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Stochastic ratchets with colored thermal noise
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We study thermal ratchet systems, i.e., particles moving in asymmetric periodic potentials using a general-
ized Langevin equation. This scheme allows for a clear distinction of thermal noise, whether “white” or
“colored,” and time-dependent external fields, deterministic or stochastic. It can then be verified that, as a
consequence of the fluctuation-dissipation theorem, the ratchet does not drift if it is in intex@adiianith a
thermal bath. That is, we show that a net current arises only if the forcing is donedxyeanalsource. Hence
we find that the only necessary condition for rectifying an external field, producing a current, is the asymmetry
of the potential. The use of the generalized Langevin equation gives access to a wider variation of the
guantities involved; for instance, we find that an inverted current arises for external fields correlated in shorter
time scales than the thermal noi$81063-651X%97)09110-1

PACS numbeps): 05.40:+j, 87.10+¢€

Unexpected transport properties of the so-called stochas- The generalized_angevin equation of a particle of mass
tic ratchets, namely, dissipative systems of particles movingn moving in an asymmetric periodic potentid{x) (see Fig.
in asymmetric periodic potentials in the presence of thermal) is
and external noise, have been the focus of attention of recent
studie 1-8]. In addition to their potential application in the 42, ¢ dx(7)
understanding of biological or molecular machif@®$|, one m—=— f dr '(t—17)
of the most intriguing aspects of stochastic ratchets is their dt? — dr
ability to “rectify” symmetric correlatednoise and thus be- (1)
ing able to produce a net current. This result was pointed out
by Magnascq1] and further verified by othef®,3], usinga whereI'(t) is the memoryfriction kernel andf(t) is the
one-dimensional ratchet system in the presence of externatochastic fluctuating thermal force exerted by the bath.
colored noise, in the overdampe@SmoluchowsKi limit. Feox(t) is a time-dependerdxternalforce. It is important to
That study was inspired by the classical work by Feynmarstress that the properties &%,(t), whether stochastic or
[9], where the ratchet and pawl system is used to exemplifeterministic, correspond to given external process and
the second law of thermodynamics: Feynman shows that ghey are completely independent of thernal degrees of
system executing Brownian motion in contact with a thermakreedom of the system-bath composite. The thermal force
reservoir cannot produce work. f(t) has the usual stochastic properties of being gaussian

In this paper we verify that, as a consequence of & ;erg mearf(t)=0 and its second moment is related to
fluctuation-dissipation theorefd0], a ratchet in the presence 4, memory friction kernel by the fluctuation-dissipation ex-
of thermal noisenly does not show any current, whether the ression{10]

fluctuations of the bath are time correlated or uncorrelated”
Thus the net current or drift of the particle must be produced
by the presence of aexternalsource. In particular, we shall

show thatany external forcing may be used to produce the )
drift. That is, we shall argue that the onset of a net current iVherek is Boltzmann constant anil the temperature of the

only due to the asymmetry of the potential and that it is notPath. This theorem ensures proper equilibr_ation of the overall
necessary that the external forcing be correlated in time. SyStém-bath composite whéh,(t)=0. As is well known,

In previous studiefl-7], the description of the dynamics
of the system was done under the assumption of a large %[ V(%)
separation of time scales, those of the ratdleed., a motor
protein, and of the thermal bath. The latter approximation,
however, allows for considering “white” thermal noise only

d
— VOO +Fey(),

f(Of(t)=2kTT(t—t") for t>t', 2

and therefore any time correlation of the forcing must come
from an external source. Here, by describing the ratchet sys- xm/
tem in the Brownian regime by means of a generalized I 3

Langevin equation, one is able to consider thermal noise
with finite correlation times and thus it can be shown that the
production of the current is due to a time-dependent external
force.
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* Author to whom correspondence should be addressed. FIG. 1. Ratchet potential. See E®).
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one recovers the usual Langevin equation with white nois@al origin. That is, an isolated system such as the overall
when the memory kernel becomésgorrelated, that is, when system-bath composite, must reach a thermal equilibrium
state in the absence of external forcifguch as a time-
L(t)=ya(1), (3)  dependent field or a temperature gradigdfi and there can
) o . o be no(stationary currents. This is in fact the situation for the
with y the fncpon C(_)eff|C|ent. It is _|mportqnt to recall that gtgchastic process(t) defined by Eq.(5), with symmetric
the use of a dissipation kernElt) with or without memory orrelatedforce f (t), and it is precisely in such a case that it

g?spteongz :)hnet‘f?se ggrenfc;ar:gstﬁé ?;g:ﬁt?rnc;fe;\ﬂ:at gfnfoﬁ?::' nas been found1-4] that the system reaches a stationary
Y ' 4 '_State with a net current.

a thermal bath is always colored. However, if the time scales We now proceed to exemplify the above results via nu-

of evo}ution are S.UCh that one Is aple o approximate the batn1erical solutions of the generalized Langevin equatibn
as being white, in comparison with the time scale of theIn dimensionless unitsnf=1 and =1, the mass of the

zﬁzt;ve;nf,otrhg r?w%?g”cp;lr%nIgticfnn;tehsem;rilég\l”dagéc-[ihltsio?nrg?fr:t article and the period of the potenjiathe ratchet potential
P P is a simple ong3] (see Fig. 1

dynamics of the system than if the finite time correlations of
the bath are kept. But certainly, if the time scales of the Vo 1 1
system and the bath are comparable, then one must face the V(x)= —(sir(zwx)— =sin(4mx) + zsin(67x) |. (6)
non-Markovian character of the corresponding dynamical 2m 2 3

equations. One of the most serious difficulties due to the lac
of Markovian character is that the whole hierarchy of
multiple-time probability distributions cannot be constructed
from the knowledge of the two-time conditional probability 1
distribution [11]. Moreover, in general, one cannot write f(t)f(t')=A2—e It=t'lin, 7
down a(generalizel Fokker-Planck equation for this distri- 279

bution[12]. The latter result has consequences in the prese%here 7o is the bath correlation time. One recovers the
study. .

As we shall show below. by a numerical solution of E o-correlated situation in the limit,— 0. The memory kernel
w w W, Dy a numer utl : q'1"(t) is defined through the fluctuation-dissipation relation
?2). The solution to the generalized Langevin equation is

abscence of external forces, i.e.,RAf,(t)=0 in Eq. (). d ) .
. : ependent on several parameterg; the amplitude of the
Nevertheless, and this was truly unexpedfeglif one adds a ratchet potentialA, the amplitude of the stochastic force,

time-symmetrieexternal force, the system then shows a netthe correlation time, or memory time, of the bath; andhe

current, in general. A different result here is the fact that th . : L .
. . emperature that enters in the fluctuation-dissipation relation
correlation time of the external force can even be shorter

than that of the thermal bath in order to produce a current. V€ by Eq.(2). If in addition we consider an external field

For comparison purposes we shall use as external forceszéﬁét(t)’_ ﬁstr:re] Egt'gr%avlvﬁerl]c?\i/se st\tlr)?:hrgg'[ii frvsg &%r;”;egﬁy at
systematic deterministic oscillatory force, such as “o ; ) | P
least its strength and its correlation time. We have kept

Fexi(t) = FoCOg wgt), (4) Vo=2.5 throughogt anq vary the rest of the parameters._
The goal here is to find out if the system shows a station-

with Fo and w,, arbitrary and constant. In the other extreme,ary current different from zero in a given situation defined by
we shall consideF . (t) to be a stochastic force and time the parameters described above. It turns out, however, that in
symmetric as well. the generalized non-Markovian description it is not clear

As already mentioned, in the descriptions given in, e.g.Which is the function that measures the current, such that it
Refs.[1-3)], it is assumed that the motion takes place in the'éduces to the probability density current in the Markovian
overdampedSmoluchowsKi regime and the memory of the limit [13],
bath cannot be taken into account. The dynamical equation

kT 1
then reads (0= = 3%+ [Feu§) = V(0 Jp(X.0),

dx d ~ (8
ya=—&v(x)+ f(t), (5)

lﬁ‘he thermal stochastic force is taken to be Gaussian, with
zero mean and with the correlation function

with F.,(t) slowly varying. The latter identification follows

L= . . from the conservation law for the probability densitfx,t).
where we have writteffi (t) to make the following points. As This law can be deduced from the corresponding Fokker-

such, this equation represents the interaction of a particlg,Iaan (or Smoluchowski equation [13]. Now, since a

with a thermal bath only iffit) is & correlated. In other «generalized” Fokker-Planck equation is not knowa?2]
words, only a d-correlated f (t) obeys the fluctuation- (due to the non-Markovian character introduced by the
dissipation theorem; see Edq8) and(3). If T (t) shows time memory term one cannot write down the conservation law
correlations with correlation time different from zero, then for the generalized probability distributign(x,t). Thus, in
these are produced necessarily by an external source. It hagder to find out whether or not a current exists, we shall
been arguedsee, e.g., Refl3]) that these correlations are mainly look for the behavior of the average position of the
actuallynonequilibrium fluctuationsThis may indeed be the particle as a function of timg(t). This average is calculated
case, but nonetheless those fluctuations are still of an exteover many realizations of the stochastic thermal force, and of
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FIG. 3. Positiorx(t) vs time, for ten different realizations of the
X (B) stochastic thermal forcé(t), in the presence of an external force
FeXt(t)r Eq (9) To— 10, Foz 10, andw0=0.05.

300 @y =0.01 Fo=0.0, and one finds that there is no net current. We stress

that the fluctuations of the bath atiene correlatedi.e., 7y

200 %5=0.05 #0. In accordance with the second law, one cannot extract a
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current from a thermal bath, whether white or colored.
100 A y Next, we direct the reader’s attentipsee Fig. 2b)] to the
AJAM " o= 100 J105As striking oscillacions of the average positioit). The fre-
ay ‘ : quency of this oscillation is, within statistical errors, the fre-
| quencyw, of the external force. For comparison, in Fig. 3,
-100 we show the actual “walker’(t) of ten runs, correspond-
ing to different realizations of the thermal noise for given
Fgo, and wg. One can hardly expect from Fig. 3, given the
fact that we are facing a highly nonlinear system, that the

400 averagex(t) will show such a clean filtering of the forcing

frequency. Note also the inversion of the current in Figp) 2
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FIG. 2. Average positiox(t) vs time(a) as a function of the
strengthF of the external force fory=1.0 andw,= 0.05, Eq.(4);
(b) as a function of the frequency, of the external force for
70=1.0 andF,= 1.0, Eq.(4); and(c) as a function of the correla-
tion time 7y of the fluctuations of the bath fowy,=0.05 and
Fo=1.4, Eq.(7).

the external noise if the latter is also stochasticx(if) =0,
there is no current. Ik(t) # 0, the particle is drifting. Every
situation described below was obtained with 100 realizations
of the stochatic forcd(t) and for runs of 900 000 time steps
(At=0.01) [14]. L

In Figs. 2a)—2(c), the average positior(t) of a Brown-
ian particle in a ratchet potential in the presence of a given
periodic sinusoidal force is shown; cf. E@). The different
curves correspond to different strengths of the external force
Fo [Fig. 2(@)], to different frequenciesvy of the external
force [Fig. 2(b)], and to different values of the bath correla-
tion time, or memory,ry [Fig. 2(c)]. We can see that, in
general, there is a net drift for almost all cases.
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Finally, in Fig. A¢), it is important to note the honmono-
tonic behavior of the current as a function of the memory
time 7, of the bath, for fixed external force. The cage=0.0
corresponds to a white bath. Note that when the bath has a
A GAARGA R LA very long correlation time £,=100.0) it becomes very inef-
ficient in driving the particle.

We now discuss the case in which the time-dependent
external forceFq,(t) is stochastic. We take it to be Gauss-
ian, with zero meark,,(t) =0 and the correlation function

E— 1 ,
Fex(t)Fex(t’)=F§5—e "!1/7en C)

Text

5
Tou=1.0 /10 At

FIG. 4. Average positiorx(t) vs time, as a function of the

We want to highlight the following points. First, in Fig. correlation timer,,, of a stochastic external forde,,(t), Eq. (9).
2(a), the case ofno external forceis also shown, i.e., 7,=1.0 andF,=10.0.
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The results are shown in Fig. 4. The different curves correis clearly different from the current inversion found in pre-
spond to different correlation times,; of the external force.  vious studieg§2—4,7.

Three main conclusions can be drawn from here. First, if the An interesting case is the extreme one afaored ther-
correlation time of the external force is equal to the correlaimal bath,7,# 0, with awhite, or é-correlated, external force
tion time of the bathre,= 7o, there is no drift(as it should 7exr—0. We found, as shown in Fig. 4, that the ratchet
because the ratchet comes into contact with a single coloréoves. That is, it is capable of rectifying even a symmetric
nois. That is, the external force plus the thermal force isé-correlated external noise. This result indicates that the only
equivalent to increasing the intensity of the thermal noise, a§€cessary condition for a thermal system to show current is
can be seen from EqE), (7), and(9) (completely analogous that the potentialV(x) be asymmetric. From the present
to the case of a white bath withé&correlated external force, work we can fur_ther conclude that the phen(_)menon IS Very
as shown in[1,3]). Second, for external correlation times robust: Pertyr b .|r(almost_ any way an otherwise ratchet in
longer than the thermal correlation timg,> 7, the situa- thneg;nr?loigut'rl"g{ Ituhz 2&%; X)\;I!\gsf/rs]?er;tew?[r? l;rrceor;grx\éetr?(terrerizl
go:oiﬁgglizgfr:gﬁggl;rct (?I'fhae:ghrlr:isbtatt)z :é?gbzirt?\fgpce 0gath, memory, and with time-dep.endeljt externall forces
in this case as it has already been demonstrafde-3]. (even § correlated can only be studied with generalized

Third, for external correlation timeshorterthan the thermal Langevin equation, such as EQ).

correlation timer,,< 7o, there is also current. It is important

to point out that the current in this case is “negative,” or  L.I.B. acknowledges support from Consejo Nacional de
“inverted.” The origin of this inversion, not elucidated here, Ciencia y Tecnolog (Mexico).
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