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Linear time-delay feedback control of a pathological rhythm in a cardiac conduction model
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This paper describes a method based on one-step linear time-delay feedback~LTDF! for suppressing a
pathological period-2 rhythm~cardiac alternans! in an atrioventricular nodal conduction model. The LTDF
controller is effective at suppressing alternans by stabilizing the map to one of a set of unstable fixed points.
Additionally, we show that alternans can be prevented by tracking the period-1 rhythm past the point where
bifurcation occurs, and that the method is robust to both measurement error and experimental noise. Finally, we
demonstrate that this method is simpler to implement and more effective than the OGY chaos control method
which was used recently to stabilize the same system.@S1063-651X~97!51208-6#

PACS number~s!: 87.22.2q, 07.05.Dz, 05.45.1b
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I. INTRODUCTION

In a recent study by Sunet al. @4# an empirical model of
electrical conduction through the atrioventricular~AV ! node
was developed based on stimulus-response measurem
from six isolated rabbit hearts. The model was represen
by the following nonlinear discrete-time relation:

Ai 115 f ~Ai ,Hi !5Amin1Ri 111b iexp~2Hi /t rec! , ~1!

whereHi is the interval between bundle of His activation a
the subsequent atrial activation~the AV nodal recovery time!
during cardiac cyclei , Ai 11 represents the time interval be
tween cardiac impulse excitation of the low interatrial se
tum and the bundle of His~the atrial-His interval! during
cycle i 11, Amin andt rec are positive constants, and

R05gexp~2H0 /t f at! ,

Ri 115Riexp@2~Ai1Hi !/t f at# 1gexp~2Hi /t f at!,

b i5H 201 ms20.7Ai , for Ai,130 ms

500 ms23.0Ai , for Ai>130 ms ,

in which H0 is the initial H interval and bothg andt f at are
positive constants.

Sunet al. @4# found that when the rabbit hearts were ele
trically stimulated near the sinoatrial~SA! node at a fixed
time period following Bundle of His activation~the His to
stimulus interval, orS), theA intervals could demonstrate a
alternating time series characteristic of reentrant tachycar
This was simulated in the model~1! by substituting the con-
stantS interval for Hi with S,57 ms ~as demonstrated in
@3,4#!. Under this conditionAi starts out as a period-
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rhythm, then bifurcates into a period-2 rhythm~alternans! at
about cycle numberi 5200 eventually alternating betwee
values of about 113 and 148 ms@see Fig. 1~a!#. Ri eventually
reaches the steady-state value of'51 ms.

In a recent study by Christini and Collins@3# it was dem-
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FIG. 1. LTDF control of the map Eq.~1!. ~a! Times series of
Ai prior to control ~from i 502999), during control fromi
51000 to 1999 usinggi520.3S, and with controller inactivated
~for i .1999!. ~b! Corresponding time series ofS1gi with S545
ms.
R1334 © 1997 The American Physical Society
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onstrated that an adaptive version of the OGY chaos con
method@1# could be used to stabilize the nonchaotic alt
nating rhythm produced by the above model. They a
showed that this method could be used to prevent altern
in the model if control was applied prior to its onset. T
OGY method has previously been used to stabilize unst
periodic orbits in several chaotic biological systems such
the rabbit septum and rat hippocampal slice preparation@2#
using small parameter perturbations.

Here we describe a one-step linear time-delay feedb
~LTDF! controller that can stabilize the model~1! to one of a
set of period-1~and, if necessary, period-2! rhythms. A simi-
lar controller was used by us recently to successfully sta
lize nonchaotic as well as chaotic versions of the He´non map
with and without additive Gaussian white noise@5#. A moti-
vation for this work is the fact that certain physiologic
systems produce stochastic, nonchaotic~nonlinear! behavior
that may be more easily stabilized~and with a simpler imple-
mentation! using LTDF control rather than the OGY metho

II. METHOD

The controlled form of the map~1! is

Ai 115 f ~Ai ,Hi !1gi , ~2!

where gi is a self-tuning control input to be automatical
determined during each cardiac cyclei and would be imple-
mented through stimulatory pacing as described in@4#.

The objective of the design is to find a simple and imp
mentablegi to achieve the goal of automatic control, i.e.,

Ai→ Ā as i→` ,

where Ā is the desired target atrial-to-His interval. This i
terval is usually~but not necessarily! an unstable fixed poin
~UFP! of the original map~1!. When the control objective is
finally realized,ei5Ai2 Ā will be equal to a small~ideally
zero! constant at the time iteration halts. We ultimately d
sire agi that does not depend explicitly on prior knowled

FIG. 2. Plot of the controlled map~1! for values ofk in Eq. ~9!

vs Ā ~the final stabilized target trajectory ofAi) with S545 ms
~solid plot!, andS550 ms~dotted plot!.
ol
-
o
ns

le
s

ck

i-

-

-

of the system model. Rather, we prefer agi that depends
only on previous system state values.

We first demonstrate that LTDF control using theAi val-
ues leads to stabilization of the model to a period-1 rhyt
under some restrictions. SinceHi may be more readily ac
cessible in an actual preparation thanAi we then show that
LTDF control usingHi is successful under far less restrictiv
conditions than LTDF control usingAi .

A simple design for the self-tuning gain is

gi5kÂi 11 ~3!

with k constant andÂi 11 an estimate ofAi 11 based on a
predictive model of the data constructed from previous o
puts. For the original system~1! a short time following the
period-2 bifurcation, linear autoregressive modeling of t
Ai ’s leads to the approximation

Âi 11'Ai 21 . ~4!

Equation~3! then becomes

gi5kAi 21 ~5!

and Eq.~2! becomes

Ai 115 f ~Ai ,Hi !1kAi 21 , ~6!

FIG. 3. LTDF control of the map Eq.~1! with zero-mean Gauss

ian white noisej i ~sj51 ms! added toS. ~a! Times series ofÃi

~Ai measured with precision of 0.2 ms! prior to control ~from i
502999!, during control from i 51000 to 1999 usinggi5
20.3S, and with controller inactivated~for i .1999!. ~b! Corre-
sponding time series ofS1j i1gi with sj51 ms, andS545 ms.
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in which the additive control term conveniently depends o
on previous values of the system variable. In order to
establish period-1 control of map~1! we need only determine
the value of the constant parameterk.

We now show that use of gain Eq.~5! yields stable con-
trol. SubtractingĀ from both sides of Eq.~6! gives

Ai 112 Ā5 f ~Ai ,Hi !1kAi 212 Ā ,

or, with ei
(11)5(Ai 112 Ā) andei

(21)5(Ai 212 Ā),

ei
~11!5 f ~Ai ,Hi !1~11k!ei

~21!2Ai 21 . ~7!

From Eq.~4! this simplifies to

ei
~11!5~11k!ei

~21! . ~8!

Clearly, the stability condition satisfiesu11ku,1, or 22
,k,0. Observe moreover thatei

(11) must have the sam
sign asei

(21) as a further consequence of Eq.~4!. Hence, for
Eq. ~8! to hold, (11k) must be positive, which restricts th
gain stability condition to be21,k,0. Note that the ana
lytic condition 21,k,0 is an approximate one due to E
~4! and may be slightly different in practice.

For LTDF control usingHi @and analogous to Eq.~5!# we
specify that

gi5kHi 21 . ~9!

FIG. 4. Target tracking to avoid alternans. The controllergi

520.3S is activated ati 5200 and turned off ati 52000.~a! Time

series ofÃi , ~b! corresponding time series ofS1j i1gi with sj

51 ms, andS545 ms.
y
-

This controller turns out in practice to be more stable a
effective than Eq.~5!. Its success can be verified mathema
cally as follows. We first observe that for the system sta
lized to a period-1 trajectory,Ai will be less than 130 ms~we
demonstrate this explicitly in the results below!. Therefore,
only the first branch of the parameterb i is used in Eq.~1!;
namely,b i520120.7Ai , which is always positive. Conse
quently,

Ai 115 f ~Ai ,Hi !

5Amin1Ri 111b iexp~2Hi /t rec!.0 .

Observe also thatAi 11 is monotonically decreasing as
function of Hi , sinceHi is within all of the negative expo-
nential terms in the functionAi 11: exp@2(Ai1Hi)/tfat#,
exp(2Hi /tfat), and exp(2Hi /trec). Therefore, for the con-
trolled system

Ai 115 f ~Ai ,Hi !1kHi 21

to be asymptotically stable, we construct a Lyapunov fu
tion of the formVi5Ai

2 which satisfies

Vi 112Vi5Ai 11
2 2Ai

2

5@ f ~Ai ,Hi !1kHi 21#2

2@ f ~Ai 21 ,Hi 21!1kHi 22#2

,0 for i→` ,

provided thatk is negative. This is becausef ( ).0 de-
creases and a positive constantS is substituted forHi ~as
discussed further below!. As a result, the feedback-controlle
system is stabilized by an arbitrary negative control gaink.
Qualitatively, use of a large negative gain leads to m
stable control in the sense thatVi 112Vi will be more nega-
tive.

III. RESULTS

We limit our discussion of results to the use of theHi
(S) feedback controller Eq.~9! @6#. In the following ex-
amples we use the constantsAmin533 ms, t rec570 ms,
t f at530 s, andg50.3 ms as employed in@3,4#. Figure 1~a!
shows the time series of both the uncontrolled and contro
nonstochastic map@Eq. ~1!#. The first 1000 iterations are
without control followed by 1000 iterations with the contro
ler activated, followed by 1000 iterations with the controll
turned off. In this figurek520.3, andS is set initially to the
constant 45 ms. Figure 1~b! shows the corresponding valu
of S1gi at each of the 3000 iterations. When the control
is on ~from i 51000 to 2000! the negative feedback ofgi5
20.3S effectively shortens the naturalS interval as shown.

Figure 2 is a plot of the controlled map for values ofk in
Eq. ~9! vs Ā ~the final stabilized target trajectory ofAi! with
S545 ms ~solid line! and S550 ms. For the former case
period-1 control is achieved fork,20.27 and period-2 oth-
erwise. For S550 ms ~dotted plot! period-1 control is
achieved fork,20.14 and period-2 otherwise. Figure 3
analogous to Fig. 1 with the exception that zero-mean Ga
ian white noisej i has been added toS ~sj51 ms! and Ai
has been measured with a precision of 0.2 ms to simulate
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effect of measurement noise@7#. As shown, this leads to a
form of ‘‘noisy’’ control @5,8#. Finally, Fig. 4 is an example
of tracking in order to avoid the alternans before it occu
The controller is activated ati 5200 prior to when the sys
tem would normally bifurcate. This eliminates the alterna
at the expense of a slightly lower~about 10 ms! Ãi (Ai plus
simulated measurement error!. The controller is then inacti-
vated at i 52000 showing restoration of the alternatin
rhythm.

IV. DISCUSSION AND CONCLUSIONS

We presented a simple method based on LTDF control
stabilizing a nonchaotic, pathologic model of the heart, w
and without both random noise and simulated measurem
error. Christini and Collins@3# demonstrated that a modifie
version of the OGY method could be used to stabilize t
map to its unstable periodic orbit. However, the method
scribed here has several compelling advantages over the
cedure used in@3# for controlling this particular system:

~i! The LTDF controller is a computationally simpler an
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more intuitive implementation than the OGY chaos cont
method.

~ii ! Once the pathological rhythm is diagnosed~thereby
identifying the system! it is easily controlled through linea
feedback using a single tunable gain parameter without n
essarily having to determine the UFP as in the OGY meth

~iii ! In addition to the UFP of the original system, a ran
of fixed point trajectories can be achieved using our meth
This provides a wider latitude in choosing a desired tar
trajectory ~see Fig. 2! than the OGY method which only
targets the UFP.

Based on various computer simulations, our method
also as robust to noise inputs and measurement error a
OGY method. Arguably, the most attractive feature of t
LTDF controller is its ease of use in setting the feedba
gain k. As shown in Fig. 2,k should be set initially to zero
and then slowly ‘‘dialed down’’~increased in the negativ
direction! until the point in time when the alternating patte
halts and period-1 is restored. Clinically, this may lead to
more straightforward pacemaker design and subseq
implementation.
g the

-
ng
@1# E. Ott, C. Grebogi, and J. A. Yorke, Phys. Rev. Lett.64, 1196
~1990!.

@2# A. Garfinkel, M. L. Spano, W. L. Ditto, and J. N. Weiss
Science257, 1230~1992!; S. J. Schiff, K. Jerger, D. H. Duong
T. Chang, M. L. Spano, and W. L. Ditto, Nature~London! 370,
615 ~1994!.

@3# D. J. Christini and J. J. Collins, Phys. Rev. E53, R49 ~1996!.
@4# J. Sun, F. Amellal, L. Glass, and J. Billette, J. Theor. Biol.173,

79 ~1995!.
@5# M. E. Brandt, A. Ademoglu, D. Lai, and G. Chen, Phys. Re

E 54, 6201~1996!.

.

@6# We also tested the use of controller Eq.~5! extensively. It is
effective in stabilizing map~1! to period-1 orbits when21,

k,0. Control leads to instability fork<21.
@7# Each Gaussian pseudorandom number was computed usin

Box-Muller method. See gasdev~ ! routine in W. H. Press, B.
P. Flannery, S. A. Teukolsky, and W. T. Vetterling,Numerical
Recipes in C, 2nd ed. ~Cambridge University Press, Cam
bridge, 1992!. Measurement error was simulated by truncati
each value ofai to the nearest 0.2 ms.

@8# D. J. Christini and J. J. Collins, Phys. Rev. E52, 5806
~1995!.


