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Field distributions in the crossover from ballistic to diffusive wave propagation
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We have measured the probability distributions of a microwave field transmitted through a random medium
in the crossover from ballistic to diffusive propagation. The joint distribution of in-phase and out-of-phase
components of the field is nearly Gaussian, even in samples with thickness less than the scattering mean free
path. In these samples, the phase distribution of the residual field, which is the difference between the field and
its ensemble average, is nearly flat. The extent of the deviation of the residual field from complete random-
ization depends upon the frequency, sample length, and modes of excifStld63-651X97)51608-4

PACS numbd(s): 42.25.Bs, 02.50-r

A wave propagating in a random medium loses spatiabmplitude. The “ladder” diagrams ignore interference be-
coherence as a result of interference between scatteredieen partial fields associated with Feynman paths which
waves. The randomization of the incident coherent field is ofeach the point. More precisely, they only account for sta-
considerable current interest because of the increasing use @itically independent paths, such that any phase difference
classical waves to image multiply scattering samples. Weetween them is suppressed by the averaging. Thus the “lad-
study the randomization of the incident field by measuringder" diagram approxima‘[ion is equiva|ent to the model of a
statistical characteristics of continuous waves transmittegandom phasor sum which is frequently used in statistical
through an ensemble of random scatterer configurations igptics [3,4]. On the other hand, the diagrams containing
the crossover from ballistic to diffusive propagation. The cwdgressed” propagators represent the decaying coherent in-
field £(r,t) at the receiver is a real function of position and tensity |, [5]. Hence, the model of a constant phasor plus a
time, and can be expressed in terms of the complex amplirandom phasor sum may serve to extend the results of the

tude E(r), diagramatic approach ¢fl] to obtain the statistics dE(r).
_ . B , Indeed, the intensity distributiof8) is precisely the result of
E(r.)=ReE(nexpimgt)], E(r)=E(r)exdie(r)], this model when the random phasor sum isiular ran-

dom variable(see, for exampld,3]).

wherewy is a carrier frequency. The complex fiedr), as a The model of a random phasor sum is based upon the

random function of position, can be written as the sum of thé?SSumption that a large number of statistically independent
average and residual fields phasors contribute to the resultant field. However, one might

expect in the case of an optically thin sample excited by a
E(r)=(E(r))+ 6E(r), 2 single mode(e.g., plane wave that the fluctuations of the
field in the incident mode are much larger than those of the
where the angle brackets represent the ensemble average.dther modes. As a result, there would be departures from
this article, we present the statistical properties of leth Gaussian statistics of the model. On the other hand, when the
and SE(r). incident intensity is evenly distributed over a number of in-
The statistics of the intensity in the crossover from ballis-cident modege.g., in a waveguide geomelrynone of the
tic to diffusive transport have been calculated recently byfluctuations of these modes dominates and the departures
Kogan and Kaveh using diagrammatic technigltds They  from the Gaussian statistics would be weaker.
describe intensity fluctuations in terms of two kinds of dia- The sample is a collection of randomly positiongen.-
grams, “ladder” diagrams and diagrams containingdiam polystyrene spheres at a volume fraction of 0.55. The
“dressed” propagators, and obtain the intensity distributionsample is contained within a 7.5-cm-diam copper tube, and
from a moment expansion of its characteristic function.its length is adjusted using a plunger. Field measurements
Though the distribution is given in the form of an integral in are performed as the tube is rotated about its axis at 1.6 Hz,
[1], it can be evaluatef?] and yields so that the spheres change their positions and new sample
configurations are produced. Linearly polarized cw micro-
P(u)= Lex;{w—a 712 3) wave radiation is launched from a horn placed 0.3 m in front
1-a 1—-a/® of the sample along the tube axis. A wire probe detector
oriented parallel to the incident polarization is attached to the
In Eq. (3), u=I/{l) and a=I./{l), where(l) and I,  plunger inside the tube at its center. Measurements of the
=|(E(r))|? are the average and coherent intensities, respedield are made using a Hewlett-Packard 8722C network vec-
tively, andZ, is a modified Bessel function of the first kind tor analyzer. The analyzer samples 1600 data points at uni-
of zero order. form time intervals during each 30 s sweep. The sampling
To obtain the field distributions, we need to find an ap-time is about; ms, which is much smaller than the correla-
propriate model folE(r) that treats the phase as well as thetion time of the residual field for the optically longest
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1-a/°’

1063-651X/97/562)/13384)/$10.00 56 R1338 © 1997 The American Physical Society



RAPID COMMUNICATIONS

56 FIELD DISTRIBUTIONS IN THE CROSSOVER FROM ... R1339

sample,7.~3 ms. So, data are taken on a time scale inl(a) and 1b), respectively, as the thick curves. In Fidajl
which the sample may be considered as static. Approxia=0.01. The contours are nearly circles in thei) plane,
mately 16 statistically independent field measurements arecentered at the point corresponding to the average field in
taken at each sample length. Measurements are made at Hreement with the model of a constant phasor pl(grau-

15, and 19 GHz at sample lengths from 0.1 to 0.4 m. lar) random phasor sum. The distribution functions of the
We measure the real and imaginary partsRe E(r)] normalized amplitudé=E/o and phase of the field trans-
andi=Im[E(r)] of the complex fieldE(r) at a point in the mitted through the longer sample are presented by squares in

near-field speckle pattern of the transmitted wave for an enFigs. 2a) and 2b), respectively. The solid lines plotted
semble of random scatterer configurations. From these me#tirough the data are the distributions derived in the frame-
surements, we obtain the joint probability distribution func-work of the model4],
tion of the real and imaginary parts of the transmitted field,

P(r,i). We also study the statistical properties of the residual

field SE(r). The experimental results are compared with pre-

-~ 2,12
dictions of the model of a constant phasor plus a random _ B +k
phasor sum and the diagrammatic approacfilff P(A,k)—Aex;{ 2 To(Ak), 0
In the random-phasor-sum model the complex figlds
assumed to be a superposition of a large number of statisti- 4 ;4
cally independent phasors, each having random ampliyde
and random phasé,, [4]
0.05
E=Eexmqo)=2k exexpli ¢y) - 4 f\
By virtue of the central limit theorem, the real and imaginary ; o.00 /—\
parts of the resultant field obey Gaussian statistics, so that G)
their joint probability density functiorP4(r,i) can be ob-
tained from the first- and second-order joint moments of
andi, -0.05
: 1 2 2 2 i i\\2
Py(r,i)= 5 5 €X _F(Uii(r_<r>) +op(i—(i)) -0.10
T90 %o -0.10 -0.05 0.00 0.05 0.10
(a) r
—oﬁ(r—<r>>(i—<i>>)1 . (5) 06
Here og=c2oi—of, and o4 =((r—(r))?), oi=((i
—(i))?), and aZ=((r—(r))(i—(i))), respectively. If the
phasesp, are uniformly distributed on the primary interval
(—m,m), the real and imaginary parts of the resultant field .

are statistically independent and identically distributed with
zero mean, i.e{r)=(i)=0, o2 =02=0?, 0%=0, and
i
B (i) 1 r2+i2 ©
ri)= exp — : 0.
¢ 2mwo? 207 2 \

Contours of constant probability density are then circles in
the (r,i) plane, and the resultant fieklis acircular random

variable. In general, if the distributions gf, are other than
uniform, r andi do not have zero mean and the contours of
constant probability density are predicted to be ellipses in the

&

complex plane. Further, if a constant phasor is added to the 02 04 r o6 08
random phasor suni4), the distributions(5) and (6) are

shifted as a whole in ther(i) plane by the vector corre- FIG. 1. Contours of constant probability densit§(r,i)
sponding to the constant phasor. =const.: (@ L=0.3 m, f=19 GHz (@=0.01); () L=0.1 m, f

~ Contours of constant probability density of the distribu- =11 GHz @=0.94). Thin curves in(b) represent the Gaussian
tions P(r,i) measured in random samples of length 0.3 distribution Py(r i) of Eq. (5) calculated using the measured first-
m at 19 GHz and-=0.1 m at 11 GHz are shown in Figs. and second-order joint moments oandi.
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1 k2| kcosp are also shown as the circles in Figga2and 2Zb). The
P(p,k)= —exp( - —) — corresponding theoretical curvédashed linesare obtained
2 2 \/ﬁ from Egs.(7) and(8) with k=0. In this case, Eq(7) gives
(K sing)? the Rayleigh distribution for the amplitude and BE&) a
><exp( — —) erfi(kcosp), (8) uniform distribution for the phase.
2 For shorter samples or lower frequencies, as the param-

etera approaches unity, deviations from a circular distribu-
where erfk) is an error function. The distribution§) and  tion of P(r,i) appear. In Fig. (b), a=0.94. The contours of
(8) are functions of the measured paraméter|(E(r))|/o,  constant probability density appear to be elliptical. However,
which is related tca of Eqgs.(3) by k?=2a/(1—a). Using  the measured distributio®(r,i) also differs appreciably
the measured value=0.15, weobtain excellent agreement from the Gaussian distributioR(r,i) of Eq. (5), calculated
between the experimental and theoretical distributions. Thérom the first- and second-order joint momentsroéndi,
amplitude and phase distributions for the residual f##qr)  and shown in Fig. (b) as the thin curves. The amplitude and
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FIG. 2. Distributions of the normalized amplitu¢® and phase FIG. 3. Distributions of the normalized amplitu@® and phase

(b) of the total field(squares and the residual fieldcircle) in a (b) of the total field(squares and the residual fieldcircle) in a
sample ofL=0.3 m at 19 GHz. Solid and dashed lines are thesample ofL=0.1 m at 11 GHz. Solid and dashed lines are the
theoretical distributions fok=0.15 and 0, respectively. The phase theoretical distributions fok=5.4 and 0, respectively. The phase
distributions are plotted about the phase of the average figJd, distributions are plotted about the phase of the average figld,

=argE). =arg(E).
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0.170 tistics and the results of the model is a consequence of a
PaE ((P) large number 01_‘ vyaveguide modes ex_cited in our sample,
and that the deviations would be larger, if only a single mode
were excited by the incident wave.
0.165 - n The wave generated by the horn excites a number of low
l..' um order waveguide modes. When the horn is replaced by a wire
h¥s o T antenna positioned just in front of the sample, the incident
My wave couples to a larger number of modes. Because we ex-
0.160 % o0 0% o O pect a significant dependence of the field statistics upon the
SaNEEN L6 gt 5 - C@—&y number of the incident modes, we have compared the statis-
00 tics of the fields obtained with a horn and with a wire an-
o) tenna as sources in a sample of length0.2 m at 15 GHz.
The phase statistics of the residual field shown in Fig. 4 are
0.185 .f..'; EEm in better agreement with the modélgq. (7) with k=0] in the
case of a wire source. However, we should note that the
parametera in the case of the wire source is appreciably
reduced, and hence the comparison is suggestive only. The
0.150 ' ' : reduction in the parameter may result from more effective
80 15 00 15 8.0 scattering, because of the greater dwell time for higher order
¢ - (p0 , rad waveguide modes, and because of interference between these
modes.

FIG. 4. Phase distribution of the residual field for a sample of [N conclusion, the statistics of the field transmitted
L=0.2 m at 15 GHz with a horr(squares and wire antenna through 0pt|Ca”y thin random media are found to be in re-
(circles sources. The parametar=0.66 and 0.16, respectively. markably good agreement with predictions of the model of a

constant phasor plus a random phasor sum and diagramatic

phase statistics of the total and residual fields are presenteghyroach of1]. This may be a consequence of the excitation
in Figs. 3a) and 3b), respectively. Deviations are seen from of 3 number of modes by the incident field. We believe that
the corresponding theoretical curves calculated assuming thgrger deviations could be observed in geometries in which
residual field is randomized. The normalized amplitude disyhe number of coherent modes excited can be reduced. This
tribution of the residual fieldP;(A) in Fig. 3@), however, is s readily achieved in optical experiments or in measure-
still close to the Rayleigh distribution function. ments in any system in which the transverse dimensions of
The model of a constant phasor plugcircula) random  the sample are much larger than the wavelength. The sim-
phasor sum and the diagrammatic approacfilpficcurately piicity of the distributions observed may prove to be useful
describes our measurements of the statistics of the transmigr separating ballistic from diffusive radiation in imaging
ted field in the crossover from ballistic to diffusive wave gpplications.
propagation. The departures from the circular distribution
and from the Gaussian distributi@B) resulting from viola- We are pleased to acknowledge stimulating discussions
tion of the assumption that a large number of independentith A. A. Lisyansky and M. Stoytchev. This work was sup-
random phasors contribute tB(r) are only observed in ported by National Science Foundation Grant No. 9632789
samples where the parameteiis near unity. However, we and by the New York State Science and Technology Foun-
believe that the good agreement between the measured stiation.
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