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Boundary layer length scales in convective turbulence

Y.-B. Xin and K.-Q. Xia*
Department of Physics, The Chinese University of Hong Kong, Shatin, New Territories, Hong Kong

~Received 7 October 1996; revised manuscript received 14 May 1997!

Profiles of both the mean value and the standard deviation of the local fluctuating velocity in turbulent
convection in water have been directly measured using a light scattering technique. Scaling laws with the
Rayleigh number Ra for various boundary layer quantities have been established over the range of Ra from
2.43107 to 1.131011, while the variation of the Prandtl number was kept at minimum (Pr.7). In particular,
a new boundary layer length scale is identified from the standard deviation profile, and is found to scale as
ds;Ra20.25, whereas the velocity boundary layer thicknessdv;Ra20.16. @S1063-651X~97!12309-1#

PACS number~s!: 47.27.Te, 42.25.2p, 05.40.1j
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As a model system for turbulence studies, Rayleig
Bénard~RB! convection has attracted lots of interest over
years @1–8#, especially after the discovery@9# of the hard
turbulence regime in 1987. Much progress, both experim
tal and theoretical, has been made since then@10–17#. Still,
our knowledge about the temperature and the velocity fie
near the boundary layers is rather limited. This knowled
has been widely recognized as crucial to the full understa
ing of turbulent convection@18,19#. In a recent experimen
@20#, we found scaling properties for several viscous bou
ary layer quantities measured in a unity-aspect-ratio conv
tion cell. Our results confirm the theoretical predictions o
model by Shraiman and Siggia@12# that the velocity field has
a linear profile near cell boundary, and that the therm
boundary layer is nested entirely within the viscous lay
But some of the scaling laws we found do not agree w
other predictions of the model. One of these predictions
relation between the boundary layer shear rate and the N
selt number~the dimensionless heat flux, which is direct
related to the thermal layer thickness!, and the other one
predicts the crossover between the thermal and the vis
boundary layers at high Rayleigh numbers. Because th
theoretical results connect the velocity and the tempera
fields in the boundary region, a more detailed experime
investigation aimed at exploring the interplay between
thermal and the viscous boundary layers would certainly
very useful to the understanding of the problem.

In this paper, we report results from direct measureme
of the velocity boundary layer properties of turbulent co
vection in water with the Rayleigh number~Ra! varying
from 106 to 1011. To achieve such a wide range of R
three convection cells of different aspect rati
@A5(diameter)/(height)# were used in the experimen
These cells are similar in construction to the aspect-ratio-
cell described in Ref.@20#, and we mention only the essenti
features here. The sidewalls of the cells were Plexiglas
inders of 19 cm in inner diameter, and their respect
heights were 39, 9.4, and 4.3 cm, with the correspond
aspect ratios being 0.5, 2.0, and 4.4. The three cells shar
same upper and lower gold-plated copper plates. The t
perature of the upper plate was regulated by passing
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water through a cooling chamber fitted on the top of t
plate. The lower plate was heated uniformly at a const
rate with an embedded film heater. The temperature dif
enceDT between the two plates was measured by two th
mistors imbedded in them. The control parameter in the
periment is the Rayleigh number Ra5agL3DT/(nk), with g
being the gravitational acceleration,L the height of the cell,
and a, n and k, respectively, the thermal expansion coef
cient, the kinematic viscosity, and the thermal diffusivity
the fluid. The average temperature of the fluid in the conv
tion cell was kept near room temperature during the exp
ment, and only the temperature difference across the cell
changed. In this way, the variation of the Prandtl numb
Pr5n/k was kept at minimum (Pr.7). At the highest Ray-
leigh number for each cell, the Prandtl number at the top
the bottom plates are Pr.9 and .3, respectively, which
corresponds to a maximum temperature differenceDT. 50
°C between the two plates. In a separate experiment
signed to test the Prandtl number dependence of the var
quantities in turbulent convection, we have varied the b
Pr from 4 to 8 while keeping Ra constant. For this ve
limited range of Pr, we have found that the characteris
velocity vm and the shear rategv remain essentially un-
changed@21#. Using a movable thermistor probe~size;0.2
mm!, we also measured the time-averaged local tempera
at different positions along the central axis of the cell. W
found that this mean temperature in the center region of
cell ~i.e., the region between the top and the bottom therm
boundary layers! is a constant, and its value is halfway b
tween those of the top and the bottom plates for all Rayle
numbers@22#. From the results of the above two expe
ments, we conclude that the Boussinesq approximation
mains valid in our system@23–25#.

In Fig. 1 we show the measured Nusselt number~Nu! as a
function of Ra from the aspect ratioA50.5 ~squares!, 2.0
~triangles!, and 4.4 ~diamonds! cells, together with those
from theA51 cell ~circles!. It is seen that Nu for theA52,
and 4.4 cell showed no apparent dependence on the as
ratio and has the same amplitude as that fromA51 cell.
When combined, data from the three cells in the range of
from 4.83107 to 1.531010 give a power-law fit of Nu
5(0.1560.01) Ra0.28860.002~line 2!. The measured Nu from
A50.5 cell has a different amplitude than those from t
3010 © 1997 The American Physical Society
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56 3011BOUNDARY LAYER LENGTH SCALES IN CONVECTIVE . . .
other cells, and can be described by Nu50.18 Ra0.288 ~line
1!. The fact that data from different cells have different a
plitudes is consistent with the findings made by others t
the aspect-ratio dependence of Nu is nonmonoto
@5,26,27#. For Ra below ;3.53107, the measured Nu
showed a different Ra dependence than those for higher R
leigh numbers. This could be taken as the transitional reg
between the so-called soft- and hard-turbulence. Note t
however, the transition from the ‘‘soft’’ to ‘‘hard’’ regimes
is not sharply defined. As can be seen from Fig. 1, the fi
few points in line 3 can also be fitted by line 2, but line 3 fi
them slightly better~see below for more discussions on t
division between the soft and the hard regimes in terms
velocity data!. For the limited range of Ra, an attempte
power-law fit gives Nu5(0.0760.01) Ra0.3460.01 ~line 3!
for data in the ‘‘soft’’ regime.

The light scattering technique of dual-beam incoher
cross-correlation spectroscopy@28# was used to measure th
mean value and the standard deviation of the local velo
in the convection cells. In the experiment, two parallel la
beams with a known separationl are shone through th
convection cell. The convecting fluid~distilled water! was
seeded with neutrally buoyant polymer latex spheres
0.95 mm in diameter. These particles scatter light and f
low the motion of the fluid. The velocity of the seed particl
is determined by measuring the time required for the p
ticles to cross the two parallel beams in succession. Exp
mentally, this transit time, or delay time, is obtained from t
cross-correlation function

gc~ t !5
^I b~ t8!I g~ t81t !&

^I b~ t8!&^I g~ t8!&
511bGc~ t ! ~1!

between the scattered intensities,I b(t) and I g(t), from the
blue and green beams, respectively. In Eq.~1!, b (<1) is an

FIG. 1. Nusselt number Nu as a function of the Rayleigh nu
ber Ra measured from four different aspect ratio (A) cells as indi-
cated by the different symbols. The solid lines represent power
fits to the corresponding data: Nu50.18 Ra0.288 ~line 1!,
Nu50.15 Ra0.288 ~line 2!, and Nu50.07 Ra0.34 ~line 3!.
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instrumental constant. Because there is no phase coher
betweenI b and I g , gc(t) is sensitive only to the scatterin
amplitude fluctuations produced by the seed particles mov
in and out of the laser beams. For a turbulent flow with t
probability density function~PDF! P(v) of the local velocity
v, assumed to be of a Gaussian formGc(t) in Eq. ~1!, has the
form @20#

Gc~ t !5
e2~v0t2l !2/[ r 0

2
12~st !2]

NA112~st/r 0!2
, ~2!

wherer 0 is the radius of the beams,N the average number o
the particles in the scattering volumes, andv0 and s are,
respectively, the mean value and the standard deviatio
the fluctuating velocity.

Figure 2 shows a schematic diagram of the experime
setup. The argon-ion laser~Coherent Innova-70! was under
multiline operation with a wavelength range from 457.9
514.5 nm. The prism is so positioned that the exiting po
for the color-dispersed beams is at the focal plane of
achromatic lensL1 ~focal length is equal to 200 mm!, this
ensures that beams of different colors become paralle
each other after passing throughL1. The distance betwee
L1 and the convection cell is adjusted so the beam waist
the center of the cell. To determine the separation and
radii of the two dominant intensity beams~wavelengthl5
488 and 514.5 nm, respectively! at the center of the convec
tion cell, we placed a small flow cell at the center of a c
lindrical Plexiglas tank filled with water. The cylindrical tan
has the same diameter and thickness as the sidewall o
convection cell. By running known uniform flows throug
the flow cell, the beams separationl and their radiir 0 were
obtained by fitting the measured cross-correlation function
the formula for uniform flows@28#. The values of the two
beam parameters were determined asl 50.3060.01 mm
andr 050.05760.005 mm for the current experiment. In Fig
2 , the achromatic lensL2 ~focal lengthf 5150 mm! at 90 °
scattering angle serves to project the image of the scatt
beams in the cell onto the adjustable slit with 1

-

w

FIG. 2. Schematic diagram of the experimental setup for vel
ity measurement in a Rayleigh-Be´nard convection cell.L1 andL2
are lenses; BS is a beam splitter;F1 andF2 are interference filters
~center wavelengths 488.0 and 514.5 nm!; and PMT1 and PMT2 are
photomultiplier tubes.
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3012 56Y.-B. XIN AND K.-Q. XIA
magnification~i.e., the slit,L2, and the scattered beams a
in a 2f -2 f configuration!. The slit width and the beam diam
eter together define the scattering volume to be viewed
the photodetectors. The width of the slit was set at 0.3 mm
our experiment. Light passing through the slit fell in a pi
hole of 1 mm in diameter. Two photomultiplier tubes~PMT1
and PMT2! were mounted at right angles on a cubic bo
which was connected to the pinhole with a 400-mm-lo
metal tube. This arrangement assured that only the scatt
light passing through the slit could be viewed by the two P
tubes. The beam splitter BS at the center of the box ha
reflection-to-transmission ratio of 50/50.F1 and F2 were
interference filters with respective center wavelengths 48
and 514.5 nm. Both filters had a bandwidth~full width at half
maximum! of 1 nm. The pulse trains from the two photomu
tipliers were fed to a digital correlator~ALV-5000! whose
output gives the intensity cross-correlation functiongc(t).

The convection cell sat on a rotational stage which in t
is on top of a three-dimensional translation stage. At
beginning of the velocity measurements, the cell is rota
with respect to the laser beams until a maximum magnit
of velocity is obtained, which corresponds to the laser bea
intercepting the large-scale flow perpendicularly. The tra
lation stage has a traveling distance of 200 mm with a re
lution of 0.01 mm in the vertical direction, which is adequa
for the boundary layer measurements. By fitting Eq.~2! to
the measured cross-correlation functions, the mean valuv0
and the standard deviations of the local velocity PDFP(v)
were obtained. It is found that the measuredGc(t) at differ-
ent values of Ra and of the distancez from the lower plate
can all be well fitted by Eq.~2!, indicating that the velocity
PDF is indeed of Gaussian form, as was found in theA51
cell @20#. We also measured the velocity with the plane d
fined by the two laser beams in both horizontal and vert
orientations, and found that the horizontal velocityvh ~sim-
ply referred asv hereafter! is the dominant component of th
local velocity in the boundary region. This is consistent w
what was found in theA51 cell @20#, and also with that by
others@15#. Profiles of the mean velocityv(z) and the cor-
responding standard deviations(z), as functions ofz along
the central axis of the cell, were then obtained by measu
the correlation functiongc(t) at different height of the par
allel beams from the lower plate.

Figure 3 shows a typicalv(z) and s(z) measured at
Ra51.13108 in the A52 cell, where solid dots represen
the mean horizontal velocity and the open circles are
corresponding standard deviation. To allow for close exa
nation of the boundary layer region, only the near-wall p
tion of the profiles are shown in Fig. 3. The complete profi
have the same general features as the mean velocity pr
found in theA51 cell @20#. From the measured velocit
profile, three boundary layer quantities can be extracted
shown in Fig. 3, a linear function with zero intercept~nonslip
boundary condition! can be well fitted to the initial part o
v(z), with the slope of the line being the shear rategv . The
thicknessdv of the viscous boundary layer is defined as t
distance at which the extrapolation of the linear part ofv(z)
equals the maximum velocityvm ~which is the speed of the
large scale circulation as discussed in Ref.@20#!, or simply
dv5vm /gv . Likewise, a new set of characteristic bounda
y
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layer quantitiesgs , sm , andds can be defined and obtaine
from the standard deviation profiles(z) as depicted in Fig.
3, where the slope for the linear part ofs(z) is gs , and
ds5sm /gs . Here, we treats, which is a measure of veloc
ity fluctuations, as a certain velocity scale, thengs is a kind
of shear rate, andds is a new viscous length scale in th
boundary layer. For the present Ra (51.13108), the values
for the two boundary layer length scalesdv andds are found
to be 3.1 and 2.0 mm, respectively. As can be seen from
3, the mean velocity profile starts to deviate from linearity
the standard deviation length scaleds , this is true for all
other profiles measured at different Ra. Thus it seems
the nonlinearity of the mean velocity profile is related to t
large velocity fluctuations, and the position wherev departs
from linear behavior may be used to identify the stand
deviation length scale. Our measurements also reveal tha
velocity profilesv(z) measured from different cells for dif
ferent Ra in the hard turbulence regime~see below! can all
be brought into coincidence, oncev(z) is scaled by the char
acteristic velocityvm and the distancez is scaled bydv . The
plot of v(z)/vm vs z/dv is found to remain invariant, and
only vm and dv change with Ra. This invariance in func
tional form is also found for the profiles of the standa
deviations(z), whens(z) is scaled bysm andz scaled by
ds .

We now discuss the Rayleigh number dependence of
various quantities. In Figs. 4, 5, 6, and 7, we also plot
data fromA51 cell @20# for comparison and completenes
Taking the Pe´clet number Pe (5vmL/k) as the dimension-
less characteristic velocity, we plot Pe as a function of Ra
Fig. 4. The different symbols represent data from differe
aspect-ratio cells: circles (A50.5), triangles (A52), hexa-
gons (A54.4), and squares (A51). It is seen that part of the
data~Ra>23107) from A54.4 cell and data fromA51 cell
fall on a single line, a power-law fit to these data giv
Pe50.38 Ra0.5060.01 ~line 2!. Data fromA50.5 andA52.0
cells, however, have different amplitudes. Power-law fits

FIG. 3. The mean valuev ~dots! and the standard deviations
~circles! of the fluctuating horizontal velocity as functions of th
distancez from the lower plate measured at Ra51.13108. See text
for the meaning of the solid lines and other symbols.
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56 3013BOUNDARY LAYER LENGTH SCALES IN CONVECTIVE . . .
these give Pe50.18 Ra0.5060.04 (A50.5, line 1! and
Pe50.48 Ra0.5060.02 (A52.0, line 3!. Figure 5 shows the
dimensionless maximum standard deviationsmL/k of the
fluctuating velocity versus Ra, the solid line in the figu
represents a fit ofsmL/k50.11 Ra0.5 for data with
Ra>23107. In Fig. 6 we show the dimensionless shear r
gvL2/k as a function of Ra. The solid line there is a fit
gvL2/k50.74 Ra0.66 for Ra>23107. Figure 7 is a plot of
the dimensionless viscous boundary layer thicknessdv /L
@5Pe/(gvL2/k)# versus Ra. Line 2 is a fit o
dv /L50.51 Ra20.1660.02 to A51 data, while line 3 is a fit to
data fromA52.0 cell ~and a few fromA54.4 cell! which
gives dv /L50.61 Ra20.1660.02. Data from theA50.5 cell
can also be described bydv /L50.3 Ra20.16 ~line 1!. It is

FIG. 4. The Pe´clet number Pe vs Ra measured from the fo
different aspect-ratio cells. The solid lines are power-law fits to
measured data: Pe50.18 Ra0.5 ~line 1!, Pe50.38 Ra0.5 ~line 2!,
and Pe50.48 Ra0.5 ~line 3!.

FIG. 5. The scaled maximum standard deviationsmL/k vs Ra
measured in the four cells. The solid line represents the fit
smL/k50.11 Ra0.5 to data with Ra>23107.
e

seen that around Ra.23107 ~data from theA54.4 cell!,
there is an apparent change in the Ra dependence o
respective quantities in Figs. 4, 5, 6, and 7. This Rayle
number is very close to that of the soft-to-hard turbulen
transition (Ra543107) observed in the helium gas exper
ment conducted in an aspect-ratio-1 cell@9#. We also ob-
served in our experiment that below this Ra the large-sc
circulation becomes unstable. Thus Ra.23107 could be
identified as the onset Rayleigh number for hard turbule
in our A54.4 cell. Because of the limited number and re
tively poorer quality of data, no power-law fits were a
tempted for this ‘‘soft turbulence’’ region. In future studie
it certainly is of interest to have a more systematic inve
gation of the ‘‘soft turbulent’’ state~for example, one thing

r
e

f

FIG. 6. The dimensionless shear rategvL2/k as a function of Ra
measured in the four cells. The solid line is a fit
gvL2/k50.74 Ra0.66 to data with Ra>23107.

FIG. 7. The scaled viscous boundary layer thicknessdv /L vs
Ra. The different symbols represent data measured from the
aspect ratio cells. The solid lines are power-law fits to the co
sponding data:dv /L50.3 Ra20.16 ~line 1!, dv /L50.51 Ra20.16

~line 2!, anddv /L50.61 Ra20.16 ~line 3!.
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3014 56Y.-B. XIN AND K.-Q. XIA
would be to ascertain the apparent level-off of the visco
layer thickness in Fig. 7 below Ra.23107).

One thing we have noticed from Figs. 4, 5, 6, and 7 is t
the scaled shear rategL2/k for different aspect ratio (A)
cells fall almost perfectly on a single line, while the scal
maximum standard deviationsmL/k for different cells fall
within a narrow band; but for the Pe´clet number, its ampli-
tude seems to have a nonmonotonic dependence onA, and
the difference is beyond experimental uncertainties~the
scaled viscous layer thicknessdv /L is simply the ratio of Pe
to gL2/k). This behavior of Pe has also been observed
Wu and Libchaber in their study of the aspect ratio dep
dence of turbulent convection@27#. We do not know the
exact reasons for this. We suspect that it might have to
with the fact that the shear rate is essentially a bound
layer property, andsm is a measure of the velocity fluctua
tions, while Pe (5vmL/k) is an overall velocity scale in the
convection cell. As was discussed earlier, the Nusselt n
ber ~which is a measure of the overall heat transport in
cell! also has a nonmonotonic dependence onA. It has been
observed by us@21#, and others@27#, that the aspect ratio
affects the overall flow patterns in a convection cell. Th
the above may be a manifestation that overall flow patt
has more influence on global properties than it is on lo
properties of the convective flow.

In Ref. @20#, we established power laws for the charact
istic velocity vm , the maximum standard deviationsm , the
shear rategv , and the viscous boundary layer thicknessdv
from measurements in the aspect-ratio-1 cell where Ra
ied from 23108 to 231010. The results shown in Figs. 4, 5
6, and 7 tell us that these power laws hold for differe
aspect-ratio cells in the hard turbulence regime for nea
four decades of Ra (;2.43107 to ;131011). We concen-
trate below on the scaling behavior of the new bound
layer quantities extracted from the standard deviation p
files.

The squares in Fig. 8 represent the gradient~or ‘‘shear
rate’’! for the standard deviation,gs , as a function of Ra
measured in theA52 cell. The solid line is a fit of
gs5(962)31027 Ra0.7560.02s21 to the data. For compari

FIG. 8. Boundary layer shear ratesgv ~circles! for the mean
velocity andgs ~squares! for the standard deviation as functions
Ra. Power law fits to the measured data gi
gv5(1.860.9)31025 Ra0.6660.02s21, and gs5(962)31027

Ra0.7560.02 s21.
s

t

y
-

o
ry

-
e

s
n
l

-

r-

t
ly

y
-

son, we plot here also the corresponding shear rate for
mean velocitygv ~circles!. The upper solid line represent
the power law fit gv5(1.860.9)31025 Ra0.6660.02s21.
Thus gs is seen to have a scaling behavior different fro
that of gv . If we pick the thermal boundary layer thicknes
d th as a typical length scale within the viscous bounda
layer, and using the relationd th5L/2Nu @15#, then the typi-
cal velocity inside viscous layer can be estimated
v th5gvd th;Ra0.37, and the corresponding standard deviati
s th5gsd th;Ra0.46. Thus the velocity fluctuation inside th
viscous layer is seen to grow faster with Ra than the m
velocity, in contrast to the situation just outside the bound
layer, where bothvm andsm scale as Ra0.5. If the ratios/v
can be taken as a measure for the level of turbulence,
the above implies thatsm /vm is independent of Ra, while
s th /v th increases with Ra. This means that the veloc
boundary layer will become more turbulent than the cen
region at higher Rayleigh number. In a recent model, it w
predicted that Nu;g1/3 @12#, which implies that the heat flux
is carried entirely by the large-scale flow with the therm
plumes playing a negligible role. With the measuredgv(Ra)
and Nu(Ra), we obtain Nu;gv

0.44 which is quite different
from what the theory predicts. If we take the view that it
the velocity fluctuation rather than the mean velocity tha
relevant in determining the statistical properties of turb
lence, then we should compare our measuredgs(Ra) with
the theoretical g(Ra). Similar to the above, we find
Nu;gs

0.3860.01, which is still quite different from, though
closer to, the theoretical prediction. This means that
large-scale flow is not able to carry all the heat flux acro
the cell, and the contribution by thermal plumes cannot
neglected.

We now present and discuss the scaling behavior of
various boundary layer length scales. Figure 9 shows
length scalesdv(Ra) ~circles! and ds(Ra) ~squares! ob-

FIG. 9. Measured velocity boundary layer length scalesdv
~circles! andds ~squares!, and the thermal boundary layer thickne
d th ~triangles! vs Ra. The solid lines represent power-la
fits dv5(6669) Ra2(0.1660.02) mm, ds5(2.060.6)3102

Ra2(0.2560.02) mm, andd th5(3.160.2)3102 Ra2(0.28860.002) mm.
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56 3015BOUNDARY LAYER LENGTH SCALES IN CONVECTIVE . . .
tained, respectively, from the mean velocity and the stand
deviation profiles, and the thermal boundary layer thickn
d th(Ra) ~triangles!. Again, for clarity, only data fromA52
cell are shown. Note that the absolute length scales
plotted here rather than the dimensionless lengths.
solid lines in Fig. 9 are power-law fits to the respecti
data, i.e., dv5(6669) Ra2(0.1660.02)mm, ds5(2.060.6)
3102 Ra2(0.2560.02)mm, and d th5(3.160.2)3102

Ra2(0.28860.002)mm ~converted from Nu usingd th5L/(2 Nu!,
the fitting is for data fromA51, 2, and 4.4 cells in the har
turbulence regime, the data points shown here are those
A52 cell only!. It is seen from Fig. 9 that the largest velo
ity fluctuations occur inside the viscous boundary layer, a
the difference between the two length scalesdv and ds di-
verges with Ra. From temperature measurements in w
and gas@15,18#, and in mercury@29#, it has been found tha
the maximum of the rms temperature fluctuations occur
proximately at the edge of the thermal boundary layer, a
thus quite different than the relation betweendv and ds

found above. The fact thatds has a scaling exponent that
intermediate those ofdv andd th suggests it is the length sca
over which the temperature and velocity fields are couple
each other, in the sense that their fluctuations are ‘‘feed
each other.’’ Thusds could be used as an alternative me
sure for the temperature boundary layer thickness, as
previously conjectured in Ref.@15#. However, from Fig. 9, it
is seen that the two have slightly different exponents a
-
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also differ in amplitudes. Thus the association of the t
length scales need to be further verified. For now, we vi
ds as a new and independent length scale in the problem
is also evident from Fig. 9 that, whether we choosedv or ds

as the relevant length scale for the viscous layer, the ther
and viscous boundary layers would not crossover at hig
Ra if the current trend for these quantities continues. Thi
consistent with the result from a two-dimensional simulati
study of turbulent convection@30#.

In summary, our measurements have revealed sca
laws for boundary layer quantities from the standard dev
tion profile, and extended those from the mean velocity p
file, over a range of Ra that span from 107 to 1011. We have
shown that the mean value and the standard deviation of
fluctuating velocity have the same scaling behavior outs
the boundary region but have quite different behavior ins
the boundary layer where large temperature gradient ex
The scaling behavior of the three boundary layer len
scales suggest that the thermal boundary layer have a s
ger effect on velocity fluctuations than it has on the me
velocity.
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