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Dynamics of stimulated emission from random media

G. A. Berger, M. Kempe, and A. Z. Genack
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Queens College of CUNY, Flushing, New York 11367
~Received 18 December 1996; revised manuscript received 30 May 1997!

The spatial and spectral evolution of emission from gain media with homogeneously distributed scatterers is
modeled using a Monte Carlo simulation of the random walk of pump and emitted photons. We find a sharp
transition to ultrafast, narrow-linewidth emission for a 10-ps incident pump pulse and a rapid approach to
steady state for longer pulses. The threshold for this transition is raised significantly when the transverse
diffusion of photons out of the excited region is substantial. The quantitative agreement of the results with
recent observations of emission from random gain media lends further support to the interpretation of ‘‘random
lasers’’ in terms of amplified spontaneous emission within a multiply-scattering medium.
@S1063-651X~97!06211-9#

PACS number~s!: 42.70.Hj, 78.35.1c, 78.45.1h
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I. INTRODUCTION

The conjunction of lasing and disorder has been of in
est since shortly after the advent of the laser@1,2#. Recent
observations of lasing action in rare earth doped powders@3#
and in colloidal suspensions in dye solutions@4# have re-
newed interest in amplifying random media. A dramatic n
rowing of the spectrum@4,5# and shortening of the emissio
time @6# is observed above a threshold in pump ener
These results have raised the prospects of utilizing the p
nomenon for a variety of display, sensing, and switch
applications@7#, particularly if the corresponding thresho
can be significantly reduced. The colloidal-dye systems
of special interest for understanding emission in random
dia because the gain and scattering can be varied inde
dently so that computations can be compared with meas
ments over a wide range of sample properties.

There has been considerable debate regarding the o
of enhanced stimulated emission in random media. So
authors have suggested that lasing action can be explaine
considering propagation along specific paths in the med
in analogy with lasing in homogeneous media. Balachand
and Lawandy@8# have proposed a ring laser model. Coher
backscattering of a probe laser beam in opaque amplify
random media, proposed by Zyuzin@9#, has been observe
@10# and found to be consistent with an intensity distributi
on the surface of the medium obtained by solving the dif
sion equation for the probe photons with gain. In rec
work, we have used a Monte Carlo simulation to underst
the emission dynamics in a colloidal dye solution for t
case of short pulse excitation studied by Siddiqueet al. @6#.
Recently John and Pang have solved the steady-state d
sion equation with nonlinear gain and loss, but without sa
ration for colloid-dye systems@11# and Wiersma and La
gendijk have solved the spatial diffusion equation with g
to obtain the time dependent response of powdered la
crystals to excitation by aQ switched laser@12#. In both
studies the coupled nonlinear diffusion equations w
solved numerically for plane wave excitation. Here we e
plore the evolution of emission by following the migration
photons and molecular excitation as determined purely
561063-651X/97/56~5!/6118~5!/$10.00
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local probabilities. We demonstrate that a Monte Carlo sim
lation of the random walk of photons, taking into account t
nonlinear relationships among local molecular energy-le
populations and photon densities within the frequency b
of spontaneous emission, predicts behavior that is consis
with experimental observations. This approach is equiva
to solving the coupled nonlinear diffusion equation and m
lecular rate equations. By treating the essential spatial, t
poral, and spectral aspects of the problem, we are abl
study the dynamics within the gain medium in detail.

The simulations are carried out in homogeneously scat
ing samples that are excited by a short incident laser pu
We consider emission from the front of a sample with tra
port mean free pathl and absorption lengthl a because the
exponential attenuation lengthLa5Al l a/3 of the pump
light is much smaller than the sample thicknessL. We have
modeled emission for excitation by a plane wave and b
Gaussian beam. Differences between these cases will be
cussed, but our primary focus will be the results of simu
tions for plane wave excitation. This simpler case exhib
the essential features of lasing in the presence of disorder
enables a full study of the dependence upon various par
eters of the problem in a moderate computation time. F
thermore, it allows us to visualize the simultaneous spa
and spectral evolution of the molecular excitation and el
tromagnetic energy within the medium.

II. MONTE CARLO SIMULATION

We model the gain medium as a four level system. For
pump radiation considered, intersystem crossing and exc
state absorption can be neglected. The populations in
fourth and second energy levels are negligible, due to ra
nonradiative transitions to the third and first levels, resp
tively. The density of molecules in the first energy level
then given byN1(r ,t)5N2N3(r ,t), where N is the total
density of dye molecules andN3 is the density in the third
level. Thus, the rate equation forN3 alone suffices to de-
scribe the degree of excitation of the dye molecules. It is
6118 © 1997 The American Physical Society
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56 6119DYNAMICS OF STIMULATED EMISSION FROM RANDOM MEDIA
dN3~r ,t !

dt
5np~r ,t !N1~r ,t !vsa~n!2

N3~r ,t !

t

1E dnn̄~r ,t,n!@N1~r ,t !vsa~n!

2N3~r ,t !vse~n!#, ~1!

wherenp is the pump photon density andn̄ is the density of
emitted photons per unit frequency,se andsa are the emis-
sion and absorption cross sections, respectively,v5c/n is
the speed of light in the medium, andt is the lifetime in the
absence of stimulated emission. The four terms on the ri
hand side correspond to the rates of absorption of pump
emitted photons, and to the spontaneous and stimul
emission of photons. They are all represented in the sim
tion where a sum over frequency intervals is used to appr
mate the integral over the continuous frequency spectrum

The simulations are carried out for a 1-mm-thick sam
of Rhodamine 640 dye with suspended scattering partic
The absorption cross section of the dye of 1.2310216 cm2 at
the pump wavelength of 527 nm is determined from the
sorption measurements of@6#. In that reference, an effectiv
emission cross section was used, which was determined
the lifetime of 4 ns and bandwidth of 40 nm for emissi
measured in@4#. Here we compute the emission using t
actual spectral distribution of spontaneous emission m
sured in @4#. The peak emission cross section
5.3310216 cm2. Probabilities of reabsorption of the emitte
light were determined from the absorption spectrum given
@14#.

We assume that the transport mean free paths of the p
and emitted photons are the same. For a dye dissolve
methanol within a glass cuvette, the internal reflectivityR
@14# due to the methanol-glass-air interface integrated o
all scattering angles is approximately 0.5. The correspond
value for the methanol-glass interface is'0.15. While the
former value was used in the simulations of plane wave
citation in which transverse diffusion does not play a ro
the latter value is a more realistic assumption in the cas
Gaussian beam excitation. We find that the emission pro
ties for these two values ofR are not very different.

Because the average energy density in the medium is
form in the transverse direction for plane wave excitatio
simulations for this case can be performed by treating o
longitudinal diffusion. The average longitudinal displac
ment for photons moving randomly in three dimensions w
displacements of one mean free pathl is l /2. We divide the
sample into discrete strips of widthl /2 and assume the pho
ton is displaced by6l /2 in each mean free timet5l /v.
The diffusion of photons thus reduces to a random walk
one dimension on a lattice with lattice constant ofl /2. The
evolution of the densities of molecular excitation, pump ph
tons, and separately photons that were produced by spo
neous and stimulated emission are each followed in disc
time intervals oft. We assume the incident photons are ra
domized at a distancel /2 into the sample because the val
of the transmission is then consistent with the results of
fusion theory. We accounted for the spectral distribution
the emitted photons by dividing the Rhodamine perchlor
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emission spectrum into twenty sections of equal weight c
responding to equal values ofseDn and treating each sectio
separately. Whether or not a photon traversing a partic
bin at a particular time stimulates emission or is absorbe
decided by drawing a random number and comparing it w
the probabilities determined by the rate equations, given
current local values ofN3 and n̄. A random number is also
used to determine whether a molecule had spontaneo
emitted a photon. The populations are updated after e
event.

III. RESULTS OF THE SIMULATIONS

We consider the change of emission properties with
creasing pump energy for a system withl 560 mm and
l a5300 mm, and for a square 10-ps pump pulse. The nu
ber of emitted photons at all wavelengths and in a wa
length interval from 614 to 619 nm are shown in Fig. 1.
this spectral interval, the peak of the emission shifts w
pump fluence as shown in Fig. 2. The total emission
creases nearly linearly. On the other hand, the intensity at
peak emission frequency exhibits a clear change of sl
within a narrow range of pump energies. At these energ

FIG. 1. Log-log plot of the total emission and the peak emiss
in a band ofDl55 nm around 616.5 nm as a function of pum
fluence for a sample withl 560 mm, l a5300 mm, andR50.5.

FIG. 2. Semilogarithmic plot of the peak wavelength as a fu
tion of pump fluence for the same sample as for Fig. 1.
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6120 56G. A. BERGER, M. KEMPE, AND A. Z. GENACK
the ratio of the intensity of stimulated to spontaneous em
sion, Rem, begins to exceed unity and stimulated proces
lead to marked narrowing of the spectral and temporal em
sion characteristics@4–6#. It is therefore useful to define
Rem51 as the threshold for copious stimulated emissi
The sharpness of the transition reflected in the spectral
temporal response of the system is shown in Fig. 3. Th
input-output relations are in agreement with the observati
of Lawandyet al. of spectral narrowing@4#.

In contrast to the peak emission, the total emission sh
no change in behavior near threshold; cf. Fig. 1. In contr
to a nonscattering amplifying medium inside an external c
ity, spatial mode selectivity is absent in a random syste
The change of slope in the peak emission in the transi
region simply reflects the narrowing of the emission sp
trum, see Fig. 3.

A comparison of emission generated by 10- and 100
incident pump pulses at the same flux levels is presente
Fig. 4. The emission following the onset of the pump pu

FIG. 3. Spectral width of the emission as functions of pum
fluence. The sample parameters used are the same as for Fig. 1
inset shows a log-log plot of the pulse duration and the delay of
peak emission with respect to the leading edge of the pump puls
a function of pump fluence.e thr50.26 mJ/cm2.

FIG. 4. Emitted flux for two pump pulse durations using t
same sample parameters as for Fig. 1. The pump fluenc
1 mJ/cm2 for the 10-ps pulse and 10 mJ/cm2 for the 100-ps pulse.
The dashed lines indicate the incident pump flux. The dots show
temporal evolution of the spectral width for the 100-ps pulse.
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exhibits comparable delays and a short burst of emission.
the longer pulse we observe the approach to quasi-ste
state emission, which is achieved within 30 ps. The evolut
of the emission bandwidth shows that the quasi-steady-s
emission is dominated by stimulated processes. The ra
approach to steady state after the initial emission burst in
cates that the relaxation oscillations that are typical for
transient behavior of many lasers, particularly solid-state
sers @15#, are strongly damped. Pronounced oscillatio
~spiking! have been predicted recently in powdered las
crystals@12#. Under certain conditions we find that spikin
also occurs in colloidal dye systems as seen in Fig. 5. S
ing is achieved by using thin samples to reduce the dw
time of photons in the medium. This raises the modulat
frequency of the intensity so that it exceeds the overall de
rate of the modulation.

The results of our simulations are in good agreement w
the spectral@4# and temporal@6# properties of emission tha
have been observed experimentally. However, the thresh
that we obtain are an order of magnitude lower than
experimental values under comparable conditions@6#. In the
experiments, transverse diffusion of the photons out of
laterally confined gain region plays a significant role. Tran
verse diffusion is irrelevant for the simulations with plan
wave excitation because the gain is laterally uniform. Fo
finite gain region produced by a Gaussian beam excitat
transverse diffusion must be taken into account. In
model, the incident beam is divided into radial sections. T
simulation keeps track of a network of bins, one bin for ea
ordered pair (r,z) in cylindrical coordinates for which the
number densities of photons and the population densitie
excited molecules are followed. The angular distribution w
neglected since the system is assumed to have cylind
symmetry.

Figure 6 shows the bandwidth and pulse duration of
emission for excitation with a Gaussian beam with a wa
250 mm for the same sample parameters as for Fig. 3.
expected, the threshold, defined as the pump fluence at w
the spectral width is a minimum, rises, from 0.4
1.6 mJ/cm2. For Gaussian beam excitation the ratioRem is
not a good measure for the emission characteristics. In c

The
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e

FIG. 5. Emitted flux~solid curve! and normalized excited stat
population at a depth of'50 mm in the sample where the gain i
strongest~dashed curve!. The sample length is 0.18 mm andR50.
All other sample parameters are as for Fig. 1. The pump fluenc
5 mJ/cm2 and the pump pulse duration is 100 ps.
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56 6121DYNAMICS OF STIMULATED EMISSION FROM RANDOM MEDIA
trast to plane wave excitation, a substantial amount of e
tation remains in the sample after the initial emission bu
and decays slowly once the incident pulse is no lon
present largely via spontaneous emission. The spectral
temporal emission peaks, however, are primarily determi
by the early stimulated emission before transverse diffus
leads to a substantial migration of photons out of the g
region.

IV. DISCUSSION

The spectral and temporal emission characteristics ab
threshold can be understood in terms of the dominance
stimulated processes resulting from increased path length
photons in the region with high gain due to multiple scatt
ing. The spectral features result from the interplay of am
fication and absorption of the spontaneous emission in
sample region where the photons spend most of their ti
For low excitation, the gain region is confined to the ve
front of the sample. Amplification and absorption play a m
nor role and the emission spectrum is that of spontane
emission. With increased pumping, longer path lengths
emitted photons lead to a shift of the emission peak towa
higher wavelengths where the absorption is lower an
spectral narrowing due to amplification at frequencies w
the largest gain. If the pumping is increased even furth
depletion of the ground state reduces absorption. This res
in a shift of the peak emission back towards smaller wa
lengths where the amplification is stronger. These featu
are clearly visible in Fig. 2 and have been observed by No
nov et al. @16#.

A particularly striking result of the simulation is the sho
time required for the buildup of stimulated emission and
short duration above threshold. In Fig. 7 we present the
tribution of molecular excitation in space and time for ex
tation at a fluence of twice the threshold level for plane wa
excitation. Despite considerable depletion of the grou
state, the molecular excitation is highly concentrated near
front surface of the sample in the present system. This is v
different from the case of the powdered Ti:sapphire sam
with weak absorption studied by Wiersma and Lagend
@12# where the excitation builds up throughout the samp

FIG. 6. Spectral width of the emission as functions of pum
fluence for Gaussian beam excitation for a sample w
l 5100 m m, l a5500 mm, andR50.15. The inset shows a log
log plot of the pulse duration as a function of pump fluence.
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The average path length of photons emitted in the gain
gion is approximatelyz2/l <(1202/60) mm'240 mm. This
length is comparable tol a @18#. Since the photons travers
this distance in approximately 1 ps, their migration out of t
sample does not limit emission dynamics. Significant stim
lated emission, indicated by the rapid falloff ofN3 in Fig. 7,
occurs only in the short time window in which the photo
density and the excited state population density in the fr
layer of the medium are both large. The resulting emission
a single picosecond burst has been observed by Sidd
et al. @6#.

For longer pumping of the colloid-dye system, laser sp
ing can be observed if the depletion of the upper-level po
lation by stimulated processes is as efficient as the pump
This is not the case if the gain region~i.e., the region excited
efficiently by the pump laser! is confined to the front layer o
the sample while the emitted photons diffuse throughout
whole sample volume. We can make the sample volu
more uniformly excited without changing dye-colloid param
eters by reducing the sample length. This and the reduc
of the internal reflectivity also reduce the lifetime of the ph
tons in the medium. The period of the oscillations of t
emission shown in Fig. 5 is'30 ps, about three time
shorter than what one estimates from the approximate a
lytic solution of the time dependent laser rate equations fo
homogeneous medium@15#.

While the qualitative features of emission observed fro
random dye solutions are captured well by the simulatio
there remains a difference in the exact value of the thresh
even when transverse diffusion is taken into account in
simulations with Gaussian beam excitation. This remain
difference is probably attributable to our assumption that
transport mean free paths of pump and emitted photons
the same. Our measurements show that for the titania p
ders used in many experimentsl for the pump photons a
about 530 nm is approximately half that for the emitted ph
tons at about 620 nm. This should roughly double the thre
old fluence since the average pathlength for emitted pho
in the gain region would then be halved. Such a thresh
would be in the range of thresholds observed in experime
with comparable parameters@6#.

h FIG. 7. Degree of molecular excitationN3 /N as a function of
depth inside the sample and time. The sample parameters ar
same as for Fig. 1 and the pump fluence of 0.56 mJ/cm2 is approxi-
mately twice the threshold value.
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6122 56G. A. BERGER, M. KEMPE, AND A. Z. GENACK
In conclusion, we have studied the properties of emiss
from optically pumped random gain media by Monte Ca
simulation of the random walk of photons. By fully mode
ing the nonlinear problem we show that the emission fr
random media can be explained in terms of incoherent e
tation and migration.
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