Kic 0 . , ,
Yo=— —yoﬂ o cos szo, (7) 0 05 10 15
z0Ww

where Ki:eBw,Bioww/mC(wiz— w\%ﬁgo) and wiz ~ F2IG. 1. Real positive values @8,y versusx for yo=6 andK
=2me’n;/yom. Hence the electron trajectory is a perfect_o' '

helix (with its axis coincident with the FEL axisharacter-

ized by transverse velocities, along with the equation of continuity

K; - - oN _
on=% cosKky,zy, (8) V-(NV)+—-=0 (12)
- and the wave equation
Byo=—"sinkyz,. 9
Yo 2= e
s - - 109E 4mdd -
These velocities are related to the axial velo@ty through VX(VXE)+ c2 a2 + 2o 0, (13
Yo ' =1- B~ Bjo— B (10

whereV (=50+5) is the sum of steady state and perturbed

Equation(10) is cubic in 8%, and describes three classes of Components of particle velocitiyl (=no+n) is the sum of
trajectories propagating along the positiexis of the FEL. the steagy state and osi:lllatory components of the particle
The stability of these trajectories has been discussed in detalensity;J (= —e(ng+n)(vo+v)) is the total current density

in Ref.[10]. A plot for B, againsix (= wj/w,,) is shownin  andy (=[1—(Jv+v|/c)2]~¥?) is the relativistic factorE

Fig. 1 for K(=eB\N/maW)=O.2.and 70:.6'0' .It may b.e |(=I§,+Ei+E|) and B(=I§W+ I§,) are total electric and
seen that three real values of axial velocity exist in regime o . ) )
magnetic fields, respectively. The subscripisw, i, andl

(w;/wy,<1), whereas in regime Il ¢;/w,>1) only one L . 4 )

value of B, is possible. Branche& andC are stable, while ;gz; t(r)eg%g;til\?er:;/ wiggler, ion channel, and space-charge

\?vrrigﬁhb?afchlfs(?gefli;zep icsrltslct::é)l\e/aigu?oﬁéll ;‘(’)ngpo t§8 4 The dispersion equation is obtained by linearizing Egs.
9 ' 11)—(13) and with the help of Floquet's theorem, allowing

L?ICLT; rﬁrarree;tiraurs]zsir:n ';E].a}(i.a:tnr]naayn:tiec n?}%de tf?:‘ltj e axial and time dependence of all perturbed parameters to
99 9 9 9 take the general forril4]

also generates a similar set of stable and unstable electron
orbits[11-13. n=c

F= > f,exdi(k,z—ot)], (14)
I1l. DISPERSION RELATION n=-x

The dispersion equation for a cold monoenergetic electrofyhere «» and k are radiation frequency and wave number,
beam is obtained by solving the Lorentz force equation  regpectivelyk,=k+nk,, n=0,+1,=2,+3,.... We assume
all transverse oscillations to be small such tha#x,d/dy
<4l 9z.

Now linearizing Eq.(11) gives

dv e =
dt ym

Y

XB— — (V-E) (11)

o<y
(@]
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d d e 1 1 1 €Yo 1,
E"’UZOE Ux:_,yo_m Erx+AiX_EUZOBry_EUszy_EZUXOUZOEI +m_C2 AiXOUZOUZ_EvZOBWva , (19
d d e 1 1 1 €Yo 1,
E—’_UZOE Uy:_,yo_n.l Ery+Aiy+EszBrx+Eszwx_?UyOUzOEI +W UZOUZAiyO+EU20UZBWX ) (16)
J J e 1 1 1
E_FUZOE UZZ_’)’O_m EI"'EUxOBry+EUway_EUyOBrx_EUwax_?(UzOUonrx+UzOUoniX+UzovaiX0

0200 y0Ery T U 00y 0AY UzOUyAiyO_I'U?OEI)} (17

where

Up*U
y=70| 1+ %5 ?)

Substituting Eq(14) in Egs.(15), (16), and(17) and using orthogonality relation

Aw X i 0, n#m
. exp(ik,z)exp( —ik,z)dz= Ay, n=m (18
gives the expression for perturbed velocities as follows:
ie KiBzo . ewn 1 KiAiC|
Uxn= — yomQ,, Exn+Aan_IBZOByn_2—,yO(Eln71+EIn+1)_+ 2mcQ, Bw 7_(2)_ 30 ,yoww_(vznfl_vzml)r
(19
ie [ KiBZO ] ieyo [ 1 KiAiC-
Uyn= "~ YOan _Eyn+Aiyn+ﬂzOan_ T,yo (Bjn-1— Eln+l)_ - 2chn -BW 7_3_1850 + Yo | (Vzn-1FVznt1)s
(20)
ie Ki BW KiAi Ki
Uzn™ — m 2_70 (Byn—l+ Byn+1)+ 2ic m (Uxn—1="Uxn+1) ~ T)’o (Bxn-1—Bxn+1)
B, KA KiByo Ki B,0A KiByo
_(2_2/_ 2,ylowlw) (Uynfl+vyn+1)_2|—,yz(Exnfl+Exn+l)_ I2')Z/0 ! (anl+xn+l)_2|i—,yzo(Eynfl_EynJrl)
KiAiBzo E,
" iy 1 Yee)d g, (21)
z0
|
whereQ,= o —knv,0 andy,i2=(1— B%). Using Maxwell's ie
T N = _ : Uzn= — (A=B)Exn-11t(C+D)Exnt1
equationV X E+ (1/c)(dB/dt)=0 and applying orthogonal- yom&),
ity condition [Eq. (18)] give By,=—(ck,/w)E,, and By, 1 E
=(ck,/w)E,,. Retaining terms up to second order in wig- + - [(A=B)Ey,_1—(C+D)Eyps1]+ —
gler magnetic field, Eqg19), (20), and(21) reduce to i m m Yoo’
(24)
B ie [ BuoknC]
Uxn= — yOanQin | 1- ® | Exnv (22) Where
i . 2
_ ie ,320knC Q. :(1_ﬂ)
Uyn= YoM _l o | Eyna (23 in Qﬁ )
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_ Kic [Kn-1 B The linearized current densit§,= —e(n50+ noz;) is ob-
T 2%l @ ¢ ) tained from Eqs(12) and(14) as follows:
B— e B+ KiAiﬁzoc ( 1 . 1 ):| anz—enovxn— ErzloKiC (Uzglkn—l+vzglkn+l),
2meyoQn-1Qin-1 | " Yo Qn1 owBao 7o " B (25)
CBoKn— .
><<:|_—$)7 J :_enov +|en0KiC (Uznlknl_ UZn+lkn+l>
n m 2y0 Qnoa Qi ’
o Kie (an_ @) (26)
29\ o c/ enywv
Jzn=— %‘ 27
D= e KiAiBzC n
T 2meyoQna 1 Qi1 | Y v The dispersion equation is now obtained by substituting
source currentfEgs. (25), (26), and(27)] and perturbed ve-
> . n 1 ”(1_ CBzoerl) locities [Egs. (22), (23), and (24)] into the wave equation
Qni1 o owBro w ' [Eq. (13)]. Thus,

wpw ( - ﬁzoknc)_ wpKiCKn 1 {g(k__ @)
Yo Qin 27(2)Rn+10ﬁ+1 Yo

(@222 -

w w Cc

KiAiBxC [ 1 1 CB0Kn
Yo (Qn wWBZO) (1_ w )], (28)

wherewy,= (4mnge?/ yom) Y2 andR,= (1— w?/Q2y%)). Equation(28) describes the dispersion properties of pure electromag-
netic modes in combined wiggler and ion-channel fields. For the lowest mo€®, and upshifted frequencies=(k
+Kky,)v 50 this equation reduces to the sought-after dispersion equation

w

e
YomcQ, i,

2 2 2
wp(w—Kv,) Wp
w?—c?%k?) — w—(k+k,)v,01%—
( ) S (o—kop)?—a | LT (K kwvl™= 2 57

(‘J"_kvzo)2

w?’o[(w_kvzo)z_wiz] .

2 2
Wpw Kic [ k ,BZO) Kiwj ®wBz0 )
= _ (k+ ) __ T2
2)’% (k+ky)K;c o (w c ( 1

w—Kvy)

Koy, + (29

w

This equation describes the coupling between the electro- An illustration of frequency versus is shown in Fig. 4.
static beam mode with the electromagnetic modes. In th&he resonant frequenay (=c Rek) is obtained from real
absence of the ion channeb(=0), Eq.(29) reduces to the part of the solution of Eq29) at peak growth. The variation
well known FEL dispersion relatiofil5]. The sixth-order in frequency is found to be in agreement with that seen in
equation ink [Eq. (29)] has been solved on a computer. For Figs. 2 and 3. A plot of peak growth rate withfor regimes

a wiggler field of wavelengthh,,= 3 cm, growth rates (Irk) | and Il (for the same parameters as in Figs. 2 ands3

are plotted versus frequency for appropriate valuesxof shown in Fig. 5. In regime I, with an increasexnthe peak
(= wj/w,) for regimes | and Il in Figs. 2 and 3, respectively. growth rate increases monotonically up to the singularity at
For these values of the electron trajectories are stable as isthe orbital stability boundaryx=0.884 for this choice of
evident from Fig. 1. Different values of electron beam fre-parameters In regime Il, the peak growth rate decreases
quency (w,=1.8x 10! sec? and 4.4 10'! sec’?, respec- slowly asw; becomes large. This behavior is in qualitative
tively) for regimes | and Il have been chosen so as to satisfiagreement with that found previously in the context of low
the Budker conditioni§y™>n;>n,/2) [16] for propagation ~gain theory{10]. The variations in frequency and growth rate
of an electron beam in IFR. It may be seen that for eactire also qualitatively similar to those obtained with an axial
value ofx, the growth rate initially increases, attains a maxi-magnetic guiding field in a circular wiggler FE[17-20.
mum value, and then decreases to zero. Peak growth rate J41US it may be concluded that growth rate enhances as the
found to occur forw=(1— B,o) " ‘k,v,0, Which corresponds frequency of the focusing device approaches the frequency

to the well-known free-electron laser condition. In Fig. 2 it is ©F the wiggler.
seen that ax increases, the resonant frequency decreases,
whereas in contrast Fig. 3 shows that in regime I, increase in
X leads to a slight increase in the value of resonant fre- In this paper we have analyzed the effect of ion-channel
guency. guiding on a helical wiggler FEL. Steady-state helical trajec-

IV. SUMMARY AND DISCUSSION
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tories of the electron have been obtained using single particle
dynamics. Illustration fory,=6 andK=0.2 has been shown
and regimes of orbit stability have been identified. With the
help of these single particle trajectories the fluctuating source
currents are obtained and a linearized dispersion relation for
electron-radiation interaction has been set up. It is found that
with x(= w;j/w,,) =0 this relation reduces to that obtained
for a helical wiggler FEL in the absence of ion-channel guid-
ing. The sixth-order dispersion equationkifnas been solved
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FIG. 5. Peak growth rate (I, (cm™Y) as a function ok for
regimes | and Il.
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with the help of a computer and the linearized growth ratepeak growth rates occur in Figs. 2 and 3. The effect of ion

(Im k) have been obtained for different valuesof Plots  channel on peak growth rate is shown in Fig. 5. It may be

showing the variation of growth rate with radiation fre- noted that the presence of ion-channel focusing leads to sub-
quency, for various values of normalized ion-channel fre-stantial enhancements in growth rate as the ion-channel fre-
guencies, are given. The shift of resonant frequency witlquency approaches the frequency of the wiggler field. This is

change inx has also been illustrated and is found to be infound to be in qualitative agreement with results obtained

agreement with the values of resonant frequencies at whickarlier in the low gain regime.
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