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Collisional radiative model for heavy atoms in hot
non-local-thermodynamical-equilibrium plasmas

A. Bar-Shalom,* J. Oreg,* and M. Klapisch†

ARTEP Inc., Columbia, Maryland 21045
~Received 18 April 1997!

A collisional radiative model for calculating non-local-thermodynamical-equilibrium~non-LTE! spectra of
heavy atoms in hot plasmas has been developed, taking into account the numerous excited and autoionizing
states. This model uses superconfigurations as effective levels with an iterative procedure which converges to
the detailed configuration spectrum. The non-LTE opacities and emissivities may serve as a reliable benchmark
for simpler on-line models in hydrodynamic code simulations. The model is tested against detailed configu-
ration calculations of selenium and is applied to non-LTE optically thin plasma of lutetium.
@S1063-651X~97!51307-9#

PACS number~s!: 52.25.Nr, 31.15.Bs, 52.25.Vy
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Radiation hydrodynamical simulations of laser produc
plasmas require knowledge of the level populations of io
through their average chargeZ* , their ionization energy, and
their radiative properties. This knowledge is also necess
to interpret the emission spectra from hot laboratory and
trophysical plasmas. A common approximation in the
problems has been to assume local thermodynamical equ
rium ~LTE!, i.e., Saha-Boltzmann populations. The LTE a
proximation was used, for example, to develop the su
transition array~STA! theory @1,2#. However, non-LTE ef-
fects are of dramatic importance to laser produced plas
@3,4#, because of the strong laser energy deposition at
surface of the target. To go beyond LTE, one needs a co
sional radiative model~CRM! @5#, which requires transition
rates between all levels.

For medium and heavy ions of interest in laser fusion a
x-ray lasers there are multiple charge states and nume
excited and autoionizing manifolds. Although some high
efficient computational methods have been developed in
last decade@6#, there still needs to be some type of averag
procedure to treat the numerous excited configurations
this paper we present a model that is based upon the s
method as the STA theory, using superconfigurations~SCs!
@1,2# as effective levels with a rapidly convergent procedu
that provides the detailed configuration non-LTE spectrum
the limit. This model, called superconfiguration radiative c
lisional ~SCROLL!, calculates the effect of the numerou
excited and autoionizing states on ionization balance
spectra of heavy elements. Furthermore, SCROLL provi
accurate and detailed non-LTE opacities and emissitivi
that can serve as reliable benchmarks in the developme
simpler and faster on-line models that can be used in num
cal simulations of radiation hydrodynamics.

A superconfiguration~SC! groups together numerous co
figurations of similar energies@1,2#. It is constructed from
supershellss, which are unions of energetically adjacent o
dinary atomic subshellssPs, s[ j s[nsl sj s . A SC is de-
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fined by a set of supershell occupation numbersQs . In a
Q-electron ion we have(sQs5Q. The Qs electrons are
distributed among the subshellssPs in all possible ways
subject to(sPsqs5Qs . Thus, each partitionP5P(Q) is a
set ofqs generating an ordinary configurationC5)sj s

qs.
For a given supershell structure~i.e., a particular grouping

of ordinary shells into supershells!, the collection of all pos-
sible occupationsQs for all supershellss, restricted by
(sQs5Q, includes all the superconfigurations of char
stateZ-Q. With the less restrictive condition(sQs<Z, this
collection includes all the SCs of all ions of elementZ. The
model rate equations are

dNJ

dt
52NJ (

J8
RJJ81(

J8
NJ8RJ8J , ~1!

whereNJ are the SC populations andRJJ8 are the SC tran-
sition rates, averaged over the initial configurationsCPJ
and summed over all finalC8PJ8. A central assumption in
our model is that within a superconfigurationJ, the configu-
ration populationsNC are distributed according to the Sah
Boltzmann statistics:NC /NJ5UC /UJ, where UC and
UJ(g)[)sUs(g) are the corresponding partition function
@1#, and where (g) stands for the set of degeneracies$gs% of
the various shells. Here,

Us~g![(
P

)
sPs

S gsqsDXs
qs, ~2!

with Xs[e2(«s2m)/kT, where«s is the shell energy andm is
the chemical potential. The Saha-Boltzmann assumpt
which is strictly valid under LTE conditions only, is relaxe
effectively by a convergence procedure, performed by sp
ting supershells as described below. The SC average r
can thus be written as
el.
R70 © 1997 The American Physical Society
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RJJ8[
1

UJ~g! (
CPJ
C8PJ8

UCRCC8 , ~3!

whereRCC8 are the configuration average rates. We first
press the latter asRCC85PCC8~q!B~ j ! where PCC8~q!
is the occupation number polynomial

PCC8~q!5qa
na~gb2qb!nb~qg2dag!ng ~4!

anda, b, andg are the active orbitals. The exponents for t
various processes arena5nb51 andng50 except for ion-
ization wherenb50, and except for autoionization for whic
ng51. The remainder partB~ j ! is the ‘‘orbital rate’’ specific
for each process and depends only on the orbital wave fu
tions. After factorization of the continuum@6#, the only two-
electron contribution is autoionization involving a continuu
orbital j̃ for which we obtained

B~ j !5
1

gagb~gg2dag!(tt8
F d tt8
2t11

1H j a j b t

j g j̃ t8J GF tt8~ jajbjg j̃ !, ~5!

whereF tt8 is a product of radial integrals including bot
direct and exchange contributions@6#.

For any process and transition, the B(j )’s are common to
all configurations within a SC array and we haveRJJ8
5B( j )PJJ8 . Using partition function algebra@1# one ob-
tains

PJJ85
UJ

~nang!~g~nanbng!!

UJ~g!
, ~6!

FIG. 1. ~a! The charge distribution of Se atTe5700 eV,Ne

5531020 cm23. Comparison of the SCROLL results with detaile
calculation@10#. ~b! The effects of convergence and autoionizati
on the charge distribution of Lu atTe5400 eV, Ne5531020

cm23.
-

c-

whereUJ
(nang)(g(nanbng)) is a generalized partition function

~GPF! defined formally in the same way asUJ(g) of Eq. ~2!
but with the modified shell degeneracies

~g~nanbng!!s[gs2 (
h5a,b,g

nhdsh ~7!

and withJ (nang) having the supershell occupation numbe
Qs reduced byna and/orng for s containinga and/org,
respectively. The calculation of GPFs bypasses the impra
cal direct summations by a set of recursion formulas@1#. The
‘‘orbital rates’’ B( j ) are calculated with theMICCRON code
@7#.

The assumption of LTE within SCs is relaxed by a co
vergence procedure where in each stepsupershellsare split,
giving rise to a new set of SCs of all charge states in Eq.~1!
as described below. After each splitting the initial populati
of the new SCs is taken as proportional to their partiti
functions. All the rates between the new SCs of all cha
states are computed and the steady-state CRM matrix is
built and solved with a sparse matrix method. The result
populations are then compared to the initial ones. The su
shells are split in this way repeatedly, until allNJ converge.

It should be pointed out that in order to achieve rapid a
systematic convergence we do not split SCs but rather su
shells. When a supershells0 is split into two supershells
s0→s1s2, e.g., (2s2p3s3p3d)→(2s2p)(3s3p3d), each
SC possessingQs0

electrons on supershells0 gives now rise

to many ‘‘smaller’’ SCs defined byall Qs1
and Qs2

for

which Qs1
1Qs2

5Qs0
~together with theQs of the other

supershells!. Therefore a gradual supershell splitting yiel
jumps in the number of SCs generated. Supershells are
sequentially according to their energy width and occupat
number.

This convergence process eliminates gradually the
plicit dependence of the rates~3! on the LTE Boltzmann
factors inUC . In the configuration limit it disappears com
pletely. Ignoring the first order energy corrections in t
Boltzmann factors of Eq.~3! has therefore little effect on the
converged results. During these iterations a great simplifi

FIG. 2. Absorption spectra of Lu plasma atTe5400 eV,
Ne51020 cm23. Comparison between SCROLL and various LT
models.
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tion is achieved by using an average atom potential depe
ing onZ* which is kept constant. An outer convergence lo
on Z* is then performed. Rapid convergence for bothNJ

and the average chargeZ* is achieved easily, thanks to th
high multiplicity of excited configurations which turns ou
here to be an advantage. In our calculations we keep trac
all charge states whose population exceeds 1025 of the total
ion population. We accounted for all the SCs~of all these
charge states! involving principal quantum numbers up ton
58, or less according to pressure ionization. In general~e.g.,
see Fig. 1! about ten ionization stages contribute to t
charge distribution and spectra. It was found@8# that the
charge distribution can be described by an ionization te
peratureTz defined asZLTE* (Tz)5Znon-LTE* ~Te!.

It is important to emphasize here that the supershell st
ture, which suffices for the SC population convergence
not sufficient for revealing the spectral details. Indeed to
tain the detailed absorption spectrumkn we now take the
SCROLL converged set of SCs,Jscroll, and their populations
as the initial set for a modified STA code@1,2# at the con-
vergedTz value. Supershells are further split assuming L
populations withinJscroll, giving rise to increasing numbe
of smaller transition arraysJ⇒J8 ~STAs! each represente
by a Gaussian. The splitting of supershells continues u
the spectrum is converged. The limit, where each supers
is a single ordinary shell, gives the detailed configurat
spectrum. The non-LTE features enter through scaling e
STA Gaussian by the non-LTE populationNJ

scroll of its initial
parentJscroll, as obtained from the SCROLL rate equati
~1!. The absorption spectrumkn is then obtained by super
posing all these scaled STAs convolved with the Voigt p
file of an individual line. The bound-free contribution@2#
includes integration over the Maxwellian distribution of th
free electrons.It is important to note here that the first thre
moment of the STA Gaussians, total intensity, average
ergy, and variance, are calculated [1] using optimized p
tentials (orbital relaxation) and including first-order correc
tion to the Boltzmann factors, configuration widths, a
configuration interaction.

It is well known @9# that the source function connectin
the emissitivityj n with thenetopacity reduces to the Planc

FIG. 3. Emission spectrum of Lu plasma atTe5400 eV,Ne

51020 cm23 showing sensitivity to the degree of convergence
SC populations in SCROLL.
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function under LTE conditions. In the SCROLL model th
source function requires special attention. Taking into
count the non-LTE populationsNJ

scroll, the LTE behavior
with effectiveTz within Jscroll, and the fact that free elec
trons have a Maxwellian distribution at the real temperat
Te , we obtain a source functionS(n)5 j n /kn for each array
Jscroll→J8scroll as

SJJ8~n!5
2hn3

c2
fJJ8e

2hn/kTz ~8!

where for the bound-bound spectrum fJJ8
bb

[NJ8
scrollNJ

LTE/NJ8
LTENJ

scroll and for the bound free spectrum

fJJ8
b f [ fJJ8

bb (Tz /Te)
3/2e2«/kT* . Here the LTE populations

are taken atT5Tz andT*
21[Te

212Tz
21, and« is the free-

electron energy. This term enters the above-mentioned i
gration over« @2#. The free-free spectrum involves only th
LTE free-electron distribution and its source function is t
Planck function atTe.

Results for both absorption and emission are presen
below. In Fig. 1~a! we compare the converged SCROLL r
sults for the charge distribution with detailed configuratio
and detailed levels calculations@10# for the selenium case, a
Te5700 eV andNe5531020 cm23, where such detailed
calculations are possible. It is seen that the SCROLL re
agrees with the detailed configuration result. The effect
averaging over configurations is shown by comparison w
the detailed level result. The higher ionization of the detai
levels results is due to the metastable states of Ne-
2p53s, which are easily ionized; this cannot be reproduc
in an averaged picture. The convergence is shown in
1~b! for Lu atTe5400 eV,Ne51020 cm23. The result of 71
SCs~for all charge states! nearly reproduce that of 3654 SC
with the respectiveZ* 31.81 and 31.71. Similar convergenc
is obtained for the absorption spectrum with the respec
Rosseland means~kR! 1077 and 1088 cm2/g.

The non-LTE absorption spectrum of this Lu plasma
shown in Fig. 2. The strong non-LTE effect, of orders
magnitude, is striking here. The LTEkR is only 1.2
cm2/g and the average charge isZ*553.69. Busquet’s

f
FIG. 4. Emissitivity of Lu plasma atTe5400 eV, Ne

51020 cm23. Comparison between SCROLL and LTE results
Te5400 eV and atTz5162 eV.
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model @8,4#, which predicts an effective ionization temper
ture of Tz5162 eV, improves the agreement with akR
5460 cm2/g, andZ*538.49. However, it is seen that th
SCROLL absorption spectrum can be reproduced more
curately by a different effective ionization temperature
Tz85118 eV, which giveskR51025 cm2/g, Z*532.09, in
remarkable agreement with SCROLL. This result is due
the insensitivity of the low levels populations, from whic
absorption originates, to the various models. These las
sults may be of crucial significance since effective tempe
ture LTE models are easily applied in on-line hydrodynam
simulations.

On the other hand, the emissivity shows greater sens
ity to the detailed structure of the excited SCs, which ha
relatively small populations. This appears clearly in Fig.
showing the emission spectrum of Lu in the same conditio
for various convergence stages with 71, 504, and 3654
~all charge states!. The same effect is seen in Fig. 4 compa
ing SCROLL with the simpler models mentioned above. F
emission unlike absorption, theTz5118 eV spectrum~omit-
ted here for clarity! does not reproduce the SCROLL co
verged results~3654 SCs!. This shows that an accurate an
elaborate model such as SCROLL is necessary for the c
putation of radiation of hot plasmas. The SCROLL resu
may provide a guide to possible improvements to Busqu
model. A detailed discussion of this important model in co
parison with SCROLL is given in Ref.@4#. Finally, the
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SCROLL model provides a quantitative estimate of the c
tribution of the autoionizing levels whose detailed accou
ing is impractical for heavy elements. The charge distrib
tion plotted in Fig. 1~b! shows a significant shift due to
dielectronic recombination~DR! and the average chargeZ*
changes from 31.71 to 34.31 when DR is excluded.

In summary we have presented a non-LTE collisional
diative model that takes into account the numerous exc
levels of heavy ions in hot plasmas. The model gives
detailed opacity, emissivity, and charge distribution, and
applicable to any atom. We have presented results for ste
state thin plasmas of Se and Lu, demonstrating the succe
the model in providing rapid convergence to the detai
configuration results. The SCROLL model may serve
check and improve the applicability of the much simp
model of Busquet which is used in on-line hydrodynam
simulations. The extension of the SCROLL model to inclu
detailed~possibly metastable! levels is in progress.
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