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Comment II on ‘‘Instability threshold in the Be´nard-Marangoni problem’’
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~Received 10 February 1997!

The classical theory of surface-tension-driven convection by Pearson@J. Fluid Mech.4, 489 ~1958!# has
been challenged by Rabin@Phys. Rev. E53, R2057~1996!# on the grounds that Pearson used an improper
thermal boundary condition at the upper surface of the liquid. We show that Pearson’s theory is correct.
@S1063-651X~97!11910-9#

PACS number~s!: 47.20.Dr, 47.20.Bp, 44.90.1c
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In 1958, Pearson@1# published a theory of thermocapi
lary convection that explained how surface-tension gradie
due to thermal gradients along a liquid-gas interface lea
the onset of Be´nard convection. Pearson’s work has be
repeated and expanded upon by numerous authors@2–6# and
confirmed in laboratory experiments@7#. Recently, however,
Rabin @8# argued that Pearson used an improper ther
boundary condition at the liquid-gas interface and thus P
son’s condition for instability is incorrect. Pearson had c
culated the minimum critical Marangoni numberMc to be
80. Rabin calculated~a differently defined! Mc to be 222.

In this Comment, we point out three basic problems
Rabin’s analysis. First, Rabin employed a different definit
of M than did Pearson. Much of the difference in onset p
dictions between Pearson and Rabin can be attributed to
difference in definition, which is not explicitly stated in@8#.
Second, Rabin ignored the wave number dependence o
Biot number by using the total temperature, not the per
bation temperature, in his upper thermal boundary condit
Finally, Rabin treated the the Biot number as a free para
eter. This cannot be done. These last two assumption
combination have nonphysical implications. We will discu
the problem in terms of a liquid layer with a gas layer abo
it; the liquid-gas system is contained between two horizon
thermally conducting plates. This geometry is used in m
Bénard convection experiments@7,9,10#.

Rabin employed a definition of the Marangoni numberM
that was based on the total temperature dropDTtotal across
the system~i.e., the temperature drop across both liquid a
gas layers!. He then calculated the criticalMc at which the
system becomes unstable to infinitesimal perturbations
wave numberk †Eq. ~10! in @8#‡:

Mc~k!5
~Bi11!~Bi sinhk1kcoshk!

Bi
f ~k!, ~1!

f ~k!5
4k~sinh2k22k!

~sinhk32k3coshk!
, ~2!

where Bi is a Biot number that describes heat transfer at
liquid-gas interface. Pearson and most subsequent au
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employed a Marangoni number based on the tempera
drop DT across the liquid layer only. From Fourier’s law o
heat conduction@9#,

DTtotal5DTS 11
kldg

kgdl
D5DTS 11Bik50

Bik50
D , ~3!

wheredl , dg , kl , kg are the depths and thermal conductiv
ties of the liquid and gas layers and Bik50[kgdl /kldg is the
Biot number for the conduction state. The prediction of Pe
son for the onset of instability~using Rabin’s definition ofM
with DTtotal) is then

Mc~k!5
~Bik5011!@Bi~k!sinhk1kcoshk#

Bik50
f ~k!, ~4!

where Bi(k) is the Biot number for the perturbation~Pear-
son’sL) and the typographical errors in Pearson’s Eq.~27!
have been corrected~see@2#!.

Equations~1! and~4! are identical except that the Pears
result~4! has two Biot numbers~one for the conduction stat
and one for the perturbation! while the Rabin result~1! has
only one Biot number~for both the conduction state and th
perturbation!. Thus, if the Biot numbers for the conductio
state and for the perturbation are identical, then Rabin ag
exactly with Pearson; if the two Biot numbers differ, the
Rabin’s equation is in error. In general, Bi(k)ÞBik50 since
for an undeformed interface~the situation considered by bot
Pearson and Rabin! the Biot number is@11,12#

Bi~k!5kdl

kg

kl
cothkdg . ~5!

Rabin’s single Biot number results from using a sing
thermal boundary condition at the liquid-gas interface, rat
than a separate condition for the conduction and perturba
temperatures. The single Biot number~or thermal boundary
condition! ignores the wave number dependence of h
transfer. In many cases, the Biot number correction is sm
and the wave number dependence is even smaller@e.g., for
equally thick layers of silicone oil and air, the wave numb
dependence of Bi(k) shifts the minimum fromk51.99 to
k51.98#. Because the difference is small, the distinction b
tween the two Biot numbers has not been made in so
experimental papers@7#; a theoretical analysis, howeve
should preserve the distinction.
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4898 56COMMENTS
A more fundamental problem with Rabin’s calculatio
arises from his assumption that the Biot number is a f
parameter that the system selects. To obtain a minimum
Mc5222 ~for k52.33 and Bi51.54), Rabin searched for th
global minimum of Mc in (k,Bi) space. However, since
Bi5Bi(k;dl ,dg ,kl ,kg), Bi cannot be considered a free p
rameter. Since Rabin used the same Biot number for
conduction state and for the perturbation, his treatment o
as a free parameter implies that the conduction~unperturbed!
state is undetermined until the system is perturbed—i.e.,
perturbation selects the~prior! unperturbed state.
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Finally, Rabin does not cite any of the sizable volume
theoretical work that has been done on the Marangoni pr
lem since 1964~e.g., @3–6,13,14#!. For the case of a one
layer model with zero Rayleigh number~no buoyancy effect!
and an undeformed interface, Pearson’s result still stand

The authors thank W. D. McCormick, M. F. Schatz, a
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ported by NASA Microgravity Science and Applications D
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