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Similarity law for the tilt angle of dendrites in directional solidification
of non-axially-oriented crystals

Silvère Akamatsu and Thomas Ihle*
Groupe de Physique des Solides, Universite´s Denis Diderot (Paris VII) et Pierre et Marie Curie (Paris VI),

Tour 23, 2 place Jussieu, 75251 Paris Cedex 05, France
~Received 1 May 1997!

We report on an experimental and numerical study of tilted dendrites observed in thin-film directional
solidification of a CBr4–8 mol % C2Cl6 alloy for an arbitrary orientation of the crystal with respect to the plane
of the sample and the pulling direction. The drift velocityVd , or, equivalently, the tilt anglea ~defined as
tana5Vd /V, whereV is the pulling velocity! of the dendrites is an increasing function ofV and the dendritic
spacingl. We show thata scales like the Pe´clet numberP5lV/D ~D is diffusion coefficient in the liquid!.
In the limit of largeP values (P.7), a tends to a constant, crystallographically determined value. We show
that thea versusP master curve is insensitive to the temperature gradient as long asV is not too close to the
cellular-threshold velocity. The tilt dynamics of dendrites in directional solidification is thus essentially deter-
mined by the interactions between neighboring dendrites within the approximately periodic pattern. We also
show that the shape of the master curve only slightly depends on the value of the interfacial anisotropy, as long
as it is not too small.@S1063-651X~97!14310-0#

PACS number~s!: 68.70.1w, 81.10.Aj, 64.70.Dv, 81.30.Fb
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I. INTRODUCTION

The most frequently encountered growth morphology
nonfaceted crystals~diffusion-controlled growth! is the den-
drite @1–4#. In free growth, i.e., the growth of a crystal from
a unique solid germ in a uniformly cooled melt, dendrit
grow isolated from each other. The dendritic shape is the
‘‘needle crystal’’ with a parabolic tip affected on its sides b
a secondary branching. At given undercooling, the dendr
tip radius of curvaturer and the tip velocity are uniquely
selected by the anisotropy of the surface stiffnesst @1# or the
kinetic coefficientb @2#. The dendrites moreover grow pa
allel to symmetry axes of the crystal corresponding to
directions of the minimums oft or b. For cubic crystals@3#,
these directions generally are^100& axes. In directional so-
lidification @4#, the melt is solidified at constant velocityV in
an externally imposed, unidirectional temperature gradi
In thin samples, the growth pattern is then essentially p
odic. At sufficiently high values ofV above the cellular-
threshold velocityVc @5#, one observes regular arrays of de
drites. Within such patterns, each dendrite interacts with
neighbors via the diffusion field in the liquid~finite-size ef-
fects!, the strength of this interaction being obviously a d
creasing function of the inter-dendritic spacingl.

In thin samples, the growth pattern strongly depends
the orientation of the crystal with respect to the solidificati
setup. The reason for this is that the system practically
haves in a two-dimensional~2D! way, as shown in Ref.@4#.
This means that, in spite of the fact that the solid-liqu
interface necessarily forms a meniscus, it can be consid

*Present address: Laboratoire de Spectrome´trie Physique, Univer-
sitéJoseph Fourier~Grenoble I!, Boı̂te Postale 87, 38402 St. Marti
d’Hères Cedex, France.
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that the normal of the solid-liquid interface remains para
to the plane of the sample. The pattern is only sensitive to
strength and form of the anisotropy of the crystal within th
plane@4#. In directional solidification, the orientation of th
crystal must be specified not only with respect to the sam
plane, but also with respect to the axis of the temperat
gradient, which is also the imposed average growth~or pull-
ing! axis. Letz be the pulling axis andx the axis normal to
z and parallel to the plane of the sample. Letc be the direc-
tion of the minimum oft or b within the sample plane and
a0 the angle betweenz and c. Except for axially oriented
crystals—i.e., the particular case where a^100& axis of the
~cubic! crystal, or its projection onto the sample plane,
parallel toz—a0 is nonzero. The dendritic pattern then drif
at a constant velocityVd along the front~Fig. 1! @4,6–7#. The
tilt angle a of the dendrites, defined by tana5Vd /V, is of
same sign as but smaller~in absolute value! thana0 . Con-
trary to free-growth dendrites, directional-solidification de
drites generally grow along a direction that is not that of t
minimum of t or b.

In this paper, we focus on the quantitative dependenc
a on the various relevant parameters, namely, the temp
ture gradientG, the pulling velocityV, the dendritic spacing
l, and the orientation of the crystal. To this purpose,
performed directional solidification experiments
CBr4-C2Cl6 alloys at a fixed concentrationC`58 mol %.
We also carried out numerical calculations~resolution of the
equations of the minimal model of diffusion-controlle
growth in two dimensions in a channel with periodic boun
ary conditions! with the help of a dynamic code adapte
from that used in Ref.@4#. A priori, the difference betweena
and a0 can be expected to depend on both the interacti
between neighboring dendrites and the strength of the t
perature gradient. We indeed observe that the tilt angle of
dendrites is an increasing function ofV ~as already shown
4479 © 1997 The American Physical Society
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FIG. 1. Tilted-dendrite patterns in directiona
solidification of a CBr4–8 mol % C2Cl6 alloy for
three different pulling velocities: ~a!
9.94mm s21; ~b! 13.5mm s21; ~c! 23.9mm s21.
z axis: pulling axis;a: tilt angle of the dendrite;
a0 : angle between thez axis and thec axis ~see
text!.
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experimentally by Trivediet al. @6# and Oswaldet al. @7# in
the pivalic acid–ethanol system! and also ofl. The depen-
dence ofa on l, which has never been quantitatively dem
onstrated before, is not a surprise in view of the preced
remarks. More unexpectedly, we find that, for pulling velo
ties sufficiently higher thanVc , a is practically a function of
only one variable, namely, the spacing Pe´clet number, de-
fined asP5l/ l d , wherel d5D/V is the diffusion length~D
is the diffusion coefficient of the solute in the liquid!. This
means that the tilt angle of dendrites is determined by fin
size effects, independently of the value ofG. These results
are found both experimentally and numerically. In additio
numerical calculations show that, at givenP, a scales almost
linearly with a0 for a0 values up to'25°. We also inves-
tigated numerically the dependence ofa on the strength of
the interfacial anisotropy.

II. EXPERIMENTAL AND NUMERICAL METHODS

For the directional solidification experiments, the conce
tration of C2Cl6 in the CBr4-C2Cl6 alloy was fixed to 8
mol %. The alloy was made with zone-refined and outgas
materials. The temperature gradient was set toG5110
610 K cm21. The calculated value of the cellular-thresho
velocity Vcs in the constitutional supercooling approximatio
is '2.5mm s21. We recall thatVcs5DG/DT0 , whereDT0
5m(K2121)C` is the thermal gap,m the slope of the li-
quidus, andK the partition coefficient~see Table I! @5#. Ex-
perimentally, we measured the actual value of the cellu
threshold Vc

expt52.260.4mm s21. The fact that Vc
expt is

smaller thanVcs stems from the presence of a small amou
of residual impurities in the alloy@8,9#. Two facts evidence
that residual impurities do not markedly perturb our expe
ments. First, the initial solute-redistribution transient@10# is
g
-

-

,

-

d
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t

-

well completed within about 5 times the diffusion timed
5D/V2, and the long-lasting recoil of the front previous
recorded in the most contaminated samples was not
served. Second, no gas bubbles were observed to preex
the liquid or nucleate in the course of solidification runs~low
residual-gas concentration!.

We used thin~'12mm thick!, ‘‘funnel-shaped’’ samples
@4# in order to select large~'8 mm wide! single crystals.
However, the selection procedure of the single crystal is p
formed without any quantitative knowledge of the anisotro
and a0 . X-ray analysis for the determination of the cryst
orientation cannot be used because a solid-solid trans
undergone by the CBr4-C2Cl6 alloy at about 43 °C induces
polygonization of the initial single crystal. We did not us
the ‘‘faceted-bubble’’ method explained in Ref.@4# in order
to avoid plastic deformations of the crystal when a bubble
being entrapped by the solid@11#.

Each solidification run was performed by increasingV
through discrete velocity jumps within a range
4 – 31mm s21, i.e., 1.4Vcs to 11Vcs. After eachV jump, we
waited a time much longer thand ~or D/V1V2 for a velocity
jump from V1 to V2! @10#. It can be seen in Fig. 1, which
shows three tilted-dendrite fronts observed in the same si
crystal at three different velocities, thatl is not uniform

TABLE I. Physical constants of the CBr4-C2Cl6 alloy. The val-
ues of m, K, D, and d0 ~symbols: see text! are known within
620% @9#. The melting temperatureTm of pure CBr4 is known
60.3 °C. The determination ofb0 @14# is explained in Sec. II.

Tm

~°C!
umu

~K/mol %!
K D

(cm2 s21)
d0

~mm!
b0

(K s mm21)

92.5 0.8 0.75 531026 0.054 4.4631023
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56 4481SIMILARITY LAW FOR THE TILT ANGLE O F . . .
along a given front. These smoothl modulations are ob-
served to persist over very long times (@d) and, except
when l gradients are too steep, they travel rigidly with t
pattern, which shows thatl is not selected and phase diffu
sion is ineffective. Thel modulations are thus history depe
dent and remain essentially unchanged since the initial in
bility of the front. This is true even whenV jumps are
applied, provided that the amplitude of the jumps rema
moderate~i.e., such that no cell termination, or tip splitting
or tail instability occur; in practice, this is always fulfilled b
increasingV by a factor less than 2!. As a consequence, th
mean value of the dendritic spacing and the width of thel
distribution does not change much whenV is varied. There
are, nevertheless, some changes that are due to the fac
the drifting pattern is continually generated at a source p
~the edge of the sample opposite to the drift direction, in
case of Fig. 1 the left-hand edge! and that the value ofl
delivered by this source depends onV. This means that the
patterns that we have studied were never perfectly ste
We took care to measurea only in quasisteady situations.a
measurements were done by recording spatiotemporal
grams over long times~more than ten timesd! from images
of about a third~2.5 mm! of the whole front~this corre-
sponds to about 25–40 cells or dendrites, according to
mean value ofl!.

Numerical calculations were performed in two dime
sions in a channel with periodic boundary conditions@4#, as
mentioned above. We included a linear interfacial kinet
into the Gibbs-Thomson equation, which reads

ui512dk2
bv
DT0

, ~1!

whereui5(C2C`)/DC0 is the reduced concentration at th
interface~DC05DT0 /m is the concentration gap!, k the cur-
vature of the interface,d the capillary length, andv the
velocity of the interface. Bothd and b are assumed to de
pend on the orientation of the crystal. The inclusion of
anisotropic kinetic coefficient was motivated by our previo
observation @4# that the tip region of the dendrites i
CBr4-C2Cl6 alloys atV@Vc exhibits a pronounced angula
shape and a weak-amplitude sidebranching. A detailed
merical study of the shape of the dendrites as a function ob
and its anisotropy, which will be reported elsewhere@12#, led
us to the conclusion that, as suggested by Classenet al. @13#,
the kinetic anisotropy even dominates the capillary one in
dendritic-selection mechanism in our system. We took
following formulas ford andb:

d~u!5d1@12«ccos4~u2a0!#, ~2!

b~u!5b1@12«kcos4~u2a0!#, ~3!

These functional forms are appropriate for crystal orien
tions such that a@100# axis nearly lies within the sampl
plane. In this case, thec axis practically coincides with the
projection of the@100# axis onto the sample plane. The c
efficients b1 , d1 , «k , and «c ~but not a0! depend on the
off-plane misorientation of the@100# axis @4#. Quantitatively,
the dependence ofb1 and d1 on the crystal orientation is
negligible. We took them equal to their valuesb0 and d0
a-
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averaged over all orientations. On the other hand, for sy
metry reasons,«k and«c have the same, strong dependen
on the crystal orientation. They are maximum when a^100&
axis lies in the plane of the sample, and decrease as
off-plane misorientation of this axis increases. The va
b054.4631023 K s mm21 @14#, and the values«k50.12
and «c50.06 in a~100! plane were determined so as to
the shape of axial dendrites observed for a crystal orienta
such that a@100# axis is nearly parallel to thez axis@12#. The
value of the other physical constants used in the calculatio
which have been independently determined in a previ
study @8#, are reported in Table I. In the present study, t
concentration was fixed to 8 mol % and the temperature g
dient to G580 K cm21 (Vcs51.85mm s21). Most of our
calculations have been performed fora0530°. In Fig. 2 is
shown a simulation of an array of four tilted dendrites c
culated with a0545° and l5155.2mm at V56Vcs ~P
53.44 anda535°!. The calculation is made in a channel
relatively large widthw54l to ensure that the extended
stationary pattern is intrinsically stable. For thisa0 value,
unstable patterns are observed in the absence of kinetic
isotropy. It can be seen in Fig. 2 that the successive ima
of the interdendritic liquid grooves overlap. This entails th
the angle of the grooves with thez axis is slightly higher
thana. Finally, experiments as well as calculations show t
the shape of tilted dendrites is asymmetric with respect to
tilt axis. The point of maximum curvature is neither the po
of lower undercooling nor the point at which the normal
the interface is parallel to the tilt axis. The detailed study
the shape of tilted dendrites is in progress and will be
ported elsewhere.

III. RESULTS

The values ofa measured during the same three expe
mental runs as in Fig. 1 are plotted in Fig. 3 as a function
l. The reading errors are much smaller than the scatter o
data points, which is mainly due to the fact that the patte
are not strictly stationary~see above!. Figure 3 primarily
shows that, at fixedV, a markedly increases whenl in-
creases. In addition, it confirms that, at fixedl, a increases
whenV increases@5,6#. Figure 4 shows the dependence ofa
on the spacing Pe´clet numberP for two different crystals
~crystal 1 is the same crystal as in Figs. 1 and 3!. For each

FIG. 2. Tilted dendrites obtained in a numerical calculation in
channel with periodic boundary conditions of the directional soli
fication of a CBr4–8 mol % C2Cl6 alloy (a0545°). V56Vcs; l
5155.2mm; P53.44 anda535°; channel width: 4l.
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4482 56SILVÈRE AKAMATSU AND THOMAS IHLE
crystal, the data points fall onto a single, well-defined cur
This similarity-law behavior is confirmed by the numeric
calculations reported in Fig. 5~see also Table II!. We calcu-
lated three sets of data points fora0530° for three values of
l, namely, 55.9, 79.0, and 162.8mm, which fall within the
experimentally observed range. The value ofV was varied
between 1.7Vcs and 14Vcs, so thatP varied between 0.5 and
7. The three numerical sets of data coincide within numer
errors (60.3°) for P ranging from about 0.9 to 7. The sligh
discrepancy between the two points atP50.6 will be com-
mented on in the next section.

In our experiments, the value ofa0 is not known indepen-
dently of the growth pattern. We thus cannot directly co
pare the numerical data to the experimental ones. Howe
our experimental and numerical results show that, at higP
values,a tends towards a constant value, which depends
the crystal orientation. The calculations moreover show t
this limit value is equal~or, at least, extremely close! to a0 .
From Fig. 4, it can be seen that this limit value is rough
equal to 40° for crystal 1 and 32° for crystal 2~the
experimental error being about62°!. This yields thus a

FIG. 3. a as a function ofl measured atV59.94mm s21 ~Ÿ!,
V513.5mm s21 ~)!, andV523.9mm s21 ~h1! in the same crysta
as in Fig. 1.

FIG. 4. a as a function ofP ~see text! measured experimentall
for two crystals of different orientations. Crystal 1~h! corresponds
to the same crystal as in Figs. 1 and 3. The thin line is a guide
the eyes and corresponds to numerical points calculated fora0

530° ~see Fig. 5 and Table II! rescaled so that it fits the exper
mental points of crystal 2~s!.
.
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method for estimatinga0 , which simply consists of extrapo
lating the measured values ofa to high values ofP. One has,
however, to take care of the fact that thea versusP curves
only saturate for relatively highP values. In the case of the
curve calculated fora0530° ~Fig. 5!, the difference between
a and a0 is '6° at P55, and still '2° at P57. On the
other hand, we calculated that, fora0517°, a515.962° at
P55, which seems to indicate that thea versusP curve
approaches its asymptotic value more rapidly asa0 is de-
creased.

This last result signals that the shape of thea versusP
curve varies according to the value ofa0 . On the one hand
we show in Fig. 4 that it is possible to fit the wholea versus
P curve calculated fora0530°, multiplied by a factor
'1.15, to the experimental data of crystal 2, which, as e
mated above, corresponds to a value ofa0 , which is not very
different from 30°. On the other hand, the same proced
applied to crystal 1 gave unsatisfactory results, indicat
that the shape of thea versusP curve changes significantly
from a0'30° toa0540°. This can be understood by stud
ing the dependence ofa on a0 at a fixed value ofP. Figure
6 shows that, forP52.93 anda0 ranging between 0 and 47

r

FIG. 5. a as a function ofP calculated numerically (a0530°)
for l555.9mm ~s!, l579mm ~h!, and l5162.8mm ~n! at
various velocities. The point calculated atP55 and fora0517°
~.! and the numerical results obtained by Okada and Saito@16# ~j!
also fora0517° are rescaled by a factor 1.76~see text!.

TABLE II. a as a function ofP for different values ofl ~nu-
merical results! anda0530°; see text for symbols.

a ~deg!
P l555.9mm l579.0mm l595.6mm l5162.8mm

0.49725 4.4
0.585 6.8 6.2
0.73125 8.7
0.8775 11.0 10.9
1.17 14.1 14.1
1.4625 16.4 16.5
2.0475 19.8 19.9 19.8
2.91 23.4
2.925 23.1 23.4
5 26.7 27.2 27.4
7 28.1 28.6
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56 4483SIMILARITY LAW FOR THE TILT ANGLE O F . . .
~see also Table III!, the dependence ofa on a0 is roughly
linear for 0,a0&25°. Within this range of values ofa0 ,
the a versusP curves corresponding to different values
a0 can be rescaled so that they fit each other, the sca
factor being then exactly equal to 1/a0 . In other words, the
a/a0 versusP curve can be used as a master curve, and
knowledge ofa for any value ofP is sufficient to knowa0 .
For a0 higher than 25°~as in the case of crystals 1 and 2!,
the variations ofa with P and a0 cease to obey this add
tional similarity law.

Finally, in the experiments, not onlya0 , but also«k ,
varies from one crystal orientation to another. We stud
numerically the sensitivity ofa to «k ~«k /«c52 being kept
constant! at a givenP value of 2.925 anda0530° ~Fig. 7;
see also Table IV!. It can be seen thata increases when«k
increases, this dependence being particularly strong whe«k
is small («k,0.06). However, it must be noted that, in th
low-anisotropy range, calculations have shown that, asV and
l are increased, the pattern becomes sensitive to instabi
that are clearly a precursor of the formation of doublons a
the ‘‘seaweed pattern’’@4#. These instabilities were not ob
served during the solidification of crystals 1 and 2. Our e
periments thus clearly correspond to the ‘‘high’’-anisotro
range (0.06,«k), within which the variations ofa with «k
are small. The direct comparison made in the preceding p

FIG. 6. a as a function ofa0 for P52.925 (l555.9mm) ~nu-
merical results!. The line joining the data points is only a guide fo
the eye. Dotted line: straight line passing through the first two d
points.

TABLE III. a as a function ofa0 ~numerical results! for P
52.93 ~see text!.

a0 ~deg! a ~deg!

8 6.47
15 12.1
24 18.7
30 23.1
38 27.5
43 29.6
45 29.7
46 28.95
47 28.7
g

e

d

ies
d

-

a-

graph between thea versusP curves obtained experimen
tally and numerically, which assumed implicitly that a@100#
axis nearly lies within the sample plane, is thus justifie
From Fig. 7, one deduces that the above fitting proced
applied to crystal 2 delivers a value ofa0 (1.15330
534.5°) is accurate within'15%, which remains of the
same order of magnitude as the experimental uncertaint

IV. DISCUSSION

The growth dynamics in directional solidificationa priori
depends on the relative values of the characteristic len
l d , @l t5DT0/G ~thermal length!#, d0 , and l ~a ‘‘kinetic
length’’ k05Db0 /DT0 can also be defined from the kinet
coefficientb0 @14#!. Moreover, it generally suffices to con
sider three reduced parameters, constructed from these
characteristic lengths, and which are~i! the spacing Pe´clet
numberP, ~ii ! the parameterm5 l t / l d5V/Vcs, and~iii ! the
parameterd0 / l t ~or, rather,k0 / l t!. As mentioned above, the
first parameter (P) measures the interactions between neig
boring dendrites via the diffusion field. Since, in the pres
study, C` is fixed, the second parameter~m! measures the
influence of the temperature gradient. Contrary tol t and l d ,
the lengthsd0 and k0 are not observable directly. Knowin
that, except for very dilute alloys~which is not the case
here!, the ratiosd0 / l t andk0 / l t are extremely small~in the
range 1024– 1023! is not sufficient to decide if these quan
tities are relevant or not for the determination of the tilt ang
of the dendrites. However, asd0 andk0 set the scale for the
tip radiusr of the dendrites, it can be assumed that the
fluence ofd0 / l t and k0 / l t can be neglected as long as th

ta

FIG. 7. Dependence ofa on «k for P52.925 anda0530°
~numerical results!. The ratio«k /«c52 is kept constant. The line is
only a guide for the eye.

TABLE IV. a as a function of«k ~numerical results! for P
52.93 ~see text!. Note that«k /«c52 is kept constant.

«k a ~deg!

0.02 9.6
0.03 15.4
0.06 19.7
0.09 21.35
0.12 23.1
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4484 56SILVÈRE AKAMATSU AND THOMAS IHLE
ratio r/ l t is small, which is the case here.
Our results show that, in directional solidification, the d

viation of the dendritic-growth axis from the preferre
growth axisc, i.e., the difference betweena anda0 , is only
a function ofP. This means thata2a0 is insensitive to the
value ofG. We obtained additional evidence of this prope
by calculating a at a given value of P52.925 (l
555.9mm) for two values ofG ~40 and 160 K cm21! dif-
fering from each other by a factor 4. These calculations g
the same value ofa522.6° within numerical errors
(60.3°). This also explains the quantitative agreement
tween the numerical and the experimental results, altho
they correspond to two different values ofG.

On the other hand, the assertion that, to a very good
proximation,P is the unique relevant parameter for the d
pendence ofa on V andl ceases certainly to be valid forV
values just aboveVc , i.e., whenm is close to 1. The theory
shows that the value ofa at the threshold (ac) is zero for a
purely capillary anisotropy. In the presence of a kinetic a
isotropy @15#, ac is a constant that does not scale aslcVc ,
wherelc is the critical wavelength of the cellular instabilit
@5# ~note that, in our experiments,lc'101mm and Vc
'2.8mm s21, so that the corresponding Pe´clet number is
'0.6!. Thus, for V very close toVc , a, as well as other
morphological variables, depends not only onP, but also on
m. Experimentally, we indeed noted that, whenm is close to
1, thea data points no longer superimpose in thea versusP
representation. This sensitivity ofa to the temperature gra
dient close toVc also clearly appears in our numerical ca
culations forV less than'3Vcs, i.e.,m,3 ~it is the origin of
the slight discrepancy visible between the two points
tained atP50.6 in Fig. 5!. This shows that the shallow-ce
regime, which corresponds to this low-velocity range, is p
cisely the regime in which the effects ofG are important.

Whenm tends towards infinity, i.e., whenV, and thusP,
indefinitely increase at fixedl, a tends towardsa0 since the
boundary conditions are becoming equivalent to these of
growth. That increasingl at fixedV leads to the same resu
is more surprising, sincem remains constant and is not ne
essarily large. Nevertheless, we found numerically that
constantP (P55), whenl is changed by a factor of 3~from
55.9 to 162.8mm; m then varies from 8 to 25!, a remains
remarkably constant~a52760.4° for a0530°!.

The comparison of our results~which, we recall, are cal-
culated fora0530°! with those found numerically by Okad
and Saito@16# leads to another unexpected conclusion. Th
authors calculateda as a function ofV for a singlel value
S
-
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-

e

-
h

p-
-

-

-

-

e

at

e

(l/ l t50.36) and a single value ofa0 ~17°! for a system
without kinetic effects, thus with a purely capillary aniso
ropy «c50.1 ~the material parameters were those of a Ni-
steel!. For P ranging between 1 and 5, their points, simp
rescaled by 30/1751.76 ~Fig. 5!, superimpose onto our nu
merical data within61°. At high P values, thea versusP
curve calculated by Okada and Saito tends towardsa0 more
rapidly than our curve calculated fora0530°. On the other
hand, our data point calculated fora0517° andP55 falls
well in the continuity of Okada and Saito’s ones. In additio
these authors also found an approximately linear depend
of a with a0 at constantP for a0 ranging between 0 and 25
@17#. Once again, the deviations between the various set
data calculated for different values ofa0 can be apparently
explained by the slight dependence of the shape of tha
versusP curve on the value ofa0 . It seems thus that, at leas
within the large-anisotropy limit, the scaling ofa with P is
essentially independent of the nature of the anisotropic in
facial property~surface tension or interfacial kinetics! in-
volved in the dendritic-selection mechanism.

To conclude, we have demonstrated the existence o
master curve for the tilt anglea of tilted dendrites as a func
tion of the spacing Pe´clet number in directional solidifica
tion. This master curve is essentially insensitive to the te
perature gradient and its shape is essentially due to finite-
effects within the periodic pattern. The only significant infl
ence of the unidirectional temperature gradient on the gro
pattern is thus to make it approximately periodic. It wou
thus be interesting to examine if, as it apparently follo
from our study, tilted dendrites with the sameP dependence
of a would also be observed in free growth under perio
boundary conditions@18#. In this case, this would mean tha
the dynamics and the selection mechanism of tilted but a
of axial dendrites@19# in directional solidification obey the
same rules as free-growth dendrites in a channel with p
odic boundary conditions@20#.
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