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Molecular dynamics studies of granular flow through an aperture
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Molecular dynamics methods are used to study two-dimensional gravity-driven granular flow through a
horizontal aperture. Two distinct approaches to modeling the granular particles are stad@idcular par-
ticles subject to a strongly repulsive short-range interaction, together with normal and tangential frictional
damping forces(b) Rigid nonconvex particles, each consisting of disks arranged as an equilateral triangle,
suitably spaced to provide a tangible indentation along each edge; the same repulsive interactions between
disks in different grains and normal frictional damping forces are incorporated, but transverse damping is
omitted, with the model relying on grain shape to resist sliding motion. In order to allow accurate measure-
ments under steady-state conditions, a continuous-feed approach is adopted, in which grains exiting through
the hole are returned to the top of the material in the container. For both models the output flow is measured
as a function of aperture size, and the observed behavior is compared with previous theoretical and experi-
mental results. Tests of the degree to which the models reproduce the depth independence of the flow are
reported, and the influence of the container width and the nature of the walls are studied. The depth dependence
of the pressure, the local stress distribution, and the particle flow patterns are also examined.
[S1063-651%97)05710-3

PACS numbd(s): 83.70.Fn, 02.70.Ns, 46.108z, 05.60+w

I. INTRODUCTION level necessary to probe the stresses and motion correlations
of individual grains—will it be possible to decide which of

There is a clear need to develop the capability to predicthe models provides the most faithful representation of
the qualitative and quantitative flow behavior of dry granulargranular substances.
materials under the variety of conditions that arise in indus- The most detailed approach available for investigating
trial applications. In contrast to atomistic systems, for whichProblems of granular flow is based on the molecular
atomic theory, equilibrium statistical mechanics, and lineaigranulay dynamics simulation of systems of inelastic par-
response theory provide the theoretical underpinnings for ndicles. In this paper we report on a detailed study of the flow
merical many-body studies aimed at elucidating the detaile@f granular material through a horizontal aperture. For com-
mechanisms of fluid flow, the far more complex behaviorPutational convenience the system studied is two dimen-
displayed by granular materials lacks any established thedional. Two distinct models for granular particles are
retical foundation, and the problem must therefore be adinvestigated—the motivation for examining alternative mod-
dressed by aa priori numerical approach. The aim of such €ls is to determine the extent to which general features of the
numerical studies is to determine how interparticle interacPehavior are independent of the details of the model. In the
tions, boundary effects, and gravitational forces combine tdirst of these models the particles are represented as disks
produce effects observed in, for example, flow through apermat interact with one another through strong repulsive forces
tures(as in hopper flow flow along inclined surface@hute  that prevent overlap, as well as normal and tangential damp-
flow), and convection and size segregation under vertical viing forces that provide the energy dissipation and shear re-
bration, to name but a few of the phenomena that are both gyistance characteristic of a variety of granular substances. In
scientific interest and great industrial importance. the second model the grains are represented as rigid triangu-

Computer mode"ng p|ays an important role in the effortlar assemblies of disks that are SUbjeCt to normal damplng
to understand the nature of granular matter. The observatidigrces only; here the absence of tangential damping should at
that much of what characterizes granular flow is universal, ifeast be partly compensated for by the more complex granu-
the sense that substances of very different constituency e}@’ shape whose concavities inhibit sliding under a normal
hibit common behavior, is an indication that it ought to beload. To obtain the long runs and steady flow state necessary
possible to determine which of the underlying properties off0 provide adequate statistics, we introduce a scheme for
the individual grains bear primary responsibility for the recycling grains as they exit through the aperture. We exam-
qua"tative nature of the behavior, and which p|ay On|y a|ne the extent to Wh|Ch the measured behavior agrees W|th
secondary role and determine the quantitative details. Sinc&€xPerimental observations, and also compare our results with
from a computational point of view, the present state of ourPrevious related work.
understanding of the nature of granular matter makes it im-
possible to represent the full complexity of granular materi- Il BACKGROUND
als, the decision as to how the key features should be repre-
sented allows some freedom of choice. Only through careful The last few years have witnessed numerous attempts at
comparison between simulation and experiment—and so fausing particle-level modeling1,2] in order to simulate a
very few attempts have been made at the sufficiently detailedariety of granular flow$3] in full detail. Much of the work
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has concentrated on the somewhat intriguing problem oéllowance is made for the fact that, because of the finite grain
size-dependent segregation under vibration, but other kegize, the effective aperture size is riotbut D —kd, where
problems, such as shear flow and flow through an aperturéd is the size of the so-called empty annulus, dnds a
have also been addressed. In some respects simulation néwmber that must be determined experimentally for each
leads experiment: the kinds of detailed measurements protiind of material[9], then the discharge rate should be
ing the properties of both individual grains and small groups
of grains that are readily accomplished in the course of a d_N: U2y — e ) 52
: \ . Cpg~ (D —kd)™", (1)

simulation have only recently attracted the attention of ex- dt
perimentalist§4]. While many aspects of simulation and ex-
periment are found to be in broad agreement at the bulkvherep is the grain packing density near the aperture, @nd
level, a full validation of the granular models used in theiS @ constant that also depends on the material type. Such a
simulations will eventua”y require a detailed Comparison offormula has achieved considerable success in flttlng the mea-
stresses and dynamic correlations at the level of individuapured discharge rates for a wide range of granular substances
grains. The fact that simulation is able to reproduce some d8,9], typically to within about 5%. In many caséslies in
the features of granular flow is, of course, insufficient tothe range 1.3—1.5, although the typical value for sand turns
establish that other properties are adequately represented. Out to bek=2.9.

This paper addresses the pr0b|em of gra\/ity_driven flow There is at least one plausible physical explanation for the
of granular material through a horizontal aperture, a simpliresult derived via dimensional analy$&l. Since the flow is
fied model for the outflow from a silo or storage tank with dominated by the behavior in the vicinity of the aperture, it
vertical walls. This is clearly a problem of considerable in-S€ems appropriate to introduce the concept of a free-fall
dustrial importance, but engineering design is based on @rch; above the arch grains are packed together and mutually
continuous-medium treatme[rﬁ] that Comp|ete|y ignores the impede each other’s motion, with the result that flow is re-
discrete nature of the grains_ In the present Study, both fot,arded Below the arch the grains are essentially unconfined,
computational convenience and following the prevailing tra-the stress is zero, and so they accelerate freely under the
dition of most granu|ar simulations carried out to date, theinfluence of gravity. If the characteristic arch size is that of
problem is treated in two dimensions; this is not expected téhe aperture itself then, irrespective of the precise shape of
lead to any substantial differences in the behavior, beyonéhe arch, the general result followalthough more detailed
those of a geometric nature associated with the change éfescriptions have been propogéd]). This behavior should
dimensionality. be contrasted with the outflow of a simple liquid, where the

There have been two previous related studies of this prob20w height-dependent discharge rate is proportional to
lem reported in the literature, in which disklike grains were (gH)?D?.
permitted a single pass through the aperf@&). This kind The simulations described here involve the two-
of approach limits the duration of the computer experimendimensional version of the problem. The same dimensional
and prevents the attainment of a time-independent stead§Pnsiderations apply, leading to an expression for the dis-
state, where measurements of behavior can be made that #fearge rate
sufficiently accurate to be used in comparisons between dif-
ferent models and parameter settings. The present work over- d_N _ U2~ Lo\ 32

o A ) =Cpg~4(D—kd)>~ 2

comes this difficulty by employing a continuous-feed mecha- dt
nism; this is accomplished by replacing each grain exiting
through the aperture by a new grain that is introduced nea®ne of the principal results of this paper will be a detailed
the upper surface of the bulk in a manner that maintains anumerical test of this formula for the models of granular

almost flat surface profile. materials introduced in Sec. lIl.
Numerous experiments have been made in the past with
the aim of relating the flow rate to the aperture si8 Il. COMPUTATIONAL MODEL

These have led to a number of empirical observations that
determine which parameters of the problem actually influ-
ence flow rate(a) The flow rate is independent of the mate-  Simple inspection reveals the structural complexity of
rial height(or head H, provided this is more than 2.5 times granular matter. The grains themselves are irregularly
the widthW of the containing cylinder; this is the reason an shaped, sometimes covered with asperities, and are normally
hourglass—where a constant mean flow rate is an essentigblydisperse. The collisions between grains are highly in-
characteristic—is able to function proper{) The flow rate  elastic; frictional forces of some kind are essential, because
is independent oW if this is greater than 2.5 times the in their absence it would be difficult for the material to form
aperture sizéD, and also exceedd +30d, whered is the piles; the wear-and-tear of collisions can even alter the shape
typical grain diameter(c) Provided the granular material is of the grains to some extent. Which of theG@nd othey

not too fine, the flow proceeds relatively smoothly for characteristics must be incorporated into the model in order

A. Granular interactions

D>6d; blockage tends to occur whém<<4d. to reproduce particular aspects of the observed behavior can
Given that the only parameters remaining to determine thenly be established by extensive testing.
flow are the aperture siZ2 and the gravitational constagt Applications of molecular dynamics simulation to studies

dimensional analysig5] predicts(subject to an implicit as- of matter at the atomistic scale involve potentials based on
sumption thaD is not too largg that the discharge rat®r  well-defined theoretical and experimental considerations.
mass flux in three dimensions is proportional ¢3’°D%2 If ~ The state of affairs in granular modeling is very different,
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due to the irregular shapes of the granular particles and th&trongly repulsive at small distances, more so than the linear
highly complex nature of the forces between them. Conseeverlap or Hertzian typéoverlap to thel powep repulsions

quently, the detailed information required to achieve a levebften used in granular simulations, and only a small degree
of understanding of the nature of the individual granular par-of mutual grain penetration can occur. Thus the grains might
ticles adequate for the development of a simulational probe considered harder, though less so than for ¥ iriterac-

gram is more empirical in nature. What is in fact needed is dion employed in a study related to the present wprk

simplified representation of the salient features of the grairHow much hardness is required to achieve grainlike behavior
geometry and the interactions; detailed comparisons betweeés also a question that has no obvious answer; it is worth
simulations, more elaborate theoretical models, and actugointing out, however, that if the range of separations over
experiment can then be used to establish how good an apvhich interaction occurs is made too narrow, the efficacy of

proximation has been achievétil, 12 the damping and/or frictional forces used to inhibit shearing
Models presently in use are typically based on inelastibecomes questionable.
cally colliding soft[13,14] or hard[15] spheregor disks for In addition to this short-range repulsion there are viscous

two-dimensional simulations more often the former; rota- damping force$13,14] that act in both the normal and trans-

tional motion of individual particles may or may not be in- verse directions whenever the grain separation is below

cluded in the dynamics. Normal and tangential velocity-The normal component is

dependent (viscous damping forces are introduced to

represent the inelasticity of the collisions and the surface fi=—"alijTij » 4

roughness. Static friction is difficult to model, but its effect

can at least be partially represented by a force that resistghere v, is the normal damping coefficient. The transverse

sliding motion while grains are in contact, which, for a soft- (or sliding) component of the damping force is

sphere model, means whenever the grains are within interac-

tion range. _ . _ f3=—sgr(vi)min(u|f|; + ], vsviD§; (5)
Since real grains tend to be irregularly shaped, it would

seem obvious that this property should be included in thevhere

model. More elaborate models involving nonspherical par-

ticles that have been introduced for various kinds of granular v =Tij-§+ irij(oi+ ) (6)

simulations, as part of the effort to reproduce the correct

behavior include rigid[16] or flexible [17] assemblies of g the relative tangential velocity of the disks at their closest
spheres, elliptical graingl8], and more complex structures point, §; =X f;; is a unit vector tangential to the disks at this
formed of elastic triangles linked by deformable dampedpomt (z is a unit vector pointing out of the plane of the
beams|[19] that permit the modeling of grains with sharp gy tery . and ; are the angular velocities of the disks,

COF”eff- /?}S the l%"?' .of_deta|| mcrea?]es so does the C(f)mplé'nd v, is the transverse damping coefficient. The static fric-
tational effort, and it Is important to have some way of as-;,, coefficientu appears as part of an upper bound imposed
sessing which features pf the model are actuglly responS|bI8n the transverse force due to the Coulomb criterion. Nu-
for th.e o.bserved behawpr: An examp!e of this is the COM-merical values for the various parameters are given below.
parative importance of friction and particle geomdtty]; to

. for the | In this ansatz, both the normal and transverse damping
some extent, nonconvex grains can compensate for the a%rces share responsibility for energy dissipation; the trans-
of static friction since they are able to mutually interlock

ith her. but the d hich this is abl verse force also inhibits sliding motion, although not rolling
with one another, but the degree to which this Is ableé tqyyiion There is no static friction force in this model; some

?ccqunt for the effects attributed to friction still awaits clari- simulations include a term of this kirfd,13,14 based on a
ication. simple spring model, but while, as mentioned earlier, this
type of interaction is required to stabilize static or near-static

1. Cireular particles configurations(even though a spring mechanism does not

48e
fr=——"
rij

Fij» 3

One of the two models considered here is based on monffer the same degree of shear resistance as static friction at
disperse circular grains. The interaction that prevents overlapw shear rates it has yet to be determined whether it has
when grains collide is assumed—with a modicum ofany significant effect on flowing systems such as those
arbitrariness—to have the Lennard-Joried) form, with a  treated here. If the results described later in this paper are
cutoff at the point where the repulsive force is exactly zerocompared with those of Ref7], it even appears that the
contrary is true: spring-based friction does not make the
12 6 . . . L
o\ } g flowing material significantly more granular. From a recent
(rij 2 (rij) critical discussior{12] of the variety of force laws used in
simulating granular flow, it emerges that much remains to be
for grains located at; and r;, wherer;;=r;—r;, and done insofar as accurately modeling granular particles is con-
rij=|rij|. Here € and o define suitable energy and length cerned (an examination of the restitution coefficient for
scales; both can be set to unity without loss of generalitthead-on collisions using the LJ repulsive interaction reveals
since the results can be converted into any desired system afslight increase with velocity, a trend similar to the more
physical units. The interaction cutoff occurs at widely used linear-overlap forceNevertheless, despite the
rij=rc=21’6cr; thus the grain diameter, although not pre- oversimplification involved, empirical models of the kind
cisely defined because the interaction strength dropssed here—with assorted minor variations—have proved
smoothly to zero, is of order,. The LJ interaction is themselves successful in a wide range of contexts.
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An unphysical, elastic boundary consists of a frictionless
wall with which grains undergo energy-conserving specular
collisions without any change in angular velocity; this can be
useful in cases where the sole purpose is to prevent grains
from leaving the simulation region. In certain cases, if the
nature of the problem warrants this, it might even be appro-
priate to use periodic boundaries.
Most of the work reported here is based on uniformly
spaced granular walls, with the boundary disks having the
) ) same characteristics as those of the Halk used in the cir-
FIG. 1. The shape of the triangular grain drawn to scale; thegylar grain modél For the circular grains the distance be-
diameter of the particle is arbitrarily defined to be that of the cir-yeen the disks forming the container base issOaihd the
cumircle. distance between disks in the vertical wallsrisfor triangu-
lar grains the spacing of the disks along each of the walls is
2. Triangular particles set tor.. A range of possible values could be used, subject

Granular particles that are not entirely convex provide arf® the spacing being adequate to inhibit flow and not overly

appealing extension of the basic spheriaalcirculaj grain ~ €ncourage the bulk material to pack as a latlite latter
model since, at least to a limited extent, the potentially interParticularly important for the horizontal baseduring the
locking shapes imitate the behavior caused by the asperitidditial phase of the simulation the aperture is blocked by
on rough, irregularly shaped grains. The concavities have th@dditional boundary grains, but when the moment in the
ability to inhibit sliding because a packed cluster of grainsSimulation is reached for flow to commence, the disks form-
must dilate before shearing motion can begin. In a sense, th|389 the plug are removed.

should provide partial compensation for the absence of ex-

plicit static friction from the model, and possibly even serve C. Continuous flow mechanism

as a more realistic model for granular matter than those Tg achieve the continuous flow conditions necessary for a
based on springs and viscous damping mechanisms. The segplonged period of steady-state flow, grains exiting through
ond of the two models studied in the present paper is of thighe hole are removed from the system and reintroduced at
kind. ) . ) _suitable locations just above the surface of the bulk material.
Each grain—as shown in Fig. 1—consists of three disksp grain is considered to have passed through the hole when
fixed at the vertices of an equilateral triangle; the disks argts center of mass falls below the level of the container base,
positioned sufficiently far apart for a signi_fica.nt indentation pt recycling does not take place until the grain has dropped
to occur along each edge, and a fourth disk is placed at thg distance of two grain diameters below this level; this al-
centroid of the triangle to fill the central void that would |ows it to continue to interact for a short time with any grains
otherwise occur. The forces between these rigid triangulaf|lowing closely behind. This approach not only allows re-
particles are based on the same Lennard-Jones repulsion, Efatable flow measurements, but ensures a constant head of
(3), used to prevent overlap of circular particles, but nowmaterial throughout the measurement period, thereby elimi-
acting between pairs of disks in different grains, where eachating possible height-dependent effects, while at the same
coordinater; now represents the location of one of the diskstime requiring only a relatively small system.
that make up the grain. Energy dissipation is provided by the The grain recycling mechanism has to be constructed in a
same normal velocity-dependent viscous damping betweegay that avoids any unwanted perturbation of the material
individual pairs of disks introduced previously. Unlike the fiow, The horizontal position of each reintroduced grain is
model based on circular grains, however, we do not includgnerefore picked to be at the lowest accessible point on the
any transverse damping, but rely on geometrical effects tQpper surface of the material, the height is chosen to be
supply the required transverse motion inhibition necessary tglightly above the grains lying immediately below this posi-

prevent grains sliding over one another. tion (determined by dividing the system into a series of ver-
tical strips and locating the highest grain in egdnd the
B. Boundary conditions velocity is set to an initial downward value similar in mag-

nritude to the outflow velocity. This method ensures that the
. : . . . %p surface remains almost flat, and avoids the central de-
simulation and, as with the granular interactions themselve

a simplified representation must be adopted. Real walls a%ressmn that might otherwise develop. Such an approach ap-

AR . ears to have a negligible effect on the flow, especially when
rough and tend to inhibit sliding motion. Such walls can, forShe material head ig n%uch greater than the holepsize gs is the

Boundaries are an essential component of any granul

example, be represented by stochastic boundaries, which a 3se here. An alternative approach to recycling, based on

sorb energy and reflect each grain with a much reduce dding an entire layer at ondut which does not place

speed in a random direction, or as granular boundaries con-__ . . . .
structed out of disks whose positions are fixed along thgpemal emphasis on ensuring a horizontal upper suifaes

boundary planelor line) with spacing chosen sufficiently J;(;n used for studying flow in a hopper with sloping walls

large to achieve the effect of a corrugated wall, but not s
large that grains can penetrate the wall when subjected to
high stress. Granular boundaries can also include mixed disk
sizes and variable spacing, both of which are intended to In the case of circular grains, once the form of the normal
reduce any tendency for the material to form ordered layersand tangential forces acting on each of the disks has been

D. Computational details
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decided upon, the translational and rotational equations dahe results then averaged over a series of ten such blocks to
motion follow immediately. For the triangular grains, given produce the final averages and standard deviations.

the forces acting between all pairs of disks, the net forces and The standard neighbor list methg#l] is used to reduce
torques on the grains can be computed. In computing théhe overall computational effort to a level that is proportional
torques, the overlap force is regarded as acting between the the number of graingather than one that grows quadrati-
disk centers; the normal damping is considered to act at theally with system size The coupled equations of motion are
midpoint of the line between the disk centers, which, assumintegrated numerically using the leapfrog method in the case
ing only a small amount of overlap is allowed by the repul-of circular grains and a fourth-order predictor-corrector
sive overlap force, is essentially the point of contact of themethod for the triangular grains.

disks. The rotational equation of motion that must be solved

is just the two-dimensional version of the Euler equation IV. RESULTS

wi=N;/l1, 7) A. Continuous flow discharge rate

The first series of measurements deals with the flow rate
as a function of aperture size, for a fixed container width and
material head. Experimental measurements and theoretical
the center of mass. predictions for this most prominent property of the flow were

The present formulation uses reduded dimensionless discussed earli.er; it is clearly important to see whether the
units, following standard practice in molecular dynamicsgranular mate_rlal modeled here is able to reproduce the ex-
(MD). For circular grains, théapproximatg grain diameter Pected behavior.
r. is defined as the unit of length, while for triangular grains,
because of the difficulty in designating an effective diameter,
the unit of length is set to~. The energy scale is specified by = The measurements of flow rate for the model based on
choosing the coefficient of the LJ repulsion to be unity as circular grains involve a system witd=3000 grains, and a
well. Determining the system of units is completed by settingcontainer widthW=50. Note that all lengths are expressed
the particle mass to unity for the circular grains, and likewisein terms of the approximate grain diameter (or unity in
for the masses of the individual disks that form the triangulareduced units and this will henceforth be denoted by the
grain. In terms of these units the integration time step isquantityd. The size of the hole ranges frdin=2 to 18. The
At=10"3; this particular value oAt is chosen so that in the number of grains passing through the hole per unit time is
absence of damping the numerical solution achieves a satisaeasured as a function of time, as are the vertical and hori-
factory degree of energy conservation. zontal mean velocity components of the exiting grains. The

For a particular set of force definitions the measured proptotal number of grains exiting through the hole during the
erties will of course depend on the values of the parametersourse of the run depends @nand the total run length, and
that determine the interactions. For circular grains, the valuegypically lies in the range 5—5010% but since many of the
n=0.5, y,=100, andys=100 are used; while the damping grains—particularly those close to the container sidewalls—
forces should be as large as possible in order to enhance tlegperience very little motion, the implication is that the
inelasticity of the grains, they must be kept small enough tayrains actively participating in the flow make several passes
avoid the occurrence of numerical instability while integrat-through the system.
ing the equations of motion. Over a reasonable range of val- In Fig. 2 we plot the discharge rat@r particle flux
ues the behavior does not appear to be particularly sensitiviéN/dt as a function of hole sizB, and show the results of
to small changes in these damping constants. The gravita simple least-squares fit to the predicf8iiZ power law in
tional acceleration is set tp= 10. Eq. (2). The value ofk, the parameter defining the width of

For triangular grains the spacing between disks along théhe empty annulus, is determined from the fit to be 2.2, not
edge of each grain is chosen to berl.Gso that the grain too far from the values quoted experimentally. The smallest
diameterd=2.84 ); this ensures a shape with a degree ofvalues ofD, namely,D<5, are not included in the fit; ex-
concavity that is able to significantly inhibit sliding motion perimentally the power law is only claimed to be accurate for
when grains are pushed together. It is also a value at whicB values that are at least five times the grain diametérhe
the measured head dependence of the discharge rate appesirsulation results are very close to the theoretical curve; if
to be relatively small; this dependence cannot be eliminatednything, they are in closer agreement than experiment, al-
entirely, as will be shown below. The other parameters usethough given the technical difficulties encountered in per-
in this case arey,,=2 andg=1. forming a precisely controlled real experiment this is perhaps

The initial state is constructed of grains with random po-not surprising. The fact that the behavior is grainlike rather
sitions and velocitiesand random orientations in the case of than liquidlike (which would imply a linear dependence on
triangular grains Before opening the hol@vhich is initially D) points to the success of the model in capturing this par-
blocked by additional boundary grajnthe grains are al- ticular aspect of the behavior. A similar dependence on hole
lowed to fall freely(a viscous damping force can be tempo- size[7] has been obtained for a model that includes a spring-
rarily included to prevent excessive velocity buildup during based(transversg frictional interaction, but the present re-
this phasg and eventually form a relatively close-packed sults suggest that the additional forces could well be
configuration from which practically all kinetic energy has irrelevant—at least in the context of the particular model in
been dissipated. After the hole is opened measurements anghich they were useffurther evidence to support this state-
made at regular intervals over blocks of*ltime steps, and ment appears later

where w; is the angular velocity of grain, N; the total
torque acting on the grain, ahdhe moment of inertia about

1. Circular grains
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FIG. 4. Horizontal outflow velocity as a function of hole size

FIG. 2. Particle flux as a function of hole sifia reduced units . . . SO
(circular particleg a linear fit is included.

for circular particles; the fit shown is to the theoretically predicted

curvedN/dte (D —kd) %2 . .
“ ) width W is chosen to be a factor of 5 greater than the largest

Figure 3 shows the vertical velocity, of the exiting value of the hole siz® considered; as will be demonstrated
grains as a function of the hole size. The fit to the expecte®€low (for circular graing, the walls are then sufficiently far
square-root dependence db { kd)—this is simply the flux ~away for neither the precise value\f, nor the nature of the
divided by the effective aperture size—is also shown, usingvalls, to affect the flow. Giveiw, the number of particles is
the same value ok as in the previous fit. The horizontal then chosen to be large enougtithin reason to reduce the
exit-velocity results(based on the averaged absolute valueheight dependence of the flux as much as possible—
lvy]), for which there are no theoretical results or measureexamination of the residual dependence on height is de-
ments available, are shown in Fig. 4; a linear fit seems apscribed below.
propriate here fob>5, and this is included, but without any ~ Figure 5 shows the dependence of discharge rat® pn
attempt at justification. with a fit to the$ power law[Eq. (2)]. The agreement is of
similar quality to the circular grains; the error bars here are
larger, both because the results are based on a smaller num-
Ber of grains traversing the hole over the course of the run
and because the flow fluctuations are inherently larger. The

2. Triangular grains

The flow measurements for triangular particles are base
on a system ofN=7800 granular particles. The container
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FIG. 3. Vertical outflow velocity as a function of hole size for FIG. 5. Particle flux as a function of hole siZexpressed in
circular particles; the fit is to the CUI‘V[eyOC(D*kd)UZ using the  terms of the grain diametea}) for triangular particles; the theoreti-
same value ok as before. cal fit is shown.
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FIG. 6. Vertical outflow velocity as a function of hole size for
triangular particles; the theoretical fitsing the same value &j is
shown.

FIG. 7. Effect of container width on particle flufor circular
particles andD = 10); the influence of different wall type&vhere
the curve labels denote elastic;g, granular;p, periodic; andr,

) o o rough and the optional inclusion of grain rotation and transverse
value of k used in the fit |Sk:O.71, Where, as indicated damping(curves labeled) is also shown.

earlier, the nominal grain diametdris defined to be the that

of the circle circumscribing the triangular grain. This value isno sidewalls at all, i.e., periodic boundaries. Another aspect

clearly an overestimate of the ill-defined effective diameterof the model is also examined in this series of measurements,

but in view of the complexnonconvex grain shape any namely, the influence of grain rotation and the associated

such definition must be entirely arbitrary. The fact that thetransverse damping forces; since there have been granular

effectived is overestimated explains the small valuekpf  simulations in the past that excluded rotational motian

experimental valueE3] are typically in the range 1.3—-1.5.  omission that is not readily justified for circular, or near-
Figure 6 shows how the vertical outflow velocity varies circular graing, it is interesting to examine how this addi-

with D, together with a fit to the square-root for(the flux  tional degree of freedom modifies the behavior.

divided by the effective aperture sjzesing the same value In Fig. 7 we summarize the results of these measure-

of k; the fit is once again of similar quality to that obtained ments. The widest system hlk=4000 particles and width

for the circular grains. The horizontal flow velocity is not W= 80, while for smalleiV the value ofN is proportionally

shown, but a linear fit also seems to work here. In each cadewer; other details remain the same as before. The results

the fit excludes the smaller holes wiblyd<5. show that the mass flux increases \&kbecomes smaller
because stationary sloping piles on either side of the hole are
B. Effect of container width less readily formed, and that because of their ability to ab-

sorb some of the stress, rough walisore so the granular

From the computational point of view, a smaller container, alls, with their additional protrusiongend to reduce the

width W reduces the work required because the system itse ow. The influence of the walls drops to a negligible level

can be made smaller. Experimentally, as we indicated earlie(mh ; o : : :
o ; ’ en the system is sufficiently wide, typically fav¥>4D;
it is necessary to hawe/>2.5D (in addition toW=> D + 30d) the rule of thumb therefore appears to be a reasonable,

for the effect of the walls on the discharge rate to be negli- ; L -
gible, but since these are little more than rules of thumb, thethough perhaps slightly optimistic approximation for MD

) ) ; . %ystems. As might be expected, eliminating the tangential
should not be_ relied upon for simulation work without fur- damping force increases the flow rate, since grains are able
ther examination.

. . to slide over one another, rather than being forced to roll,

.We have therefore carried out a series of measurementi,ion has the effect of increasing the resistance to shear
using circular grains and the continuous flow approach, 1 ow
investigate thaV dependence of the outflow for a particular
hole sizeD=10. For each value o/ the total number of
grains is chosen to ensure the same value of the material
headH; the reason for this is to eliminate any residihl For a sufficiently large headH>2.5W), granular flow is
dependence from the resulisee below known to be independent of the total height of the bulk ma-

The physical properties of the walls can also change théerial (the hourglass effert The obvious, and well-known,
way in which they influence the flow. In order to determineimplication is that the pressure ceases to be depth dependent
the magnitude of this effect we replaced the granular sidetthe depth dependence close to the upper surface initially
walls by the other kinds of boundaries enumerated earliergrows exponentially—the original analysis is due to Janssen;
namely randomly rough walls, elastieeflecting walls, and see Ref[5]), which means that the sidewalls bear most of

C. Effect of material head
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30 LI N N U N U N N I I A N B B |
: —— grains :
25 —« liquid I
i — fit ]
> 20 -
15 - N 4 =——— ——
- / - FIG. 9. Pressure distribution for circular particles: the plot ex-
B : \ | | . tends vertically from just above the material to the level of the base,
10— and the contour levels are evenly spaced; pressure increases almost
0 1000 2000 3000 4000 5000

N linearly with depth, but then drops as the hole is approached.

FIG. 8. Vertical outflow velocity as a function of system size for Static linear form. In this respect the model does not capture
circular particles(in all casesN is chosen so thaw=50); the  the nature of a granular material.
results from a simple liquid simulation, as well as a fit to the theo- A similar result holds even when there is no flow, as
retical result(see tex, are included for comparison. shown (for circular graing in Fig. 10. Here pressure esti-

mates based both on the virial pressure definition and on

the vertical load. In this respect granular materials differdirect measurement of the horizontal force acting on the wall
strongly from liquids, where the load on the sidewalls acts inare shown for several container widthg each result is the
the normal direction; the reason for this difference is theaverage of five runs during which the grains are allowed to
presence of static frictional forces. In the present models, asome to rest at the bottom of the container before any mea-
in other models used for granular simulation, the kind Ofsurement is madehe runs use different random initial con-
static friction that inhibits the tendency to slide is absent; thejitions). The total numbers of grains are chosen so that the
viscous damping and/or elastic—actually gluelike—restoringsystems all have essentially the same material head. For nar-
forces that are incorporated in these models serve only teywer systems, the pressure does not increase so rapidly with
impede any sliding motion that has already started, an@iepth; some of the vertical load is carried by the sidewalls
therefore do not provide completely adequate substitutes faswing to the way the material is forced to pack in the rela-
static friction. Thus an important question is the degree tQjyely narrow space available. There are large variations be-

which the present models are able to reproduce the absenggeen individual runs because the results correspond to zero
of head dependence; the same question can of course also be

asked of other granular models reported in the literature.

Figure 8 shows the dependence of the vertical outflow 2500 T T T T T T T T T T T T T T T T
velocity on system size for circular grains. Since the con- - .
tainer width is the same in all casésereW=50), the prop- Lo W=20 ]
erty measured is the dependence of the velocity on the hear 2000 o W00
itself; this shows a very slow increase, far slower than the [ o WO *_’/;
square-root dependence of a normal liquid, which is also r W=10() T3
shown for comparison, but not the strict height-independent 1500 B xfg N Y\ /'
behavior of a real granular material. The triangular model T T © K A RN
exhibits a similar behavior. The liquid results show a square- - LY =270
root dependence of the foro= /c;H+ ¢, (a fit is included 1000 ¥ 57 A4
in the figurg, where the additive constant is due, in part, to B p _ /-/P,_,/’ ":
the nonzero mean flow speed at the upper surféea. the - A o -
N =2000 system, the actual measured height of the surface it 500 7 7 ]
approximately 25 units. - 7

This result provides a clear indication that pressure varies B 7 ]
with depth. The pressure can also be examined directly: Fig. S
9 is a contour plot of the pressure variation throughout the 0 0 20 40 60 30 100

system under steady flow conditions, for a system of circular h

grains withw=50, N=4000, and a hole sizB=10. If the

horizontal pressure variations that are a consequence of flow FIG. 10. Depth dependence of pressure for the circular particle
(the behavior very close to the walls is an artifact of thesystem at resth is the distance from the upper surfaceith the
spatial coarse graining required for the measuremears  error bars reflecting the spread of values over separate runs; both
ignored, the vertical dependence turns out to have the hydradrial (labeledv) and direct sidewall measuremens) @re shown.
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FIG. 11. Pressure depth dependence in a naria (6) sys-
tem of triangular particles at rest; the deviations from linearity are
substantial.
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The corresponding series of measurements for the trian-

gular m0d8|_ re_veals similar behavior. iny one example is FIG. 12. Snapshot showing regions of instantaneous high stress

shown here: Fig. 11 shows the behavior for a narrow conie grain recycling mechanism differs from that used for the

tainer with W=16, a width just over five times the grain measurements—see texgrains that are subject to streésm-
diameter(the large error bars are an indication of the varia-puted from the virial more than 60% above average are colored
tion between runs Overall, the departure from linearity is plack.

slightly stronger than for circular grains, as are the differ-

ences between the bullrial) and wall pressure results. The

A
e
o/ S
%
41-»@3:’;3'
e
5t
S
i
%
TR AT

Rae

¥,

Ibe examined directly by means of computer graphics. In Fig.

grains pack at the bottom of the container: direct observatio 2 we sh(_)w an exam_ple of the stress dlstnbgtmn. Note that
of the grain configurations suggests that the dovetailed strud® rt_'-zcyclmg mechams_m u;ed . _d|ffers shghtly from that
tures that formhorizontally adjacent grains pack with alter- con_s!dered elsewhgre in this paper in t.h.at grains are not re-
nating directionsare, to some extent, self-supporting, and Soposmc_)ned gfter falling thrpugh the holg, 'T‘Stead’ the vertlca}l
do not place as large a horizontal load on the sidewalls as t %oordmat_e is merely su_bject o a periodic boundary condi-
simpler circular grains. The fact that the pressure grows a{ﬁon. Grains that experience an instantaneous stress value

less than linear rate suggests that the rough sidewalls beg k:aeo\\//aelruaﬁl :t/;?: \gréal gggppg:?gofg;?g;ﬁg\'/ﬁxi%egggs
to carry a portion of the vertical load. Here too, it is the ge by 0 '

absence of static friction that is responsible for the inabi"tysuc\:/r\:t;lr:?ath:ssgvizst g?attnedrgsoz?m ?r:gggy iiﬁzss ?Sstfguﬁgﬁjn?f
to correctly reproduce this aspect of granular behavior. form natugre 6f the stress distribution arrw)d the appearance of
This failure to achieve full depth independence is not con- PP

fined to the present models. A model which does includeﬁlarm:‘ntllke Zones of h|gh_stres(5|mlla_r behawor can be
bserved with circular grains These flickering arches are

friction [7] (the often-used spring-based mechanism, not tru e MD eauivalent of the mechanism pronosed to exolain
static friction shows very similar behavior: the flow velocity quiy i Prop P
I){vhat occurs in real granular flow; an example of the force

is weakly head dependent, and the vertical load distributio Letwork that occurs in controlied exoeriments appeared in
is supported entirely by the base of the container, with n%g P PP

assistance from the side walls. The latter feature correspon rg:ﬁ[zg' izheaag?)ergcergrfnisritr:(t: Iglfe“?r? r%rc‘iei\é?r?l;itgze ztr::ehsess
to the behavior of a hydrostatic system. Corresponding mea-. playing p . Jing
ince they are unable to provide a load-bearing network

surements for other models have not been reported in th% anning the aap between the vertical sidewalls excent. pos-
literature, although they are unlikely to differ significantly. panning gap . pL P
sibly, in the very narrowest of the systems examined.

Given the nature of the stress distribution, it is not diffi-
cult to resolve the apparent paradox between the fact that

Much of the unusual behavior of granular materiéts ~ while the flow dependence on hole size resembles that of a
comparison with liquidsis attributed to the formation of granular material, the vertical pressure variation is essentially
archlike structures that are able to redistribute the stresghat of a normal liquid. Hole flow involves a particular type
transfer the load to the side walls, and impede the flow obf local behavior in the neighborhood of the opening: the
material through the holg8]. This aspect of the behavior can models used here are able to produce the kinds of stresses

D. Stress distribution



56 MOLECULAR DYNAMICS STUDIES OF GRANULAR FLOVN . .. 4413

needed to form—at least in a statistical sense—the small
archlike structure$8] that are responsible for retarding the
flow, leading to the characteristi power-law dependence

domains that shear and rotate in a manner reminiscent of the
experimental observations mentioned ab&hat were for a
different class of flow probleim as well as a streaming flow
whose path exhibits a noticeable degree of time-dependent
meandering. A snapshot showing the triangular grain
(center-of-magstrajectories followed over a short period of
time appears in Fig. 18his demonstration is based on the
same grain recycling mechanism used in Fig).18 this
picture, not only is the fact that motion is strongest near the
hole apparen_‘tlgnorlng the motion near the top surfacbut interval; the meandering nature of the trajectories changes unpre-
the _meand_erlng nature of the flow can also b_e seen. If th@ictably with time(see text

particle trajectories are followed over longer intervals the

flow patterns are seen to shift gradually in unpredictableerial through the hole. The latter involved a sufficiently
ways. Further visual information about the vertical motionlarge (but narrow system to ensure a prolonged measure-
and rotation of domains can be observed by “painting” thement period, but in the former the behavior was essentially
grains in different colors based on their heights at a giveriransient throughout.

instant, and then monitoring how the initial color stripes
change with time.

If the short-term, time-dependent behavior is averaged out
of the results, then much of the flow behavior can be con-
densed into contour plots of the translational and rotational
kinetic energy, shown respectively in Figs. 14 and 15. These
results are for circular grains, but the triangular grain results
are essentially the same. The region where the flow is most
developed is clearly delineated, and the relatively high angu-
lar velocity that occurs near the edges of the hole is also
apparent. These graphs confirm that the motion is dominated
by what occurs in a central funnel-shaped region of the con-
tainer, and that grains move faster as they approach the hole;
rotational motion accompanies the shear at the funnel bound-
aries, but is most pronounced for those grains exiting close to
the edges of the hole. FIG. 14. Translational kinetic-energy distribution for circular
particles(note that the hole is located a small distance above the
bottom of the figurg since the contour levels are evenly spaced,
starting from just above zero, it is clear that away from the hole the

The two previous studies of this particular granular flowaverage grain speed is very ldihe increase at the top reflects the
problem[6,7] both considered only a single pass of the ma-behavior of incoming grains

on hole sizdEq. (2)]. The hydrostatic aspect of the behavior :7‘ NE
results from the inability to form static arches that would 3 :
create the load-bearing network; this is the only way to trans- e :
fer vertical load to the sidewalls and thereby reduce, or :'}f! § :
eliminate, the pressure growth in the interior. Only true static ;;\\‘ L 4 ‘1\1 :
friction, an effect difficult to incorporate into the modgtith :,“,\G::{ KL PR AN ‘m%i ‘;
the possible exception of a considerably more complex e -,";f’i:,’;i‘»‘ii{?:;(’g {4‘{‘((({“5 5 k
model for individual grain§19]), can account for this behav- SRRV S RN $ oy §{‘¢‘1} o
ior. SRRV TA T VAR M AT
o -::‘ s “‘c:s"“‘i“"’j" s, ls‘;;’;ﬁ’ ; ‘ll Eiii%itzééfl:

Lt 44 .

E. Motion of individual grains 5:.‘:“.: .“':: ' f‘: :,‘:4’,‘0"5 ;:bj’ f’; ’}1:’,:1}’,}"’; 5: 5?5":}25;{

The detailed motion of individual grains is difficult to SN e, ;”:;”s,’;’;i,’»ﬁ":,’}’}f{s‘;;{ '
measure experimentally, especially in three dimensions. v «’r;’:" ;,»;,’}'?j*))P’f",),’,‘; [3il ;s ;s’,’s;
There has been some recent woi#] involving what S LT 0k AT
amounts to a two-dimensional experiment and a comparison PR R S S C IS R R ARRRRLI
with simulation, but this deals with chute flow rather than BRI f;?’,ijg”‘,éjg’,,’::’):} IXEATIERE
aperture flow. Because of the complex nature of the observed f\"c‘(t‘ }(?:g’;f:f:f:{e;‘;ﬂ RELR 0 W
motion, which includes cooperative rotation and distortion of S ;‘;g5Sffflf?e?ge;:a:;;:j?ff);)')) [ Y
blocks of grains, it is difficult to quantify the behavior in a E;Q;;y}{’;;?;:\»ﬁ‘f;;j:')»)))’,jj,s,'u'ljE
meaningful way. 2 giz;t':t ')\‘z\\ PNy ’??”Sé;,;»ﬂi; L :.',‘Z
Simulations of aperture flow incorporating real-time I oy \\\\ X } i Wi ;lf," e
graphics(not shown herereveal the formation of transient {%é e n! .
¥

FIG. 13. Triangular grain trajectories followed over a short time

F. One-pass flow
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FIG. 15. Rotational kinetic-energy distributiofircular par-
ticles); rotation is most pronounced for grains leaving the container
close to the hole edges.
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The results described in this section are for a system in

which circular particles make a single pass through the hole. FIG. 17. Single-pass flow: vertical outflow velocity as a func-
The principal reason for this calculation is to establish thation of time for different hole sizes.
the slightly different model used in the present series of stud-
ies does indeed display similar time-dependent behavior tgf the different curves offers a hint of a universal shape,
the one studied previousf], in which a Hertzian overlap provided the hole is neither so smaD&5) that the theo-
interaction was used rather than the functional form €Mretical result no |Onger app"eS, nor too |ar@;€30) for the
ployed here. The simulation was carried out for a systeMyranular arching mechanism across the hole to be able to
having the same dimensions as before, nam¢ly2500  function (or a hole whose edges come too close to the walls
grains, flowing out from a container of widtW=50 (in  The question whether this implies the existence of true scal-
terms of the reduced units defined eajlier ing, or merely reflects a numerical coincidence, awaits fur-
The graphs of the time-dependent particle flux for differ-ther analysis. The time-dependent vertical component of the
ent hole size® (not shown herpappear to have a common outflow velocity is shown in Fig. 17; no obvious scaling
overall shape, and this suggests that a display of suitablgehavior is apparent in this case.
scaled results might prove informative. Figure 16 shows the From the measurements of the scaled discharge rate and
time-dependent flux for severBl values. Since the continu- vertical flow velocity, as well as from a series of snapshots of
ous flow analysis demonstrated that flux variesDd§ (ig-  the grain positions and trajectori@sot shown, it is apparent
noring the correction due to the empty annyjue flux has  that there are two flow regimes. Most of the grains flow out
been multiplied byD ~*2 and the time axis suitably scaled during the early stage of the run; these are the grains located
to preserve the area under the curves. The degree of overlap the central wedge-shaped region over the hole which are
able to flow out directly. The flow during the latter part of
the run involves grains that roll down the sloping heaps that

I L R L have formed against the container walls; here the flow rate is
_,7/’/\“/4\ - Dss ] strongly reduced due to the reta_rding effect of the sh_ear
HSN —  D=10 . forces that compel the surface grains to roll rather than slide.

0.4 i/ ) . D=15 ] The horizontal flow velocity componefiot shown is con-

) —_-D=20 y sistent with this behavior; initially it is small, but the value
— D=30 ] increases after the drop in vertical velocity has occurred.
sz 03 7] These results are qualitatively similar to those reported in the
Z g earlier work[6].
A o2 N 7] V. SUMMARY AND CONCLUSIONS
L i In this paper we have described a series of two-
C ] dimensional simulations of granular flow through a horizon-

0.1 : ;

- . tal aperture, a model for discharge from a storage silo. The
r ] approach differs in one important respect from previous
00 L y studies of this problem in that the grains are recycled after

0 500 1000 1500 exiting through the hole. This permits the extended measure-

D32 ¢ ments under conditions of constant material head that are

essential for obtaining accurate estimates of the mean flow.

FIG. 16. Single-pass flow: scaled particle flux as a function of Two types of models have been studied. One involves
scaled time for different hole sizé3. grains that are circular in shape and incorporates both normal
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and transverse frictional damping forces; the former forcesure should initially grow exponentially with depth and rap-
ensures energy dissipation, while the latter reduces the abiidly achieve a constant, depth-independent value, what is
ity of particle layers to slide over one another. The second obbserved, both here and in previous simulation work, is that
the two models is based on grains with a complex shapthe pressure continues to increase with depth in a near-linear
chosen to inhibit rotation. The presence of substantial indenmanner.(It remains to be seen whether the situation is im-
tations along the grain edges serves to encourage interlockroved in three dimensions, where the surface to volume
ing; this, in turn, tends to inhibit sliding motion. This com- ratio is larger. For narrower containers, however, the pres-
plex grain geometry also captures another feature of reaure grows at a slower rate, an indication that the rough
granular matter insofar as a certain amount of dilation issidewalls are beginning to carry at least part of the vertical
necessary before flow can begin. The simulations demoread.
strate that these two very different models of granular mate- A plausible explanation for the fact that the models are
rials yield similar results. able to capture certain aspects of granular behavior, but not
The functional dependence of the flow rate on the holeothers, is that different properties depend on distinct features
width has been shown to be very close fthe two- of the interactions between grains. Obtaining the correct
dimensional version ¢fthe theoretical result proposed in pressurglor stress is crucially dependent on the ability to
order to explain the experimental observations. In this remodel the influence of static friction, a factor not accounted
spect, transverse forces acting between circular grains afer in current granular simulations because of the difficulty
equivalent to the interlocking effects of the triangular grains.in constructing suitable dynamical models. On the other
The influence of various kinds of sidewalls on the flow hashand, the damping forces governing the flow of circular
been explored for circular grains, as has the effect of removgrains appear to provide an effective representation of the
ing the transverse damping and the concomitant rotationakay irregular grain shape and dynamical friction forces in-
motion. Spatial kinetic-energy distributions have been usedluence the overall granular motion. The triangular grains,
to demonstrate where the grain motion—both translationalvhich provide a simplified representation of the granular as-
and rotational—is concentrated. perities that tend to inhibit transverse motion, provide an
The residual dependence of flow rate on material head ialternative—and in a sense more realistic—means for mod-
far weaker than the corresponding hydrodynamic result foeling the behavior, with a very similar outcome.
both circular and triangular models, but the fact that some
dependen_ce.remams, as well as the depth-dependent pres- ACKNOWLEDGMENTS
sure, are indications that although both models can describe
the flow correctly(for a given material headthey are unable This research was supported in part by a grant from the
to account for other aspects of granular behavior. While presisrael Science Foundation.
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