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Phases in strongly coupled electronic bilayer liquids

V. I. Valtchinov}? G. Kalman! and K. B. BlagoeV
!Department of Physics, Boston College, Chestnut Hill, Massachusetts 02167
2Department of Radiology, Brigham and Women’s Hospital, Harvard Medical School, Boston, Massachusetts 02115
(Received 24 December 1996

The strongly correlated liquid state of a bilayer of charged particles has been studied via the hypernetted
chain calculation of the two-body functions. We report the first time emergence of a series of structural phases,
identified through the behavior of the two-body functiof81063-651X97)10609-3

PACS numbds): 64.70.Ja, 71.45.d, 73.61-r, 64.90+b

Electronic bilayer systems, consisting of two quasi-two-short-range order: Zheng and McDongf] and Neilson and
dimensional layers of electrgior hole liquids, separated by co-workers[9], used the Singwi-Tosi-Land-Sjolander ap-
a distancel comparable to the interparticle separatiotthe  proach, whose limitations are well known; Kalman, Ren, and
Wigner-Seitz radiuswithin the layers, have revealed an un- Golden [10] used a quasi-iterative method, which breaks
expected richness of features, and have been the object @pwn for small layer separations.
many recent investigations. While most of the interest has The purpose of this paper is to provide a summary of the
originated from the quantum Hall effect, and thus the relatedirst reliable calculation of the pair correlation functions
studies have been directed at bilayers in strong magneti@j(r) and related quantities such as the structure functions
fields, more recently it has been recognized that unmagnés;j(K) and the dielectric matrix;; (k) for a bilayer system.
tized bilayers also constitute a physical system of remarkabl&he results show that different short-range ordered structures
complexity. Electronic bilayer systems in semiconductorsdevelop in the liquid phase, at relatively modest coupling
can now be quite routinely fabricated by modern nanotechvalues, emulating the different structural phases in the
nology in a fairly wide range of densitiése.,r valueg and ~ Wigner lattices. The gradual increase of the layer separation
interlayer separations. Interestingly, virtually similar systemgs accompanied by dramatic changesgif(r), S;;(k), and
have also come into existence under quite different circume;j(k) that can be partially interpreted in terms of the struc-
stances in ionic traps, where the charged particles are clasgbral changes referred to above, partially in terms of a new
cal ions and the layers develop as a result of the systertype of substitutionalorded-disorder transition. The bilayer
seeking its minimum-energy configuratiph—3]. turns out to be a unique liquid system exhibiting structural

At high enouglr (=alag, ag=¢ph%/m* e? is the effec-  transformations of the phase pursuant to the change of a
tive Bohr radiug or T’ (:ezlak'l') values(estimated to be system parameter: such transformations are commonly
between'=98 andI'=222 [4]) a classical bilayer is ex- known only in thesolid phase.
pected to crystallize into a Wigner lattice. While there is no  Our method of approach is based on the classical HNC
direct experimental evidence or the formation of such ar(hypernetted chajnapproximation. This method has proven
electronic solid in semiconductor bilayers without magneticto be extremely reliable and accurate for Coulomb systems,
field (since the required,=37 values do not seem to be both in three[11,12 and two dimensiong§13-15. We
attainable by present-day experimental technigtiee for- adapted the HNC method to the bilayer situation, by map-
mation of layered crystalline structures has been observed iping the (single componentbilayer onto a two-component
molecular-dynamics computer simulatiof and in ionic  two-dimensional(2D) system, with an interaction potential
traps[3]. At the same time, a series of rather thorough thematrix[15,16
oretical investigation§l,4—6] have been carried out predict-

. . . . L . . 2 2
ing the formation of classical Wigner lattices in electronic or _ 2me _ 2me’ (1)
ionic bilayers. These studies have revealed the existence PuTP2T T P PaT e

of distinct structural phases, whose characteristics depend
on the layer separation, i.e., on ttiéa ratio (see the insetin and using the two-component equivalent of the HNC
Fig. 2): the staggered rectangul@i), the staggered rhombic method. The two layers are assumed to have equal densities
(iv), and the staggered triangulan. Structure(ii) comprises  n. The resulting system of equations fgy (r)=h;;(r) +1,
the simple triangulari) and the staggered squaié), as  C;;(r), and their Fourier transforms; (k) andc;; (k),
special cases. A similar quantum-mechanical study for the
magnetized bilayef7] has led to very similar predictions.
The understanding of the experimentally more important
(and theoretically perhaps more challengitiguid phase _ C1(k)
on the other hand, is quite i is hi hyo(k)= ’ )
, IS quite incomplete. Its analysis hinges [1—ncy(K)P—[ncg(k)]?
upon the availability of thentralayer and interlayer two-
body functions[g44(r) andgq(r), respectively. While at- C11(K)+ncy(k)hyo(k)
tempts have been made to determine gf)és through vari- 11(k)= T—ncy(K) :
ous approximations, none of the results obtained can be
considered reliable, especially with regard to the developindias been solved following Lado’s original work on 2D sys-

hij(r):ehij(r)*cij(r)*tﬁij(f)_1,
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tems[15]. The underlying model is a classical one, where the
average kinetic energy is represented by the inverse temper:
ture parametep and the intralayer coupling by the param-
eter'=e?/akT . This description is appropriate for bilayers
arising in ionic traps if the confining potential is steep
enough so that the degree of freedom perpendicular to the
bilayer planes is suppressed,; it is also expected to be quit
adequate for the analysis of the spin-independent structure
phases of the zero-temperature electron liquid, in the domair
of high enough couplingg>ag) where the electrons are
quasilocalized and the effect of intralayer exchange become
small. Interlayer tunneling effects also disappear under the
usually less stringerd>ag condition. Under these circum-
stances, invoking the equivalendé=2rg is a reasonable
prescription for the interpretation of the results derived from
the present model of semiconductor bilayers.

Our result for the intralayegq,(r) and interlayery;x(r)
two-body functions are summarized in Fig. 1 which shows
their variation as functions of the coupling and of the
interlayer separatiod/a. In order to quantitatively analyze
the information contained in the results we have used as
principal indicators the following quantities:

(i) 912(0), the measure of the probability of finding a
particle in layer 2 above another particle in layer 1: when the
interlayer correlations become significagiy(r) approaches
zero.

(i) R, Ry, Ry andQ,, Q;, Qy , the positions of the
first three maxima ofy;,(r) andgq,(r), respectively: these
maxima identify the correlation shells around a given par-
ticle, both in its own layer and in the layer adjacent to it.

(iii) The intralayer coordination numbess, p,, , p;;; and
the interlayer coordination numberts, o, o}, , associ-
ated with each shell; the coordination numbers are defined b

pi=2n77JM,i rgqq(r)dr, ai=2n7-rfN,‘ rg.o(r)dr,
M; N

whereM/ (N;) andM{(N{) are the minima preceding and
following Ri(Q;).

Short-range order, signaled by the onset of oscillating be-
havior for g,4(r) appears aroundls =3, more or less the
same value as for the isolated 2D layer. The valuE ofloes
not seem to be significantly affected by the layer separatior ()
d. Once the short-range order has developed, the most dra-
matic feature of the two-body functions is the series of quite FIG. 1. Variation of the structure of the two-body functions with
abrupt shifts in the positions and changes in the amplitudemcreasing layer separatiodga atI" =80: (a) g14(r); (b) go(r).
of the first few peaks both aj,,(r) and ofg4,(r). This can
be well observed in Figs. 1 and 2. These features unambigu- (1.1 Interlayer correlations, as inferred from,(0),
ously point at the formation and phase-transformation-likeseem to completely disappear for abalia=3, even for
changes of short-range structures in the bilayer electron ligvery highI" values(see the inset of Fig.)2 Thus for layer
uid, which can be paralleled with the results of recent studieseparations higher than this value the two layers behave as
of the bilayer crystalline phadd.,4—§. virtually independent 2D systems.

The physical features of the system are revealed through (1.2) The positions, heights, widths, and resulting coordi-
the two-body functions, the structure functions and the dihation numbers of the correlation shells shift and change
electric matrix of the system. In order to bring out the char-drastically as the interlayer separation is increasee Fig.
acteristic features in the details of the structure of two-body2). These changes can be brought into correspondence with
functions, we used the rather hiih=80 value for the latter. the expected formation of the different lattice structures in
For the structure functions and for the dielectric matrix wethe solid phase, as discussed above. Since each lattice struc-
used the more realistic =20 andl’=10 values. ture carries a precise set of nearest neighbor posi{iBg,

(1) Two-body functions g(r), g..(r). {Q.} and coordination numberfp,}, {o,} (With «
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tion of R, /R, to the=1.5 value. The substitutional disorder
that prevails in the domain<Qd/a<0.5 would seem to re-
quire that vestiges of the peaks @f;(r) show up ing,(r)
and vice versa. This, however, is apparemibf the caseR,
andQ,, R, andQ,,, etc., are quite distinct. Nevertheless,
the separations betweéh andQ; remain small enough and
the peaks wide enough to accommodate the substitutionally
ill-positioned particles. In fact, th€,,, shell appears to be
thriving on the ill-positioned population: by the establish-
ment of the substitutional order tHé shell atQ, =3.65
vanishes, and is replaced by the more distant positi@py at
=4.99.

(1.5 The transformation to an underlying staggered
square lattice structure becomes complete/at=0.7. The
indicators of this transformation are the jump Rf, from
2.30 to 3.89 andr,, from 3.87 to 5.63, and the accompany-
ing jump of the coordination numbeps from =2 (the same
asp, for the rectangular lattigeto =7 [close top,+ p,=8

e - (p1=4, p,=4) for the square lattide All these changes
0 05 1 1.5 2 25 3 reflect the higher symmetry of the square lattice.
dia (1.6) In the domaind/a>0.7 the staggered square lattice
gradually transforms into a staggerdabombic lattice with
FIG. 2. Characteristic variation with layer separation of the first, 90> ¢ >60°: this allows an energetically favorable increase

peak positions
w

coordination numbers

second, and third maxima @f,y(r) andgy(r): (&) positionsR;,  of the lattice constant, at the cost oflacreaseof the ener-

Ry (b) associated coordination numbexs, py , pui @andoy, o, getically less important second and third neighbors. This
oy, - The insets show the five principle lattice structures and thetrend is very clearly observable in the behaviorRyf R,
valuegy(r) atr=0. andR;, , and also detectable i®, and Q,;, . There is no

significant change in the coordination numbers in this do-
=1,2,3... representing the first, second, third, etc. nearestain, except a slight reduction i, p,, o,, andoy, re-
neighbors in the lattide these can be identified with the flecting the reduced distance between the corresponding
previously definedR;}, {Qi}, {p;} , and{o;} (values with  shells.
i=I, 1, andlll, representing the first, second and third (1.7) Around d/a=1.6, ¢ reaches the 60° value, and in
shell positionk (The identification is not one to one: a given each layer the underlying structure becomes a standard 2D
shell, in general, with the possible exception of the first shellfriangular (hexagonal lattice, with a lattice constant appro-
contains more than one set of nearest neighbdrsus the priate for densityn. This can be inferred frorR, reaching its
formation of a series of "liquid phases” emulating the un- maximum andR,;, R,;, andQ,, Q;, Q,, reaching their

derlying lattice structural phases can be observed. minimum values, the former very close t@2 times the
(1.3 At d=0, when the two layers are collapsed into aR,(d=0), R, (d=0), andR,;; (d=0) values, respectively.
single 2D system with double density 2their two two-body (1.8 The triangular lattices emerging as the end product

functions gq4(r) and gq,(r) are identical, withR /R, of the rhombic structure are staggered in such a way that the
=Q,, /Q,=1.9 ratio, slightly higher than the characteristic vertices of layer 2 lie over the midpoints of the sides of the
3 of a triangular lattice. Th&®,=Q,=1.25 value itself is triangles in layer 1(and vice versa This is not the
somewhat below the lattice constaRf=1.34, similarly to  minimum-energy configuration for well-separated layers:
what has been obtained in the Monte Carlo and HNB- this latter is attained when the vertices of the 2-triangles lie
15] calculations for an isolated 2D electron liquid. The over the centers of the 1-triangles. Transition to this final
double-density triangular structure can also be regarded asc@nfiguration, consisting of a rigid translation of lattice 2
staggered rectangular lattice with a side radio/a;=+3.  with respect to lattice 1, takes place in the domain
The identity of the two two-body functiong,; andg,, and  (1.5)<d/a=2.0 and is shown by a slight, but perceptible
the accompanying equality of the coordination numbersjncrease inQ, andQy, .
pi= o, however, clearly indicates that the two species are in (2) Structure functions §(k), Si(k) (Fig. 3). The ex-
a completesubstitutional disorderoccupying the lattice sites pected smalk behavior of the structure function is governed
at random. Should this not be the case, the two functionby a generalized compressibility sum rdile7]: at k=0 the
g11(r) andg4,(r) would remain distinct even for very small S;1(0)= —S;,(0) condition is required; both of the values of
(d—0) layer separation. S11(0) and of [9S;1(k)/dk] (k=0) are governed by the
(1.4 With d increasing away from the zero value, the quantityL,,—L 45, the difference between the inverse com-
substitutionalisorderis rapidly replaced by a substitutional pressibility and the inverse trans-compressibility
order appropriate for the staggered rectangular structure: by.;;=(dP;/dA;)K,, whereK,, P andA are respectively the
d/a=0.5,p, ando, assume their expectgd =2 ando;=4  compressibility of the noninteracting gas, the pressure, and
values. At the same time, the rectangular unit cell deformshe surface aredor the observability of these quantities, see
toward a squarelike shape: this is well shown by the reducRef.[18]). At d=0 the purely correlationdl;, compensates
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FIG. 3. Variation of the structure functions with increasing layer 100w
separationgd/a for '=20 for Sj;(k) and S;,(k). Note that the L
coordinates of5;; andS;, are shifted with respect to each other. ()} =

for the correlational contribution to thée;; [resulting in

S11(0)=—S,5(0)=1/2]. This is also the consequence of the -20

perfect screening sum rule which requires that ;

nfd?r{hyy(r)+hy(r)}=—1. For highd values, L,; be- -30

comes dominant, approaching the value appropriate for the- (b) 0 5 10 15 ig 25 30 35 40

isolated 2D layer, which, foF =1 isL,;=1—0.82T [19].

The inset in Fig. 2 shows tHe;;—L ;, values, extracted from

S;1(k) andS;4(k), corroborating the expected behavior. FIG. 4. Diagonal and off-diagonal elements of the static dielec-
(3) Dielectric response matrixThe inverse of the static tric matrix for different layer separationés) d/a=0.05 (L1,

dielectric response matris(k) =& (k) can be expressed in ~L12 and (b) d/a=0.1 (Ly<Ly;) at T'=10. The insets show

terms of the structure functions asz; (k)= dets;; and Ln—L_lz_,_ Fhe difference between diagonal and trans in-

— Bne; (k) Sj(k). It determines the total potentid}; in the verse compressibilities.

two layers when either of them is perturbed by an external

potential®, :

description. Neither is there a clear indication of the transi-
PN Y tion taking place atp=69.6° predicted by GP rather than at
= i ¢=60° (the indicator would be a slight decrease in {he
values accompanying the detectable slight increase i®Qthe

q tﬁt shmaltlhla);ertseparaftﬁ]n :?_eleffte_ct;ve dt'.EIeth”C fl."n(it'?n dvalues). The possibility of substitutional disorder is not part
€k;; has the features of the dielectric function of an ISolateCy e Gp |attice model, which allows for structural changes
2D layer (see Fig. 4 with the characteristic antiscreening

only, although, as our analysis reveals, it would be, for a

pehaviqr fork<k, (.NZS)' This behavior begomes qualita- finite temperature, a determining factor of the phase structure
tively different precisely at the layer separation wherg— of the system in thel/a<0.5 domain(cf. Ref. [20]).
L,, changes from positive to negatit®ee the inset of Fig.)4

[17]: e, and g4, develop alternatively anti-screening and
screening domains. TABLE |. Phase boundariel§i): simple triangulargii/a): sub-

We can compare our results concerning the critical valuegtitutionally disordered staggered quadrangulal): substitution-
of d/a at the phase transition boundaries with those in thedlly ordered staggered quadranguléi): staggered squareiv):
works of Goldoni and Peetef&P) [4] into ourd/a values.  St2ggered rhombidy): staggered triangular
Table | shows the comparison. Tliéa [(ii)— (iii )] value
has been taken along the liquid-solid phase boundary at thPehases d’a da g/a ) dia )
lowestI” value (I'=118) in Fig. 8[4(a)]. GP claimed a wide This work  GP(a) ?:% Cr;i(%’
range of stability (0.79.d/a<1.10) for the staggered square S S

lattices. We do not see this happening: the gradual transfoli/a)— (ii/b) ~0.5
mation into a rhombic structure seems to follow immediatelyji)— i ) 0.7-0.8 0.79 0.57 0.50
the formation of the square lattice. The expected first ordefjy)— (v) 1.5-2.0 1.87 1.07 1.12

character of theiv)—(v) transition is masked in the present
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In summary, we have calculated the two-body functionshave also shown how the structure functions and the static
structure functions, and static dielectric matrix of a stronglydielectric matrix reflect these structural changes.
correlated electronic bilayer liquid through the classical
HNC approach. We have found a series of dramatic changes This work was partially supported by NSF Grant No.
in the liquid structure as the layer separation varies fronPHY-9115714. Part of the work was done while G.K. was
d/a=0 tod/a=3. These changes can be brought into cor-visiting at the University of California at San Diego, and he
respondence with the structural transformations and withs grateful to Tom O’Neil for his hospitality. We would like
substitutional order-disorder transformations in the underlyto thank Dan Dubin for the discussions and for making his
ing lattice structure. This behavior seems to have been prampublished data available, and to Ken Golden of the Uni-
dicted [20] in other strongly correlated liquid systems. We versity of Vermont for a series of useful conversations.
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