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Dense hydrogen plasma: Comparison between models

J. G. Clérouin and S. Bernard
CEA–Centre d’Etudes de Limeil-Valenton, 94195 Villeneuve St. Georges Cedex, France

~Received 30 September 1996; revised manuscript received 7 April 1997!

Static and dynamical properties of the dense hydrogen plasma~r>2.6 g cm23, 0.1,T,5 eV! in the
strongly coupled regime are compared through different numerical approaches. It is shown that simplified
density-functional molecular-dynamics simulations~DFMD!, without orbitals, such as Thomas-Fermi Dirac or
Thomas-Fermi-Dirac-Weisza¨cker simulations give similar results to more sophisticated descriptions such as
Car-Parrinello~CP!, tight binding, or path-integral Monte Carlo, in a wide range of temperatures. At very low
temperature, screening effects predicted by DFMD are still less pronounced than CP simulations.
@S1063-651X~97!04709-0#

PACS number~s!: 52.25.Kn, 02.70.Ns, 71.15.Pd, 71.10.2w
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I. INTRODUCTION

In previous papers it has been shown that a simplifi
density-functional scheme adapted to plasmas@density-
functional molecular dynamics~DFMD!# was able to repro-
duce accurately the equation of state of the hydrogen pla
at very high densities and in a wide range of temperatu
@1,2#. The purpose of this paper is to present a more syst
atic comparison of static and dynamical properties of
dense hydrogen plasma between DFMD and other avail
models. The high-density regime can be characterized b
ratio r s5a/aB @wherea5(4/3pr)21/3 is the ion sphere ra
dius, andaB the Bohr radius# smaller or equal to unity. Fo
such densities, the electronic orbitals of hydrogen are o
lapping and electrons become delocalized@3#. This simple
pressure ionization criterion can be checked by using
atomic physics packageNOHEL @4# which predicts 80% of
ionization, with a weak temperature dependence. More
cent calculations have shown that this transition from hi
pressure molecular hydrogen to the plasma phase occurs
abruptly through a first-order phase transition called
plasma phase transition@5#, which can be located aroundr
51 g cm23 ending with a critical temperature of 15 000 K
Thus, forr s5<1(r>2.6 g cm23) the system can be consid
ered as a strongly coupled fully ionized plasma.

It is clear that for lower densities (r s>1.5), a full
quantum-mechanical treatment is needed to account for
lecular binding. Techniques such as quantum Monte C
@6#, density functional@7#, or tight binding@8# are then nec-
essary to investigate the pressure dissociation of molec
hydrogen. Conversely, for very high densities (r s→0) where
the electrons are fully degenerate~u5Te /TF→0, whereTF
is the Fermi temperature! the electronic polarization become
very weak and the system reduces to the one-compo
plasma~OCP!.

In order to extract the dynamical behavior of the syst
~diffusion constant, viscosity!, very long simulations with
many ions are needed, and the accuracy of the phys
model has to be balanced with computational cost. For
ample, the OCP model allows for simulations with 1000 io
over hundreds of plasma periods, but the lack of a go
description of electron screening systematically undere
mates the diffusion constant at finiter s . Conversely, more
561063-651X/97/56~3!/3534~6!/$10.00
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elaborate techniques based on the density matrix@9# are very
accurate at lower densities~higherr s! and finite temperature
but are limited to a few tens of ions. To treat the plasm
regime, Car-Parrinello~CP! simulations have been pushe
up to high densities@10,8#, but limitations arise in describing
electronic excited states. Moreover, the metallic characte
the system induces a mixing between ionic and electro
degrees of freedom, leading to heat transfer between ions
electrons. In order to maintain the electronic density close
the Born-Oppenheimer surface, two Nose thermostats m
be introduced to control electronic and ionic temperatur
At high temperature this procedure seems to induce a bia
the simulation, making conventional CP simulations alm
impossible for temperaturesT.1 eV. For higher tempera
tures, Kwon et al. proposed a tight-binding molecular
dynamics simulation@8# in which excited states are include
in the Hamiltonian, allowing simulations up to a temperatu
of 5 eV.

By restraining our model to the plasma phase atr s<1, we
can ignore all physical phenomena related to binding, a
focus only on screening by finite-temperature electrons. T
aim of this paper is to quantify the differences betwe
DFMD models and the other models previously mention
The paper is organized as follows. In Sec. II we compare
concept of orbital free molecular dynamics with the classi
Car-Parrinello scheme. Structural properties of the hydro
plasma are then discussed depending on the model, an
nally diffusion coefficients and collective modes are co
puted.

II. ORBITAL FREE FUNCTIONALS

In density-functional theory, the electronic energy is e
pressed as a sum of several terms: the kinetic energyEKE ,
the Hartree energyEHart, the exchange-correlation energ
Exc , and external energyEext:

E@r#5EKE@r#1EHart@r#1Exc@r#1Eext@r#. ~1!

The minimization ofE depends only upon the electron
density r(r ) through the Hohenberg-Kohn~HK! theorem
@11#. In the Kohn-Sham realization of the HK formalism, th
electronic kinetic energyEKE is calculated as the kinetic en
3534 © 1997 The American Physical Society
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56 3535DENSE HYDROGEN PLASMA: COMPARISON BETWEEN MODELS
ergy of a noninteracting electron gas, thus introducing a
of nocc occupied electronic orbitalsc i :

EKE5(
i
E dr c i~r !* ~2 1

2 ¹2!c i~r !, ~2!

where the density is given by

r~r !5(
i 51

nocc

c i~r !* c i~r !. ~3!

The c i ’s are derived by solving the usual Kohn-Sham eq
tions. In conventional CP molecular dynamics@12#, the elec-
tronic degrees of freedom are these orbitalsc i ~or more pre-
cisely the coefficients of their expansion on a set of pla
waves! which are subject to an orthogonality constraint th
represents a severe limitation to the size of the system.

A tempting alternative is to apply the HK theorem lite
ally and to regard the electronic densityr(r ) as the sole
variable. One thus has to propose some functional form
the electronic kinetic energy as a function of the sole den
~orbital free!. Being the exact kinetic energy for a homog
neous system, the Thomas-Fermi~TF! theory appears to be
the paradigmof such approximations. As a matter of fac
starting from the Thomas-Fermi expressionEKE
5c0*r(r )5/3dr with c05 3

10 (3p2)2/3, a whole family of or-
bital free functionals have been developed. The first corr
tion is to keep the TF kinetic energy and to add to the el
tronic Hartree term the exchange energy formula for
uniform electron gas computed by Dirac@Thomas-Fermi-
Dirac ~TFD! model#:

ETFD5c0E r~r !5/3dr1cxE r~r !4/3dr, ~4!

wherecx5 3
4 (3/p)1/3. The next improvement is given by th

addition of gradient corrections to the density:

EKE5c0E r~r !5/3dr1
l

8 E u¹r~r !u2

r~r !
dr, ~5!

with a parameter 1,l, 1
9 . The value ofl is a subject of

great discussions and for isolated atoms energies calc
tions, the value1

2 seems to be the best@13#. Combined with
the Dirac exchange term, this kinetic energy gives
Thomas-Fermi-Dirac-Weisza¨cker ~TFDW! functional.

More complex functionals have been devised, includ
the Lindhard response, or complex kernels, in order to rep
duce some condensed matter features such as binding o
oms or total-energy calculations. Those functionals h
been applied to sodium and aluminum@14–16#, silicon @17–
19#, metal-salt solutions@20#, clusters@21,18# and also hy-
drogen adsorbed on silicium surfaces@22#.

But, keeping in mind that we are dealing with plasm
some care must be taken in the choice of the kinetic-ene
functional. However tempting it may seem to push the
bital free concept far enough to be able to reproduce so
condensed-matter properties, it will probably give rise
more and more complex functionals, difficult to handle n
merically and consequently computationally slower. Thus
have focused our comparison mostly on the TFD and TFD
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functionals which are easier to compute. Nevertheless, in
dition to more complex calculations, the gradient term, wh
used at low densities, gives rise to negative densities. In
case a mass preconditioning must be introduced in orde
control the pseudodynamics of each Fourier componen
the electronic density@14#.

Another advantage of dealing with Thomas-Fermi orbi
free functionals is the possibility of performing finite ele
tronic temperature calculations. The energy is then repla
by the free energy, also expressed locally asF@r#
5*F@r(r )#dr, which acts as an effective potential for th
ions. The extension of the Thomas-Fermi model to fin
temperature was given by More@23# and Perrot@24# for the
whole TFDW functional in the Kirzshnits formulation. Finit
electronic temperature simulations are also possible with
ditional Car-Parrinello simulations, but they require t
implementation of a large set of excited states with occu
tion numbersf i determined by the Fermi statistics throug
the use of the Mermin functional@9#. Finite electronic tem-
perature simulations in quantum physics are now a very
tive field of research, where, due to their simplicity, orbit
free functionals represent an interesting alternative.

III. COMPUTATIONAL DETAILS

Following the idea of Car and Parrinello, the dynamic
evolution of the whole electron-ion system is controlled by
pseudo-Lagrangian, in which the density is the sole el
tronic dynamical variable. By taking the derivatives with r
spect to the density and ionic coordinates of the Lagrang

L5 1
2 mE ṙ2~r !dr1 1

2 (
i 51

N

MiṘi
22F@r~r !,Ri #

2mS E r~r !dr2ND , ~6!

the equations of motion of both components are obtain
The only constraint here is charge neutrality, which is eas
handled.

The external potential is given by the Coulomb potenti
except for small distances (r ,r c), where it is regularized by
anad hochomogeneous smearing of the nucleus leading
parabolic core for the potential. We have checked@2# that,
provided r c stays smaller thana, this procedure yields no
significant differences on collectives properties compa
with the bare Coulomb potential. However, this procedu
precludes exact energy calculations, and a static correc
must be introduced when calculating pressure@1#.

By equating the ionic and electronic temperature, t
scheme allows us to perform finite electron temperat
simulations for 250 ions over 120vp

21, where the plasma
frequency is defined asvp5(3/MI)1/2r s

23/2, in 10-h CPU
of a YMP Cray computer. After an electronic minimizatio
corresponding to the targeted electronic temperature, the
are thermalized during 50vp

21 by simple velocity rescaling.
The simulation is then run without ionic and electronic the
mostats. Total-energy conservation is better than one pa
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3536 56J. G. CLÉROUIN AND S. BERNARD
104, and the electron-ion mass ratio is adjusted to main
the fake electronic energy lower than 1023 times the ionic
kinetic energy with no drift.

Simulations at the lowest temperature of 3000 K, cor
sponding to a plasma parameterG5e2/akBT5104, have
been performed with the DFMD code using TFD and TFD
functionals and also with a CP code using BHS@25# pseudo-
potentials without thermostats~referred to as CP!. To check
our CP code, comparisons have been made with Koha
et al. CP simulations@10,26# using the bare Coulomb poten
tial, without noticeable differences. Higher temperature ru
~T55800, 7300, 11 600, 29 000, and 58 000 K! correspond-
ing to G550, 43, 27, 10, and 5.4 have been done to comp
with the tight-binding molecular-dynamics results of Kwo
et al. @8#.

IV. STRUCTURE

A structural comparison between DFMD’s simulatio
and the other models@CP and path-integral Monte Carl
~PIMC!# at r s51, is provided by the computation of th
proton-proton pair distribution function~pdf! g(r ) displayed
in Figs. 1–3,

For the lowest temperature~T53000 K andG5104, Fig.
1!, the OCP model, in which interactions are unscreen
yields the most structured pdf, with the highest peak. C
versely, CP calculations give much less structure. The st
tures predicted by the DFMD models are intermediate
tween OCP and CP calculations. The first peak predicted
the TFD model is closer to the CP model than the one p
dicted by the TFDW model.

At higher temperature~T57300 K andG543, Fig. 2!, the
TFD and CP models are much closer, except for the fi
minimum which is more damped for CP calculations. T
TFDW curve is still quite different.

At the highest temperature we considered~T529 000 K
and G510, Fig. 3!, CP simulations are no longer reliab
because of the drift in the fake energy, which is the sign

FIG. 1. Proton-proton pair distribution function for 3000 K an
r s51. Long dashed curve is the OCP result; full curve with fill
circles: Car-Parrinello simulations~CP!; open circles: TFD simula-
tions; full line: TFDW simulations.
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the loss of adiabaticity. The DFMD models must now
compared with the PIMC model@6#, in which finite tempera-
ture electrons are described more accurately. The agree
is then very good, and the TFD curve is now very close
PIMC points. In particular, the closest approach distance
well reproduced, showing the importance of excited states
screening. Again, the TFDW model yields a slightly too hi
first peak.

V. INDIVIDUAL MOTION AND DIFFUSION

As shown in Ref.@27#, the individual motions of atoms
revealed by the normalized velocity autocorrelation funct

Z~ t !5
^v~ t !v~0!&

^uv~0!u2&
,

FIG. 2. Same as Fig. 1, forT57300 K andr s51.

FIG. 3. Same as Fig. 1, forT529 000 K andr s51. Open circles
are now for PIMC simulations.



ve
r
uc
b

e
e

t

of

e
de
ur
nd
tie
y

on

e
rs

ti-
r
f.
At

sen

la-
s
irly
e
D
al-

s
in-

, all
ure.

o-
iate

s
-

56 3537DENSE HYDROGEN PLASMA: COMPARISON BETWEEN MODELS
are dominated in the case of the OCP model by a long-li
plasma mode at a frequency close tovp . The same behavio
is observed here, but with a characteristic frequency m
lower than the plasma frequency. This lowering, first o
served with simpler Thomas-Fermi simulations@2#, also ap-
pears in CP simulations@26#, and can be traced back to th
reduced effective charge. In Fig. 4 we plot the normaliz
velocity autocorrelation functionZ(t) for T53000 K at r s
51. The OCP curve, which exhibits damped oscillations a
frequency close tovp ~first maximum at the vicinity oft
52p! is not shown here for clarity. The basic period
damped oscillations ofZ(t) is now of the order of twice the
OCP value for the CP simulations. This frequency is w
reproduced by the TFD model, whereas the TFDW mo
predicts a lower frequency. At much higher temperat
(T511 600 K) ~Fig. 5!, the convergence between CP a
TFD becomes excellent, taking into account the uncertain
of CP simulations at high temperature, where adiabaticit
difficult to ensure.

From the time integration of the velocity autocorrelati
functionZ(t), we have extracted the diffusion constantD in
reduced unitsa2vp . Results using the DFMD models ar
compared with other models in Fig. 6 and Table I. We fi
plot the fit given in Ref.@27#, D5CG2a, with a521.35

FIG. 4. Velocity autocorrelation functions forT53000 K and
r s51. Full curve with filled circles: Car-Parrinello simulation
~CP!; open circles: TFD simulations; and full line: TFDW simula
tions.
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and C52.95 for the OCP model, which yields a good es
mation for low temperatures (T,2 eV) and provides a lowe
bound for diffusion. Some points from simulations of Re
@27#, and computed with our OCP code, are also plotted.
low temperature, CP computations of Kohanoff and Han
using the bare Coulomb potential~referred in the figure as
CPC! are reported together with our Car-Parrinello calcu
tions with Pachelet-Hamann-Schlu¨ter BHS pseudopotential
@25#. The agreement between the two calculations is fa
good atG.104 (T53000 K). For such a low temperatur
~3000 K! the diffusion constant calculated with the TF
model is 25% lower, but at higher temperature the TFD c
culations are close to tight-binding~TB! values obtained by
Kwon et al., except forG.50 where the TB value seem
very high compared to the other models. Confirming the
spection of g(r ) and Z(t), the TFDW functional yields
poorer results. As previously mentioned by these authors
estimations converge to the OCP value at high temperat

VI. COLLECTIVE MODES

A more precise description of collective modes is pr
vided by the computation of the charge-charge intermed
scattering function

Fzz~k,t !5
1

N
^rz~k,t !rz~2k,0!&, ~7!

FIG. 5. Same as Fig. 3 forT511 600 K.
0

TABLE I. Diffusion coefficients vs coupling parameterG.

G T ~eV! OCP

DFMD Quantum

TFDW TFD TB CP

104 0.26 0.006 0.010 0.012 0.016
50 0.5 0.015 0.025 0.033 0.043 0.03
43 0.63 0.020 0.031 0.037 0.038
27 1 0.038 0.054 0.068 0.072 0.067
10 2.5 0.134 0.164 0.192 0.186
5.4 5 0.239 0.288 0.36 0.338
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3538 56J. G. CLÉROUIN AND S. BERNARD
where rz(k,t)5r i(k,t)2re(k,t), whose Fourier transform
is the dynamical structure factorS(k,v). Note that, due to
the adiabatic motion of the electronic density, the char
charge and proton-proton dynamical structure factors
very close, which would not be true if the system was trea
as a fully dynamical ion-electron plasma. The screening
a dramatic effect in changing the low-k plasma modes. As
pointed out by several authors@28#, this screening is respon
sible for the appearance of an acoustic mode with a van
ing frequency in thek→0 limit, in contrast to the OCP
model where the low-k limit is the plasma frequencyvp . As
shown in Fig. 7, TFD simulations reproduce this feature a
our dispersion relation, computed by collecting the peak v
ues ofS(k,v) and the half mean width, is very close to th
one computed by Kohanoff and Hansen. The sound velo
cs , given by the derivative ofS(k,v) with respect tok at the
origin, is estimated from a fourth-order polynomial fit, an
yields a value ofcs.40 km/s. In order to compare with th
Alavi-Parrinello-Frenkel estimation@29#, we extrapolated
their curve up to a pressure of 16 Mb, corresponding tor s
51. This extrapolation gives a sound velocitycs545
62 km/s in good agreement with our result, correspond
to the upper range of pressures encountered on Jupiter@30#.

VII. CONCLUSION

We have presented extensive comparisons of static
dynamical properties of hydrogen at high pressurer

FIG. 6. Diffusion in unitsa2vp : The straight line is the fit given
in Ref. @27# (D52.95G21.34); open circles: OCP simulations; fille
up triangles: Car and Parrinello simulations with Coulomb poten
@10#; opened up triangles: Car and Parrinello simulations us
BHS pseudopotentials; filled down triangles: tight-binding simu
tions @8#; stars: Thomas-Fermi Dirac simulations; crosses: Thom
Fermi Dirac Weizsa¨cker simulations.
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52.6 g cm23) between very different models of increasin
complexity. As expected, the OCP model appears as
asymptotic model and yields reasonable predictions for v
high temperatures (T.5 eV). The finite-temperature TFDW
functional, which seemed the most accurate regarding t
energies of isolated atoms@13#, and which has proven to give
a good equation of state for hydrogen~with some static cor-
rection! @1#, gave somewhat disappointing results compa
to the other models. Conversely, and surprisingly, the s
pler TFD functional gives very good results for temperatu
greater than 0.25 eV. Static and dynamical properties p
dicted by this model are in good agreement with C
Parrinello, tight-binding and path-integral Monte Carlo ca
culations, with a much smaller computational effort. F
such high temperatures, the TFD model appears to be ea
handle, in comparison with CP simulations where ene
transfer between ions and electrons remains the main d
culty. However, at lower temperatures, where quantum
fects are starting to come into play, the discrepancies w
CP simulations are more important and call for a more ac
rate functional. For lower densities (r s.1), CP simulations
appear undeniably necessary to take into account the for
tion of molecules. Thus the domain of validity of DFMD
models can be limited byr.2.6 g cm23 ~high-density re-
gion! and byT.0.3 eV.
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