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Anomalous supercooled liquid structure of Ga onb-relaxation dynamics
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We study theb-relaxation dynamics for liquid metal gallium using computer-simulated liquid structures in
conjunction with idealized mode-coupling theory. At the dynamical transition point, our calculated mode-
coupling parameterl is numerically more consistent with the increasing trend of the magnitude of the experi-
mentally fittedl (;0.8) observed in several glass-forming materials. The implication is that the empirically
fitted l inherently must contain contributions arising from other subtle mechanisms to theb-relaxation dy-
namics in addition to the usual cage-diffused mechanism. Of particular interest in our calculations is the
behavior of the tagged particle distribution function, which shows a distinct double-peaked structure and,
within the b-relaxation time regime, exhibits a much slower retarded motion compared with other simple
monatomic systems. This curious behavior is interpreted here as due to the influences of temporally fluctuating
atomic bonded-pair clusters that have been observed recently in molecular dynamics simulations.
@S1063-651X~97!03110-3#

PACS number~s!: 64.70.Pf, 61.20.Lc, 61.25.Mv
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I. INTRODUCTION

The dynamics of supercooled liquids is an active area
current experimental and theoretical interest. Experiment
both light- and neutron-scattering techniques@1# have made
tremendous progress in enriching our knowledge of the
riety of relaxation phenomena prevailing in many gla
forming materials. Theoretically, mode-coupling theo
~MCT! @2,3#, which is a formal generalization of the kinet
theory of an equilibrium liquid and of Vlasov plasma theor
has in recent years received considerable attention.
theory was originally proposed for studying the basic d
namics of monatomic supercooled liquids at a microsco
level, although in subsequent development it has been
tended to two component mixtures@4–6#. In this connection,
it is perhaps worthwhile to point out that the theory h
commonly been used also by experimentalists@1# in inter-
preting dynamic data for far more sophisticated multicom
nent systems. Many of these experimental applications
however, theoretically in doubt since the mode-coupling
ponent constants are treated there as mere fitting param
which thus leave obscure the physical meaning of the mic
scopic details buried in the parameters. It is one of the p
poses of this paper to calculate directly an instructive mo
coupling parameterl ~to be defined below! and to study,
within MCT, the temporal evolution of the density-densi
fluctuations that are uniquely determined byl. But differing
from several recent works@7–11#, we focus on liquid metal
gallium for the following specific reasons.

The structure of liquid metal gallium is in many respec
unique. This system has a low melting temperature (Tm
'303 K), but among other pure simple liquid metals, it c
be supercooled very considerably and can form an am
phous solid relatively more easily@12#. Structurally, as Fig. 1
shows, this element exhibits anomalous undercooled cha
teristics with the main maximum of the static liquid structu
factorS(q) displaying a pronounced shoulder nearTm which
develops into a double-peaked splitting at lower supercoo
temperatures@13#. This curious phenomenon differs som
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what from commonly observed quenched systems where
the second principal peak ofS(q) that exhibits the shoulder
like two-peaked feature. From the structural point of vie
this would imply a more ordered atomic distribution for th
supercooled states of Ga. In this respect it is of great th
retical interest to apply MCT to this metal since the theo
has S(q) as the sole input and the principal peak ofS(q)
plays a decisive role in the underlying physics of MCT. T
main aim of this work is to study within idealized MCT th
dynamics of the supercooled liquid Ga in the vicinity of th
dynamical transition pointTc . Through comparing the cal
culatedl and relevant correlation functions at or nearTc
with those from other model systems such as the h
spheres@9,8#, Lennard-Jones atoms@10# and Lennard-Jones
binary mixtures@4,5#, binary soft spheres@6#, liquid metals
Na and K @7,8#, liquid dimers @11#, and fused salt
@Ca~NO3!2#0.4@KNO3#0.6 @14#, we explore the subtle effects o
microscopic interactions and of geometric factors on the
percooled liquid dynamics within MCT.

FIG. 1. Static structure factorsS(q) for liquid metals potassium
~left! and gallium~right! near freezing~full curve! and at the dy-
namical transition temperature~dotted curve!.
4381 © 1997 The American Physical Society
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II. MODE-COUPLING THEORY: b RELAXATION

Central to MCT is the real-time normalized densit
density fluctuation functionR(q,t)5^dr(q,t)dr(2q,0)&/
S(q) wheredr is the density fluctuation from the equilibrium
densityr0 . The Laplace transform ofR(q,t) which is de-
fined by R̂(q,z)5 i *0

`dt exp(izt)R(q,t) satisfies@3#

R̂~q,z!52
z1M̂ ~q,z!

z22q2/bmS~q!1zM̂~q,z!
. ~1!

Here b51/(kBT) is the inverse temperature,m is the mass
of the particle, andM̂ (q,z) is the memory function. In ide-
alized MCT one focuses on long-time behavior, whi
amounts to ignoring the short-time part ofM (q,t) and ap-
proximatingM (q,t)'L(q,t) @2,7# by

L~q,t !5
r0

8mqbp2 E
0

`

dq8q8E
uq82qu

uq81qu
dq9q9

3S q822q92

2q
@c~q8!2c~q9!#

1
q

2
@c~q8!1c~q9!# D 2

S~q8!S~q9!

3R~q8,t !R~q9,t !, ~2!

in which r0c(q)5121/S(q) is the direct correlation func
tion. GivenS(q) MCT predicts an ergodic-nonergodic tra
sition atTc that is determined by solving the nonlinear equ
tion @2#

f ~q!

12 f ~q!
5

bmS~q!

q2 L~q,t→`![Fq„f ~k!… ~3!

for the Debye-Waller factor,f (q)50 for the ergodic state
and f c(q)5R(q,t→`)Þ0 for the nonergodic state.

Further, it is shown in MCT that, nearTc , R(q,t) devi-
ates from f c(q) and within the mesoscopic time scale (tb
.10211 s–1029 s) of theb-relaxation process can be facto
ized into a product of the temporal and spatial parts as

R~q,t !5 f c~q!1hc~q!mA12lAu«uG6~ t/tb!, ~4!

where«5(Tc2T)/Tc ; hc(q)5@12 f c(q)#2l q
c is the critical

amplitude @3,9,8#, l q
c ~or l̂ q

c! being the right-hand~or
left-hand! eigenvector of the stability matrix Cqk

5@12 f (k)#2]Fq /] f (k) and m25@Sql̂ q
cTc(]Fq /]T) f (k)#/

~12l!. Here the material-dependentl is defined by

l5
1

2 (
q,k8,k9

l̂ q
c@12 f ~k8!#2@]2Fq /] f ~k8!] f ~k9!#T

3@12 f ~k9!#2l k8
c ,l k9

c ~5!

and when substituted into

711z2Ĝ6
2 ~z!1lz i E

0

`

dt ei ztG6
2 ~t!50, ~6!
-

z5ztb andt5t/tb being rescaled variables, uniquely dete
mines the scaled master functionG6(t/tb) @3#. In Eq.~6! the
subscripts plus and minus inG6(t/tb) refer to glassy«.0
and liquid«,0 sides ofTc , respectively. Note that the res
caled time tb5t0um2(12l)«u21/(2a) where t0.10214 s is
the microscopic time and the exponent parametera can be
determined from

l5G2~12a!/G~122a! ~7!

in terms of the gamma functionG(x).
The same logic extends to the tagged particle correla

whoseRs(q,t) can be shown to read

Rs~q,t !5 f c
s~q!1hc

s~q!mA12lAu«uG6~ t/tb!, ~8!

where Rs(q,t)5^drs(q,t)drs(0,0)&. Here hc
s(q) is the

tagged particle critical amplitude andf c
s is the Lamb-

Mössbauer factor, the solution of the following equation@8#:

f s~q!

12 f s~q!
5

mb

q2 Ls~q,t→`![Fq
s
„f s~k!, f ~k8!… ~9!

where

Ls~q,t !5
r0

16p2mbq3 E
0

`

dq8q8

3E
uq2q8u

uq1q8u
dq9q9@q821q22q92#2c2~q8!

3S~q8!R~q8,t !Rs~q9,t !. ~10!

Note that in solving Eqs.~9! and ~10! self-consistently for
f c

s(q), one requiresf (q) as an input. It is obvious that, onc
the dynamical transition point is located,l ~and other mode-
coupling parameters! can be calculated readily and th
asymptotic dynamic solutions nearTc @3,7# follow straight-
forwardly.

III. NUMERICAL RESULTS AND DISCUSSION

Equations~2! and ~3! have been solved iteratively an
self-consistently by utilizing theS(q) obtained by Fourier
transforming the computer-simulated pair correlation fun
tion g(r ) at various supercooled temperatures@13#. We find
that the dynamical transition point for Ga occurs atTc
5114.32 K. This value ofTc is of order if one analyzes the
time dependence of the mean-square displacement~see Fig.
3 in Ref. @13#!, which indicates a cessation in diffusive mo
tion of atoms atT.100 K. Note that for Ga metal we hav
not assessed the consistency ofTc from the Wendt-
Abraham-type transition temperature@7,8# since there is no
transition ‘‘kink’’ for the Wendt-Abraham parameterR @de-
fined as the ratio of the first minimum to the first maximu
of g(r )# versus theT plot @15#. We attribute this departure o
R from the usual behavior to the more subtle structure wh
this metal possesses in the supercooled states. In fac
demonstrated by Tsay@13#, the structure of Ga predomi
nantly consists of 1201-type atomic bonded-pair clusters@16#
which are quite different from the 1551-type icosahed
clusters~see the schematic diagrams given in Fig. 2! prevail-
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ing in most amorphous solids.
Applying Eq. ~5! we obtainl50.739. This value lies be

tween the hard-sphereslHS50.772 @8# and the Lennard-
JoneslLJ50.718@10#, but is larger than those of the liqui
metals Na and K, namely,lNa50.712 andlK50.710@8#. To
understand these differences inl values let us compare in
Fig. 3 the pair potentialV(r ) for the Lennard-Jones atom
and liquid metals K and Ga. It can be seen that theV(r ) of
Ga exhibits a rather complex structure; it displays a stro
repulsive part@Fig. 3~a!# for r &0.6r m , r m being the first
minimum position, then shifts to a ledgelike feature@Fig.
3~b!# for 0.6r m&r &0.9r m , and prolongs to adistinctlyweak
attractive part@Fig. 3~c!# tailing with the typical Friedel os-
cillation for r .0.9r m . The repulsive force resembles th
hard spheres whosel tend to be large@9,8# while the rela-
tively weak attractive tail mimics a system of Lennard-Jon
atoms and liquid alkali metals whosel tend to reduce mark
edly @8,10#. From these two basic features, one would jud
from the details in interparticle interactions~behaviors of
strongly repulsive and weakly attractive! a comparatively
smaller l for Ga than for the liquid metal K. We notice
however, that thel of Ga does not follow the expected d
creasing trend@11,10#. This implies that the ledge-shap
range 0.6r m&r &0.9r m of V(r ), which is absent in mos
monatomic systems, must be playing a subtle and deli
role in the liquid structures of Ga. Indeed, as shown in F
3~b!, the principal maximum of the pair correlation functio
g(r 1,max) falls in this range, which is quite different from
many commonly observed monatomic systems~either
Lennard-Jones atoms or other simple liquid metals! where
the first minima ofV(r m) andg(r 1 ,max) coincide. We defer
discussing its significance onl below.

To pursue our analysis further, we depict in Fig. 4 t
tagged particle distribution functionP6

s (r ,t)54pr 2Rs(r ,t)

FIG. 2. Schematic diagrams for the 1201- and 1551-ty
bonded-pair atomic clusters. Reference@16# should be consulted fo
the nomenclature.
g

s

e

te
.

for Ga in both the liquid («,0) and the glassy («.0) re-
gions. The striking feature is that nearTc there occurs a
distinct subpeak at the falling edge of the main maximum
P6

s (r ,t), whereas no such corresponding second peak ex
for either the hard spheres@17,8# or liquid metals Na and K
@8#. As a result, theP6

s (r ,t) of Ga exhibit somewhat differ-
ent features with theP2

s (r ,t) showing a much slower re
tarded tendency and theP1

s (r ,t) revealing a typical local-
ized motion. The explanation for this curious phenomen
can be traced to the anomalous supercooled states o
which are seen@13# in the simulation to consist of temporall
fluctuating atomic clusters@16# predominantly of 1201 type
and less prevalently of 1311 and 1301 type. In each of th
atomic bonded-pair clusters the root pair atoms~see Ref.@16#
for the nomenclature!, are each bonded to two~1201-type! or
three~1311- or 1301-type! common neighbors which them
selves may be bonded~1311-type! or unbonded~1201- and
1301-type! atoms. In this geometric distribution, apart fro
giving rise to the cage-effect diffusive mechanism, the
temporally bonded nearest-neighbor atoms have an a
tional influence on the tagged particle which will respond
any possible change arising from its intimate associat
with these bonded atoms. Accordingly, it islikely that the
cage-diffusive behavior forP6

s (r ,t) will unavoidably be af-
fected by its bonded-pair atoms whose presence makes
appearance of the second peak inP6

s (r ,t) realistic. Thus, as
time evolves and within theb-relaxation regime, one finds
~a! generally as in other monatomic systems, thatP6

s (r ,t)
decreases~increases! in magnitude forr ,(.)0.16s ~here

e
FIG. 3. Interatomic pair potentialV(r ) of Lennard-Jones atom

~long-dashed curve! and liquid metals potassium~short-dashed
curve! and gallium~full curve! for ~a! the repulsive part, scaled to
the first minimumV(r m) at the first minimum positionr m in units
of 103kBT for r ,0.6r m , ~b! same as~a! without scaling toV(r m)
and in units ofkBT for 0.6r m&r &0.9r m , and ~c! same as~b! for
the attractive tailr .0.9r m . To manifest the ledge-shape region f
Ga, we display in~b! its relation with the structure of the pai
correlation functiong(r ) ~dotted curve!.
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4384 56H. C. CHEN AND S. K. LAI
the hard-sphere diameter s is evaluated at
h5ps3r0/650.5324 @8#! indicating an attempt of the
tagged particle to push its way through the surrounding c
of nearest-neighbor particles and~b! concurrently, that
P6

s (r ,t) is bond hindered by the latter manifesting in
gradual development of the second subpeak ofP6

s (r ,t).
To gain further insight into this complex behavior, let

focus on the positions of the first and second maxima
P6

s (r ,t), namely, atr max
(1) .0.134s and r max

(2) .0.354s, re-
spectively. These positions yield a separation approxima
0.22s which is roughly the region the temporally bonde
atoms can ‘‘straddle’’@18# and, due to their intimate ‘‘bond
ing’’association with the tagged particle, can induce a bo
hindered mechanism superimposed on the supposedly c
diffused motion. Table I gives further details of the change
time of r max

(2) ; these data illustrate that, as time elaps
P6

s (r max
(2) ,t) increases in height and moves inward. It is inte

esting to note here that this subtle two-peaked structur
reminiscent of the simulation results of the fused s
@Ca~NO3!2#0.4@KNO3#0.6 whose P6

s (r ,t) of oxygen in NO3

FIG. 4. Tagged particle distribution functionP6
s (r ) vs r ~in

units of s! for liquid metal gallium near the dynamical transitio
point Tc at ~a! t i5t i /tb55310231 i for i 50 ~full curve!, 1 ~dotted
curve!, 2 ~short-dashed curve!, 3 ~long-dashed curve!, and 4~chain
curve! in the «,0 ergodic region and~b! t i 145t i /tb510231 i for
i 51 ~full curve!, 2 ~dotted curve!, and 3 ~dashed curve! in the
«.0 nonergodic region.
e
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ions~see Fig. 6 in Ref.@14#! reveal similar two-peaked struc
ture and were demonstrated there to be due to rotation.
though the bonded-pair atomic clusters for Ga~either the
predominant 1201 type or the less prevalent 1301 and 1
types! are temporally fluctuating, the average picture d
scribed above may have some relevance to this same p
cal origin. We should emphasize, however, that doub
peaked structure reported here is not due to the therm
activated process since the idealized MCT does nota priori
include this contribution in the theoretical formulation. A
this point it is clear thatl50.739, which does not follow the
expected trend of a decreasingl for increasing ‘‘complex-
ity’’ in interparticle interactions@8,10,11#, is now evidenced
to be partly due to an additional bond-hindered mechan
arising from the possible impediment induced by bond
pairs atoms. Such a conjecture is not unreasonable given
the observed trend of the magnitude of the experiment
fitted l is generally large (;0.8) and that the laboratory
glass-forming materials are structurally more susceptible
the above ‘‘bonding’’ picture.

Finally, we present in Fig. 5 the spatial distribution fun
tions of thepc

s(r )54pr 2f c
s(r ) andHc

s(r )54pr 2hc
s(r ) given

in Eq. ~8! for the hard-sphere model and liquid metals K a
Ga. An interesting feature is the close resemblance of
pc

s(r ) andHc
s(r ) for the Ga and hard-sphere particles, whi

both differ somewhat from the liquid metal K. These diffe
ences can be understood qualitatively from the pair poten
given in Fig. 3~a!. Notice, however, that there is a discernib
broad peak forpc

s(r ) in the range 0.3s,r ,0.42s. This
conspicuous peak is partly the origin for the second peak

FIG. 5. Spatial functionsHc
s(r ) andpc

s(r ) of the tagged particle
distribution function vsr ~in units of s! for gallium ~full curve!,
potassium~short-dashed curve!, and the hard-sphere system~long-
dashed curve!.
TABLE I. Tagged particle distribution functionP6
s (r max

(2) ,ti) of liquid metal Ga evaluated at the second maximum positionr max
(2) at t i

5t i /tb55310231 i for i 50, . . . ,4 in the«,0 ergodic region and att i 145t i /tb510231 i for i 51, . . . ,3 in the«.0 nonergodic region.
s is defined in text.

Ergodic Nonergodic

t0 t1 t2 t3 t4 t5 t6 t7

r max
(2) /s 0.364 0.359 0.355 0.351 0.340 0.364 0.359 0.355

P6
s (r max

(2) ,ti) 0.298 0.374 0.425 0.488 0.676 0.298 0.374 0.425
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P6
s (r ,t) displayed in Fig. 4. We note parenthetically that t

Hc
s(r 0)50 in each case yields anr 0 ~Ga, 0.16; K, 0.21; hard

sphere; 0.17! that describes a constant~in time! probability
densityP6

s (r ,t); this r 0 can easily be verified to be the in
terception ofP6

s (r ,t) given in Fig. 4.

IV. CONCLUSION

To summarize, we have applied idealized MCT to liqu
metal Ga to study its dynamic properties within t
b-relaxation regime. We find that the occurrence of tem
rally fluctuating bonded-pair atomic clusters in the sup
cooled states of Ga has significant effects on the dyna
behavior. The most succinct feature is the appearance
double-peakedP6

s (r ,t). This latter characteristic is inter
preted here as due to the presence of intimately assoc
bonded-pairs atoms in the 1201-, 1311-, and 1301-type c
ters which play the role of inducing a different bon
hindered mechanism in addition to the caged-diffus
mechanism. Two immediate consequences follow. The
consequence is that the calculatedl parameter does not fol
A
-

.

en

er

s.

ce
-
-
ic
f a

ted
s-

d
st

low the expected decreasing trend, but instead has a v
more compatible with the trend of most experimentally o
served glass-forming materials whose fittedl ’s tend to be
large (;0.8). The second consequence is the discernible
fluences on the time evolution of tagged particleP2

s (r ,t)
which shows a much slower retarded motion compared w
other simple monatomic systems. In view of this slugg
behavior, the Ga system may be a good candidate for in
tigating the long-lived metastable liquid states currently
great interest in the literature@19,20#.
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