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Stimulated dielectric wake-field accelerator
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A wake-field accelerator is described based on the use of a waveguide structure in which many modes can
participate in wake-field formation, and in which the wake-field period equals the period of a train of drive
bunches. A dielectric-lined waveguide is analyzed that is shown to support multimode propagation with all
modes having nearly equal phase velocities, equal to the initial velocity of injected charge bunches that drive
the wake fields. For this waveguide, the ratio of wake field to drag field for a bare drive bunch is 4.7, as
compared to 2.0 for a single-mode waveguide. The composite TM0n wake field of such a structure is shown to
include highly peaked axial electric fields localized on each driving bunch in a periodic sequence of bunches.
This allows stimulated emission of wake-field energy to occur at a rate that is larger than the coherent
spontaneous emission from a single driving bunch of equal charge and energy. This mechanism can make
possible the design of a stimulated dielectric wake-field accelerator that has the potential of providing an
acceleration gradient for electrons or positrons in the range of 50–100 MV/m, taking a driving bunch charge
of a few nC. We present calculations for such wake fields from a bunched sheet beam in a two-dimensional
dielectric waveguide. Numerical examples are given, including the acceleration of a 30 MeV test bunch to 155
MeV in a structure 200 cm in length, using ten identical 2 nC/mm drive bunches.@S1063-651X~97!03610-6#

PACS number~s!: 41.60.Cr, 41.75.Ht, 29.17.1w
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I. INTRODUCTION

In the conventional dielectric wake-field accelerator,
dielectric-lined waveguide supports wake fields with lon
tudinal electric fields induced by the passage of an elec
bunch of high charge number~the ‘‘driving bunch’’!. Phase
velocities for the modes of dielectric-lined waveguide can
less than the speed of light@1#, so that Cherenkov radiatio
occurs @2#, manifesting itself as a wake field that fills th
waveguide behind the driving bunch. If a ‘‘test’’ bunch o
low charge number is injected at a suitable interval after
driving bunch, it can move in synchronism with the wa
fields and experience net acceleration@3–5#. This approach
for development of novel accelerators is appealing beca
no external source of rf power is required for accelerati
and because high-gradient longitudinal fields are predic
for achievable high intensity driving bunches. For examp
Rosing and Gai@4# consider a 100 nC, 1.0 mm long drivin
bunch passing through a dielectric-lined waveguide with
inner radius of 2.0 mm and an outer radius 5.0 mm; th
took the relative dielectric constant of the outer liner to
k5«/«053.0. For this they predict a peak wake-field acc
erating gradient ofEz,peak5240 MV/m, a value about 14
times that at the Stanford Linear Collider. Experimental co
firmation of wake-field generation in a dielectric-lined wav
guide has been obtained@5# using 21 MeV driving bunches
of 2.0–2.6 nC and 15 MeV test bunches of much low
charge. Acceleration gradients of 0.3–0.5 MV/m were o
served in the experiments, in agreement with suppor
theory. Acceleration gradients in all dielectric-line
waveguides must be below the breakdown field of the die
tric @6#. This will limit achievable acceleration gradients
any dielectric-lined waveguide to a level that may not be
high as the 240 MV/m value predicted in Ref.@4#.

The particular dielectric waveguide analyzed in this pa
561063-651X/97/56~4!/4647~9!/$10.00
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for the Stimulated Dielectric Wake-field Accelerato
~S-WAC! enjoys two uncommon virtues. The first arises b
cause many waveguide modes can participate in wake-
formation, and these are designed to have phase veloc
nearly equal to one another, and to the bunch velocity. T
leads to a coherent superposition of many copropaga
waveguide modes, so the net wake-field amplitude can
significantly larger than amplitudes of individual modes. T
second virtue arises because the near-periodic charact
the wake fields allows constructive interference of field a
plitudes from successive bunches. Furthermore, the ana
given here is formulated to add to thespontaneousCheren-
kov wake-field emission of one bunch, thestimulatedCher-
enkov emission from a train of succeeding bunches. T
bunches are assumed to be identical, and each bunch i
jected to move initially with near synchronism in the n
wake field of prior bunches. It will be shown that stimulate
emission from each trailing bunch can exceed spontane
Cherenkov emission from a bunch moving alone. Con
quently, the drag field that decelerates a ‘‘dressed’’ bun
can be much larger than the drag field acting on a ‘‘bar
bunch.~Terms in quotes refer to the presence or absenc
decelerating wake fields from prior bunches.! Thus a dressed
bunch leaves behind a stronger wake than a bare bunch
so forth for succeeding dressed bunches. Of course, the
cessive wake maxima are found to be not exactly perio
and decelerating particles can slip behind the wake-fi
maxima; so the cumulative superposition of wakes can
less than a sum of peak values. But the validity of buildi
up a substantial wake-field amplitude by stimulated wa
field emission from a number of driving bunches of mod
charge will be demonstrated here. It is this that is propo
as a new means for achieving high wake-field accelera
gradients, without need for bunches of exceptionally h
charge.
4647 © 1997 The American Physical Society
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4648 56ZHANG, HIRSHFIELD, MARSHALL, AND HAFIZI
Ruthet al. @7# have modeled the wake field from multip
driving bunches, assuming that successive bunches ra
wake-field energy identically. In their model, the compos
wake field of a train of bunches would be a linear super
sition of individual wake-field amplitudes. Synchronism
multiple driving bunches with the wake-field period has be
discussed previously by Onishchenkoet al. @8#, who have
experimentally observed intense radiation attributable to
progressive buildup of a strong wake field. Finally, Ban
Chen, and Wilson@9# have considered collinear wake-fie
acceleration generally, and show that a ‘‘transformer rat
~i.e., the ratio of wake field to drag field for a bare bunc!
greater than two is possible in multimode structures wh
the mode eigenfrequenciesvn are equally spaced, withvn
5v0(2n11); this signifies that particles can be accelera
to energies greater than twice the energy of particles in
driving bunch. In S-WAC, the multimode aspect of the d
electric waveguide chosen is a crucial factor since, as wil
demonstrated below, the waveguide eigenfrequency s
trum can be designed to nearly fit the relationshipvn
5v0(2n11).

In this paper, we shall present the wake-field theory fo
simplified slab geometry driven by a bunched sheet be
Numerical examples are provided to show how a we
defined, spatiotemporally localized wake field may be p
duced using high dielectric constant low-loss material, p
viding the geometrical variables are correctly chosen.
discuss how wake-field amplitudes may be further enhan
by the superposition of contributions from successive dr
bunches, together with stimulated emission. We provid
numerical example showing acceleration of test electr
from 30 to 155 MeV, in a 200 cm long two-dimension
dielectric waveguide, using 2-nC/mm drive bunches. For
example, the transformer ratio is 4.7. Further examples
given in which drive bunches are removed from the inter
tion once they have lost most of their energy, but before t
can slip into accelerating phases and drain wake-field ene
and thereby reduce the available accelerating gradient fo
test bunch.

II. WAVEGUIDE MODES AND WAKE-FIELD STRUCTURE

The model analyzed here is simplified to bring out t
essential physics. Thus a two-dimensional waveguide is c
sidered, in which two parallel slabs of dielectric are se
rated by a small vacuum gap, and in which the outer surfa
of the slabs are sheathed in a lossless conductor. The rel
dielectric constantk for the slabs is assumed to be indepe
dent of frequency. The geometry is depicted in Fig. 1, and
quantities are taken to be independent ofy. The electrons are
injected along thez axis in sheet bunches, with charge de
sity given byr(x,z,t)52eNd(x)h(z2nt), wheree is the
magnitude of the electron charge,N is the charge number pe
unit length in they direction along the sheet,d(x) is the
transverse charge distribution, assumed to be of infinitesi
width in x, andh(z2nt) is the longitudinal charge distribu
tion for bunch particles moving at axial speedn. Simplifica-
tion is afforded when the geometry is two dimensional~2D!,
with orientation of the dielectric as shown in Fig. 1. In th
case, orthonormal wave functions can be found for the e
tromagnetic fields that separate into TEx and TMx classes
ate
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with respect to thex axis; these are also known as LSE a
LSM modes@10#. In 2D geometry, only the TMx mode has
an axial electric field; this is the mode considered here.
3D geometry, when the waveguide shown in Fig. 1 is clos
from above and below by conducting planes normal to thy
axis, both TEx and TMx modes must be included. In cylin
drical geometry, only axisymmetric excitations separate i
TE and TM modes, and generally one must deal with hyb
modes@1#. For the geometry shown in Fig. 1, conditions c
be found where all TMx modes have phase velocities equ
to n, corresponding to wake fields that move in synchroni
with the electron bunches. The field components for
complete orthonormal TMx mode set are given by

Ez~x,z,t !5 (
m50

`

Em

f m~x!

am
e2 ivmz0 /n, ~1!

where

f m~x!5
1

sinpm~b2a!

3H coshkma sinpm~b1x!,
coshkmx sinpm~b2a!,
coshkma sinpm~b2x!,

2b<x<2a
2a<x<a
a<x<b,

~2!

andz05z2nt;

Ex~x,z,t !5 i (
m50

`

Em

gm~x!

am
e2 ivmz0 /n, ~3!

where

gm~x!5
g

k cospm~b2a!

3H 2sinhkma cospm~b1x!,
k sinhkmx cospm~b2a!,
sinhkma cospm~b2x!,

2b<x<2a
2a<x<a
a<x<b,

~4!

and

Hy~x,z,t !5cbEx~x,z,t !H k,
1,
k,

2b<x<2a
2a<x<a
a<x<b.

~5!

FIG. 1. Geometry for the two-dimensional dielectric-line
waveguide.
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56 4649STIMULATED DIELECTRIC WAKE-FIELD ACCELERATOR
The normalizing constant is

am511
sinh~2kma!

~2kma!
1cosh2~kma!F k~b2a!

a sin2pm~b2a!

2
tanh~kma!

~kma! G ;
b5n/c, g5(12b2)21/2, the eigenfrequencies arevm

5cbpm /Akb221, and km5vm /cbg5pm /gAkb221.
The ~evanescent! transverse wave number in the vacuum
km , and the~real! transverse wave number in the dielectric
pm , andvm5cbkz,m . For the fields given by Eqs.~1!–~5!,
orthonormalization is obtained in the form

E
2b

b

dxEz,mDz,n* 5dmn

a

Aaman

«0EmEn

3exp@2 iz0~vm2vn!/n#, ~6!

where Dz,n* 5«Ez,n* 5k«0Ez,n* in the dielectric slabs and
Dz,n* 5«0Ez,n* in the vacuum gap. The dispersion relation
found to be

pm tanh~kma!5kkm cot@pm~b2a!#. ~7!

It is noted that one can have eigenfrequencies with ne
equal spacing, sincepm(b2a)→(n11/2)p as k→`. As
m→` the asymptotic eigenfrequency spacing approac
Dv5pcb@(b2a)Akb221#21. The wake field is more
strongly peaked and more closely periodic inz0 as the eigen-
frequencies become more nearly periodic, i.e., as a hig
value ofk is used.

To find wake fields induced by an electron bunch, o
expands in orthonormal modes the solution of the inhom
geneous wave equation,

F ]2

]x2 1
]2

]z22
k~x!

c2

]2

]t2GEz~x,z,t !5Sz~x,z,t !, ~8!

with the source function

Sz~x,z,t !5m0

] j z

]t
1

1

«0

]r

]z
,

where thez component of the current density isj z(x,z,t)
5nr(x,z,t), and whereSz(x,z,t)50 for uxu>a. A com-
plete solution can be constructed from fields as given in
~1!, since these are solutions of Eq.~8! with Sz(x,z,t)50
everywhere. We expand the solution of Eq.~8! in the interval
2b<x<b in a Fourier series:

Ez~x,z,t !5 (
m50

`
1

am
f m~x!E

2`

`

dk Am~k!e2 ikz0. ~9!

Inserting Eq.~9! into Eq. ~8!, and multiplying both sides
by w(x)Dz,n* (x,z,t) gives
ly

s

er

e
-

q.

Am~k!5
1

2pam~k22vm
2 /n2!

E
2b

b

dx8E
2`

`

dz08Sz~x8,z08!

3k~x8! f m~x8!w~x8!eikz08. ~10!

Then, integrating overk, with due regard for the choice o
the contour of integration consistent with causality, and
voking Eq.~6! yields

Ez~x,z,t !5 (
m50

` E
2b

b

dx8E
2`

`

dz08Sz~x8,z08!Gm~x,z0 ;x8,z08!,

~11!

where the Green’s functionGm(x,z0 ;x8,z08) is

Gm~x,z0 ;x8,z08!5
2 ink~x8!

2vmama
w~x8! f m~x8! f m~x!

3e2 ivmuz02z08u/n, ~12!

and the weighting factor is w(x)5@(kb221)21,
2g2,(kb221)21# in the intervals @(2b<x<2a),(2a
<x<a),(a<x<b)#, respectively.

For a rectangular bunchr(x,z,t)52Ned(x)/Dz in the
interval z02Dz/2<z<z01Dz/2, and r(x,z,t)50 other-
wise, one finds for the coherent spontaneous wake field f
a bunch containingN electrons the result

Ez~x,z,t !52E0 (
m50

`
f m~x!

am

sin~vmDz/2n!

~vmDz/2n!
e2 ivmz0 /n.

~13!

While for a Gaussian bunch ofN electrons withr(x,z,t)
5@Ned(x)/Dz#exp@2(z0 /Dz)2#, one finds the result

Ez~x,z,t !52E0 (
m50

`
f m~x!

am
e2~vmDz/2n!2

e2 ivmz0 /n.

~14!

In Eqs. ~13! and ~14!, E052Ne/2«0a is a measure of the
Coulomb field of the bunch, and causality dictates that
results are valid only behind the bunch, i.e., forz0<0; ahead
of the bunch the fields are, of course, zero.

The fields for the Gaussian bunch case have been ev
ated for a waveguide witha50.30 cm, b51.147 cm, k
510.0,Dz53.0 mm,2Ne5Q522 nC/mm, andg560. A
relative dielectric constant ofk510.0 is close to the value o
9.6 for alumina, the material that could be used to constr
a proof-of-principal device. It is assumed in this analysis t
k is independent of frequency. For these parameters,E05
237.7 MV/m. The wake field is computed by includin
modes up tom550 in the sum in Eq.~14!, although beyond
the 12th mode the relative amplitudes are less than 1%
that form51. For this case, the first eigenfrequency interv
(v22v1)/2p is 5.70 GHz, while the asymptotic interva
Dv/2p is 5.88 GHz; eigenfrequency intervals differ by
most 3.1%. The computed coherent spontaneous wake-
pattern forEz(x50,z0) of a single bunch is shown in Fig. 2
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4650 56ZHANG, HIRSHFIELD, MARSHALL, AND HAFIZI
for 0<z<100 cm. The wake-field peaks are seen gener
to alternate in sign; each is relatively concentrated inz and
has a period of 10.5 cm, corresponding to the vacuum wa
length at 2.856 GHz, i.e., half the asymptotic frequency
terval Dv/2p. The peak values ofEz for the first wake are
25.57 and15.54 MV/m, and later wakes develop oscill
tory precursors. Figure 3~a! shows the mode frequencies, an
Fig. 3~b! shows the mode amplitudesAm . It is clear that
consideration of only the first few modes would give an
complete picture of the wake-field structure. If the bun
length is decreased, the spectral width increases, and a

FIG. 2. Spontaneous wake field from a22 nC/mm, 30 MeV,
3.0 mm long Gaussian sheet bunch after it has traveled 100
left-to-right in the 2D waveguide.

FIG. 3. ~a! Wake-field mode frequencies; and~b! wake-field
mode amplitudes.
ly

e-
-

-

di-

tional high-frequency structure develops; this is undesira
in connection with the superposition of several bunch
Also, the wider the bandwidth, the greater the influence
dielectric dispersion~neglected here!. Below, we consider
multiple injected bunches with parameters identical to t
first bunch.

The transverse structure of the waveguide fields has
been computed for the example discussed in the prece
paragraph. Figure 4 shows the peak axial electric fi
Ez(x,z050). It is seen to be essentially independent ofx in
the vacuum gap, but it falls rapidly to zero in the dielect
regions. The peak transverse fieldsEx(x,z05zm) and
Hy(x,z05zm) have been computed from Eqs.~3! and ~5!,
where zm5(2m11)pn/2vm ; these fields are depicted i
Figs. 5 and 6. It is seen that the transverse fields are antis
metric in x, essentially linear withx in the vacuum gap, bu
not insignificant in the dielectric regions. Figure 7 shows t
Poynting vectorSz5Ex3Hy , which is seen to vanish atx
50, to be discontinuous at the dielectric-vacuum interfa
and to be largest near the conducting walls. Most of
power flow is seen to be within the dielectric, so that loss
must be minimized to avoid undue heating. The wake-fi
power per unit height can also be found, asPwake

5*2b
b dxSz(x); for the example discussed, one find

Pwake580.0 kW/mm. The wake-field power at any point
the waveguide is maintained at this level for the full 3.3 ns

m

FIG. 4. Peak amplitude of the composite axial electric field
the wake-field example shown in Figs. 2 and 3.

FIG. 5. Peak amplitude of the composite transverse electric fi
for the wake-field example shown in Figs. 2–4.
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56 4651STIMULATED DIELECTRIC WAKE-FIELD ACCELERATOR
transit time of the bunch. In contrast, the peak power in
10.0 psec bunch, defined asPb5(mc2/e)(g21)(Qn/Dz),
is 6.0 GW/mm.

III. STIMULATED EMISSION OF WAKE FIELDS
BY A TRAIN OF BUNCHES

The choice of the particular dielectric-lined wavegui
parameters in Sec. II is seen to result in a spacing of 10.5
between the first few sharply peaked positive polarity wa
field features. This spacing is equal to the interbunch spa
from a typical 2.856 GHz rf injector gun, or for that matte
a rf linac driven at this frequency. Therefore, if success
bunches were injected into the dielectric waveguide, the s
ond bunch will find itself riding just on the crest of the fir
decelerating wake feature generated by the first bunch.
stead of generating only a coherent spontaneous Chere
wake as did the first bunch, the second bunch will be de
erated in the field of the first wake, and its energy will
radiated as additional stimulated Cherenkov energy, wh
builds up its own wake. Successive bunches will inter
similarly. To make this quantitative, one calculates the inc
mental energyDW radiated into the waveguide by a bunch
advancing a distanceDz, and equatesDW/Dz to the energy
loss rate of the bunch. This loss rate is identified with a d
field Edrag acting on the bunch. Thus,

QEdrag5DW/Dz. ~15!

For a bare bunch,Edrag5Espon, the drag field correspondin
only to coherent spontaneous emission. But for a dres
bunch that follows behindN prior bunches, the drag field
consists of the spontaneous drag field added to the comb
wake fields of the preceding bunches. The total wake fiel
incremented by equating the sum of energies lost by
bunches to the change in wake-field energy, the latter be
proportional to the square of the sum of wake-field amp
tudes. It is also noted that perfect synchronism is assume
the above simplified discussion, so that wake amplitu
~and not energies! are added constructively.

The rate of energy accumulation in wake fields beh
any bunch~per unit height along the sheet bunch! is given by

FIG. 6. Peak amplitude of the composite transverse magn
field for the wake-field example shown in Figs. 2–5.
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5

1

4 (
m50

` E
2b

b

dx$«~x!@Ex,m
2 1Ez,m

2 #1m0Hy,m
2 %

5
«0E0

2b

2
F (

m50

`
h2~jm!

am
2 H a

b
g2Fsinh~2kma!

2kma
2b2G

1
b2a

b

k

kb221 F cosh~kma!

sin@pm~b2a!#G
2

3Fsin@2pm~b2a!#

2pm~b2a!
1kb2G J . ~16!

For a rectangular bunch, the structure factor is given
h(jm)5(sin jm/jm)2; and for the Gaussian bunch,h(jm)
h(jm)5exp(2jm

2 ), with jm5vmDz/2n. In Eq. ~16!, F is a
scale factor fixed by balancing the energy loss rate betw
drag on the bunch, and increase in the wake-field energy
described in the prior paragraph. For a bare bunchF51.
This scaling procedure assumes that the source current
charge distributions in Eq.~8! remain constant during the
interaction. If not, the individual mode amplitudes must
adjusted interatively; this amounts to introduction of
z-dependent structure factorh(jm) in equations such as Eqs
~13! and ~14!.

For the parameters chosen, Eq.~16! with F51 gives
dW/dz523.631024 J/m mm.~Note: the mm21 comes from
a 1 mm height up the sheet beam.! EquatingdW/dz to the
energy loss rateQEdrag givesEdrag5Espon51.18 MV/m for a
bare bunch. The wake field induced by a bare bunch can
as high as 5.54 MV/m, as seen in Fig. 2, namely, 4.7 tim
the drag field. This factor, commonly referred to as t
‘‘transformer ratio,’’ is larger than the customary factor of
because of the multimode nature of wake fields that can
ticipate in this case@9#.

Now, when a second bunch is introduced into the wa
guide at the peak of the first bunch wake field, it can
decelerated by up to 1.1815.5456.72 MV/m, the sum of its
own bare drag field associated with spontaneous emiss
plus the wake field of the first bunch; this produces ad
tional stimulated emission. Second bunch deceleration
rate of 6.72 MV/m, i.e., 5.7 times that of a bare bunch, c
clearly not proceed as far as the pointz530/6.754.5 m be-
fore which synchronism fails, due to slippage between

tic FIG. 7. Poynting vector for the wake-field example shown
Figs. 2–6.
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4652 56ZHANG, HIRSHFIELD, MARSHALL, AND HAFIZI
particles and the wake fields as the bunch energy is deple
The wake field of the second bunch adds its energy to tha
the first bunch to give a combined wake field of 14.33 MV
total. This addition of amplitudes only continues as long
synchronism is maintained between bunches and peak w
fields. Highly relativistic bunches can maintain synchroni
while losing a larger fraction of their initial energy, as com
pared with bunches of lesser energy, since for the form
velocity slip is lower, i.e.,Db'Dg/g3.

In the following simple model for the buildup of a cumu
lative wake field from a driving bunch train, the bunches a
taken as point charges that remain perfectly synchron
with the wake fields. The energy radiated into the wake fi
of the nth bunch can be written in terms of the net drag
the chargeQ as

dWn

dz
5RF S (

i 51

n

Ei D 2

2S (
i 51

n21

Ei D 2G
5QFEspon1 (

i 51

n21

Ei G5QEdrag, ~17!

from which the combined wake field is found to be

(
i 51

n

Ei5F S (
i 51

n21

Ei D 2

1
Q

R S Espon1 (
i 51

n21

Ei D G1/2

. ~18!

The factorR is obtained from the coefficient of the electr
field squared in Eq.~16!; R576.9 nC/MV for the example
cited. The individual wake field from thei th bunch isEi .

Table I ~except for the last column! shows a compilation
from this ~admittedly crude! estimate of the drag fields, in
dividual wake fields and combined wake fields, as th
would build up for ten injected bunches. The fifth column
the table lists, for purposes of comparison with the fou
column, the wake field obtained from the numerical stu
described in the next section. For comparison, the drag fi
that results when the transformer ratio is two is, for ea
bunch, an odd integer multiple of 1.18 MV/m, i.e., 1.1
3.54, 5.90, 8.26 MV/m, etc.@7#. One can appreciate from

TABLE I. Constructive superposition of wake fields for ten su
cessive bunches in a 100 cm long dielectric waveguide, as
scribed in the text. Initialg560. The simulation result shown in th
last column is at the time the first bunch has reachedz5100 cm.

Bunch
number

Edrag,i

~MV/m!
Ew,i

~MV/m!
( iEw,i

~MV/m!

(Ew,i

~simulation!
~MV/m!

1 1.18 5.54 5.54 5.82
2 6.72 8.79 14.33 13.69
3 15.51 10.34 24.67 23.05
4 25.85 11.12 35.79 32.80
5 36.97 11.56 47.35 42.66
6 48.53 11.84 59.19 52.49
7 60.37 12.04 71.23 62.20
8 72.41 12.17 83.40 71.80
9 84.58 12.28 95.68 81.25

10 96.36 12.36 108.04 90.61
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Table I that participation of many copropagating modes, a
stimulated emission from a periodic sequence of driv
bunches, can increase dramatically the extraction of ene
from the bunches, which in turn promotes the buildup of
intense overall wake field after passage of a relatively f
moderate-charge driving bunches. These results sugges
stability problems can be avoided that may attend the pro
gation of a single drive bunch of very high charge that
needed to produce a strong wake field on its own.

IV. NUMERICAL SIMULATIONS

The conceptual model discussed in the prior section
sumes perfect synchronism between driving bunches
peak wake fields, and assumes the wake-field amplitud
be uniform over the finite spatial extent of each bunch. T
problem has been examined with greater accuracy in a
merical simulation, using 100 particles per bunch, and tak
slip and actual wake-field amplitude variations into accou
Particles in each 3.0 mm long bunch are injected each
psec~10.5 cm! around the peak of the wake field from prio
bunches. The energy loss rate from each bunch is given
Eq. ~16!, with successive values ofF found from the drag
field on that bunch, i.e., from the sum of its spontaneous d
field Espon and the net wake field from prior bunches. Pa
ticles in a given bunch obey the one-dimensional equation
motion dg/dz5(e/mc2)Edrag, evaluated at each particle’
instantaneous location, whereEdrag is obtained from Eq.
~17!. The initial energy of each bunch is chosen withg initial
560, or about 30 MeV. In this model, the bunches—no
distributed spatially—will lose energy and thus can slip w
respect to the wake fields. Motion in thex-y transverse plane
is neglected.

In Figs. 8 and 9 are shown the results of injecting a t
electron bunch of small charge into the accelerating phas
the wake field set up by the passage of ten prior driv
bunches in a structure 100 cm in length, taking the init
energy of all test electrons to be about 30 MeV~i.e., g initial
560.0!. Beam loading by the test bunch is neglected, so i
assumed that the test bunch charge is very small. The pa
eters of this simulation are identical to those pertaining
Fig. 2. Figure 8~a! shows the buildup of the wake field from
the ten driving bunches, and Fig. 8~b! shows the location of
the finite-length test electron bunch to be accelerated.
test bunch~No. 11! enters behind the tenth drive bunch at t
peak accelerating field, after the first drive bunch has tr
eled n0t5100 cm. Bunch velocities are initially close toc
~i.e., 0.99972c for g initial560.0!. The location of the drive
bunches at this instant is indicated on Fig. 8~a!. As the drive
bunches proceed through the 100 cm long device, the en
of the test electrons increases. In Fig. 9 we plot the energ
every other drive bunch and the energy of the accelerated
bunch ~No. 11!. After n0t5200 cm, the 94.5 cm train o
drive bunches has moved out of the structure, and the ac
erated electrons are just departing. Their energy has b
increased to 100 MeV, with an average acceleration grad
of about 70 MV/m. The value 70 MV/m is greater than te
times the 5.6 MV/m peak wake field of a single bunch. Th
shows that a stronger wake field can be produced by a m
tibunch train, than by a single bunch containing the to
charge of all the bunches. The peak wake field in the str
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ture, 90.6 MV/m, does not exceed known theoretical@6# or
experimental breakdown limits@11#. Table I shows, for com-
parison, that the simplified model predicts a total wake fi
of 108 MV/m after the 10th driving bunch. The later driv
bunches show energy depletion, and indeed byn0t
5120 cm they decrease in energy so that there is first a
page off the wake-field maximum, followed by a further sli
page into the following accelerating phase, after which
drive bunch energy begins to increase again. In this way,
maximum wake-field amplitude is eroded downstream.
Fig. 10 is shown the energy spread of the accelerated e
trons, about 14% over the bunch length of 3 mm, due to
variation of the accelerating wake field over the finite-ext
of the test bunch; forward slippage of the test bunch is ins
nificant.

The wake-field power at any point in the wavegui
builds up in a stepwise fashion, over a 3.3 nsec interval,
level of 19.4 MW/mm.@This value is found by multiplying
the single-bunch value of 80.0 kW/mm by the square of
ratio of peak wake-field amplitudes for ten bunches and
bunch, namely, (90.61/5.82)25242.4.# The 19.4 MW/mm
level is maintained for a further interval of 3.3 nsec, af
which it diminishes in stepwise fashion back to zero.

One can find an approximate upper limit for the ultima
energy to which a test bunch can be accelerated whe
follows a train of driving bunches. This can be determin
by calculating the wake-field energy available for absorpt
by the test bunch. For the example discussed in the prece

FIG. 8. ~a! Cumulative wake-field set up by ten identical su
cessive bunches, at the time the first bunch has moved 100
along the waveguide. The positions of the bunches are indicate
the black dots in the figure.~b! Location of the test bunch~No. 11!
in the accelerating wake field near the entrance of the wavegu
when the first bunch has moved 100 cm.
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paragraphs, the wake-field energy is 174 mJ behind the
bunch atn0t5200 cm, i.e., when the first drive bunch
leaving the waveguide and when the test bunch energ
101.7 MeV. If, for example, the test bunch charge were
nC, it would have absorbed 36 mJ in acquiring 72 MeV up
n0t5200 cm, so about 138 mJ is still available. Thus the t
bunch could in principal acquire another 272 MeV, for
maximum ultimate energy of 374 MeV. However, as the t
bunch approaches this energy, beam loading will have
pleted the wake-field energy, and the acceleration grad
will have fallen below the 56 MV/m value it experienced
n0t5200 cm. Thus the distance necessary to reach, say,
MeV will be greater than 6 m.

From the results shown in Figs. 9 and 10, it is appar
that one should endeavor to eliminate driving bunches fr
the system after their energy has decreased so much that
begin to slip into an accelerating field. The consequence
eliminating spent driving bunches has been examined by
merically decoupling a driving bunch from the computati
before reacceleration can take place. In Fig. 11, we sho

m
by

e,

FIG. 9. History of the energy of various drive bunches and
test bunch, up to the time the test bunch just leaves the waveg

FIG. 10. Energy spread of electrons in the test bunch atn0t
5200 cm.
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result obtained using a 200 cm long dielectric structu
where the ten drive bunches are abruptly deflected out a
traveling 100 cm. We find that the energy of the test partic
increases steadily to 155 MeV after traversing the syst
This compares favorably with what happens when one lea
the drive bunches in for the full 200 cm, where the te
particles only reach an energy of 135 MeV. When dri
bunches decrease in energy so that particle speeds are
nificantly reduced belowc, their wake fields will not remain
synchronized with the fields of the more energetic dr
bunches; the net wake field could lose its spatiotemp
coherence. But, since stimulated wake-field emission is p
portional to the local net field of prior bunches, this will fa
rapidly once a driving bunch loses synchronism. Nevert
less, the reacceleration of drive bunches will drain wake-fi
energy and diminish the accelerating field available for
test bunch, as seen in Figs. 9 and 11. One cure for this
deflect away a drive bunch when its energy falls below
certain limit, e.g., using a transverse magnetic field tha
too small to deflect the orbit of the test electrons apprecia
and then using a second magnet to correct the orbit of
test bunch. We have run another case to show this, as
picted in Fig. 12, where six bunches are deflected out az
565 cm. The energy of the~initially ! 30 MeV drive bunches
does not fall below 3 MeV, and the test electrons reach
MeV at the end of the 200 cm long structure, for a me
accelerating gradient of 48 MV/m. As in the prior examp
this value is seen to be more than six times the wake-fi
amplitude 5.6 MV/m of a single bunch, showing again tha
stronger wake field can be generated by a multibunch tr
than by a single bunch whose charge is equal to the t
charge of all bunches in the train.

Deflection of drive bunches when their energy falls, wit

FIG. 11. Energy of the test electrons vsn0t for two cases. The
dotted line is for the case described in Figs. 8 and 9, but carried
for a 200 cm long waveguide, where the bunches are left in
system the entire length. The solid line is for the case where
drive bunches are eliminated after moving 100 cm along the 200
long waveguide.
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out seriously affecting test bunches, will doubtless requ
careful design and control of the deflecting field, and w
require slots in the dielectric waveguide for egress of sp
drive bunches. An alternative is to allow drive bunches
move rectilinearly, but to deflect the wake fields into a se
ond waveguide where the test bunch also moves rect
early, a scheme that resembles one suggested in Ref.@12#.
Either of these approaches lends itself to multistage acce
tion, in which achievement of energies of interest for hig
energy particle physics experiments is possible. In any c
it is clear that collinear transport of drive bunches and t
bunches will impose limitations on the net acceleration o
can achieve with a wake-field accelerator, as others h
already concluded@9#.

V. DISCUSSION

The model presented in this paper is admittedly a sim
fied one, in that it is a two-dimensional waveguide and
bunched sheet beam that were discussed and analy
Clearly a practical arrangement will be three-dimension
utilizing either a dielectric-lined cylindrical waveguide or
rectangular waveguide containing one or two dielectric sla
The analysis should be extended to these cases to exa
their potential for producing wake fields similar to those d
scribed in this paper. Preliminary study@13# of dispersion in
a cylindrical dielectric-lined waveguide has shown th
eigenmodes with phase velocities close toc will have mini-
mum deviations in eigenfrequency spacing that are so
what more than double the deviations for planar wavegu
@cf. Fig. 3~a!#. But cylindrical waveguides may not allow
transformer ratios as high as those found in this paper, s
radiated wake field energy must fill a larger volume prop
tionally than for the two-dimensional case. The possibility
employing advanced materials with dielectric constantk

ut
e
e
m

FIG. 12. History of the energy of drive bunches in a six bun
train, when the bunches are eliminated atz565 cm. The total
waveguide length is 200 cm, and the average accelerating w
field produced is 42.5 MV/m.
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greater than 10 should also be examined since, for short d
ing bunch lengths, higherk results in sharper wake-fiel
peaks. It also may be that a multilayer dielectric liner cou
be used to introduce compensation for the dispersion o
single-layered liner, but preliminary study of this questi
has so far yielded inconclusive results.

Significant wake-field power flow has been found for t
train of ten driving bunches, namely, 19.4 MW/mm. T
corresponding value for a cylindrical waveguide could e
ceed 100 MW, in about a dozen TM0m modes ranging in
frequency from 2.856 to perhaps 50 GHz, and in a pu
about 10 nsec long. Comparable power and pulse width w
such a spectrum cannot be obtained from a convention
source, without a complex system for pulse compression
harmonic multiplication. But a limitation exists in peak an
average power capability for a dielectric waveguide, on
count of dielectric breakdown and bulk heating from vo
metric losses.

Transverse wake fields have not been addressed in
analysis presented here. But recently, it was shown that t
vanish in ideal planar geometry asg→` @14#. For dielectric-
lined cylindrical waveguides, transverse fields from a sin
driving bunch have been examined@3,4#; it was found that
these can be weaker than in traditional disk-load
waveguides. Nevertheless, transverse wake fields will n
to be analyzed for S-WAC to determine how they build up
a multibunch train, and how they influence beam stability

Another assumption underlying the calculation is th
wake fields continue to travel with the speed of the 30 M
particles, even when a drive bunch is significantly dece
ated. In view of the highly relativistic motion and the fini
, J
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length ~100 cm! along the first part of the system, this is
good assumption until the drive bunch energy has been
duced below a few MeV, as discussed above. Additionally
would be necessary to include a variable structure fac
h(jm) @see Eq.~16!# to account for distortions in bunch dis
tribution when severe energy depletion sets in. On the o
hand, accelerated particles always travel very close toc and,
by the time 200 cm has been reached, the accelerated
trons have not slipped significantly ahead of an accelera
wake-field pulse. Extension of the theory to include be
loading by a test bunch is necessary to obtain accurate a
eration lengths. It will also be necessary to examine mean
deflect away either the spent driving bunches, or to diffr
away the wake field, once the driving bunches begin to s
These improvements to the theory are needed to allow o
mization of strong multibunch wake fields, with accelerati
of one or more test bunches. But, the above limitations n
withstanding, it seems reasonable to expect that the sim
fied calculations presented in this paper can provide an
equate guide for further detailed calculations, and ultimat
for the design of a convincing proof-of-principal ‘‘two
beam’’ stimulated dielectric wake-field accelerator expe
ment.
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