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Acoustic resonant scattering by an ellipsoid air bubble in a liquid
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This paper reports a simple analytic formula for the low frequency resonant scattering by an ellipsoid air
bubble in a liquid. For a spherical bubble, the result reduces to a previous well-known formula.
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Much effort has been devoted to acoustic resonant scatteformation. It is only recently that more detailed studies of
tering of air-filled bubbles in past years because of thahe problem are giver6,11]. Unfortunately, these works
prominent role played by air bubbles in a variety of situa-have either been purely numerical or involved discomforting
tions of great interest, such as generation of nfis®, wave  approximations for boundary conditions, and are restricted to
propagatiori 3], and gas transfde] in the upper ocean sur- prolate spheroid air bubbles. The more general case of air-
faces, modeling scattering by fish swimbladdggs], and, filled ellipsoid bubbles remains untackled.
more recently, sonoluminescencd. Moreover, due to their In this Brief Report, we present a simple approximate
high acoustic contrast air bubbles are useful tracers for protsolution to acoustic resonant scattering by an ellipsoid air
ing many important ocean processes, including turbulencbubble in a liquid. Our method, motivated by an analogy
generated by breaking waves, Langmuir circulation, frontspetween the resonant scattering and the electrostatics, uses
and internal waveg8]. the Kirchhoff theorem for scattered waves and the thermo-

Previous attention has been mainly focused on air bubbledynamics relations for gases. The resonance frequency and
with spherical geometry. In the resonant regime, where thé¢he quality factor Q) characterizing the broadening of reso-
acoustic wavelength is much larger than the size of bubblesyance will also be shown in a simple form.

i.e., low frequencies, the scattering function of such a spheri- Consider a unit plane wave incident on an ellipsoidal gas
cal air bubble is well known, and can be expressed in amubble at the origin. The incident plane wave can be ex-

analytic form age.g., p. 1498 in Ref.9]) pressed ap;(F)=e*'i'7" with suppressed time dependence

a e '“!. The equation for the surface of the ellipsoid is
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where a is the radius of the bubblayp, is the resonance a
frequency,w is the angular frequency of the incident wave,
and k is the acoustic wave number. In this formuka is  For convenience, the three axes of the ellipsoid are arranged
identified as the radiation damping factor. in the ordera=b=c.

Few studies, however, have been directed to air bubbles The wave equation reads
with other geometries. This is because the spherical assump-
tion for air bubbles is sufficient for many cases of interest. (V2+K?)p(F")=0. 2
Another reason is the difficulty in dealing with nonspherical
bubbles. Intuitively, the spherical assumption is only validryg tota) wave field including the scattered wave is given by
for suff|C|en_tIy s_mall bubbles for WhICh the tension at the_the Kirchhoff theorem
bubble-medium interface can sustain deformation. When this
condition is not satisfied, investigation of acoustic scattering ~,
by nonspherical bubbles is necessary. Indeed, the study of (M _ (F! i / 3 PP

: ’ of T =R+ g | dSTpi- VG 7))

sound scattering from deformed bubbles has become an im- T Js
portant area. This is not only because deformed bubbles can
be used to model many actual targets such as fish swimblad- —iwpu,G(K|IF—F'])] for »,{
ders, large air bubbles in upper ocean surfaces, and air
bubbles embedded in the sediments in ocean bottoms, but the
problem of sound scattering by deformed bubbles is theoretiwhere the integration is performed over the surface of the
cally challenging in its own right. object,r’ is taken onS, ni is a unit outward normal vector to

Sound scattering by nonspherical bubbles was first conthe surface, ands is the usual three-dimensional Green’s
sidered by Strasbergl0]. He derived a theoretical expres- function G(r)=exp(kr)/r. In this expressionp, andu, are
sion for the resonance frequency which compares favorablthe total pressure field and the normal velocity on the sur-
with experimental data. In his study, however, no mentionface, approached from outside, apdis the density of the
was made about how the scattering amplitude is affected bgurrounding liquid.

outside S
inside S,

()
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It is clear that the scattered wapg is represented by the From Egs.(7), (9), and (10), A and pgq can be solved.
integral in Eq.(3). In the far field region, where>r’, p;  Plugging these into Eg4), the scattering function can be
behaves as a spherically spreading wave. And the convembtained as
tional scattering functiorf(K; ,K;) can be evaluated from
(e.g., EQ.(9.125 in Ref.[12]) akE./F(P,m)

f= , 11
1 ) wdw?—1—ikaE./F(d,m) (1D
: = e ks TTIR.. R i
f(RoR)=- 5= [ dse ™ likomp. +iopud, @
whereK; ,K; are the incident and scattering wave vectors, 2_3yPO E. 12
respectively. 07" aZp, | epecF(d,m) |’

According to Eq.(4), the scattering functiori(K; ,K,) is
determined by the surface valuesmf andu,. In the fol-  and the two ratio aspects are definedegsb/a, e.=c/a,
lowing, we briefly outline the procedure in solving for theseand E,=+v1—e,%, E.=V1—e2. F(®,m) is the first kind
two quantities, while a detailed derivation is left to a forth- elliptic function[15]
coming papef13]. (1) First notice the continuity across the
boundary in the absence of viscosity

@ da
F(CD,m):f ————F
Pg=P+, Ugn=Up,. ) 0 \/1—m2 Sirf a

The index “g” refers to the quantities inside the ellipsoid The two variables in the elliptic functioR are given asb
bubble. For the resonant scattering occurring at low frequen=sin™* E. andm=E /E.

(13

cies, i.e.,ka<l, py can be treated as a constdf. (2) The scattering function in Eq11), bearing the resonant
Analogous to the spherical ca$6], the thermodynamics feature, and the resonance frequency in @&) can be re-
equation gives garded as the general formulas for resonant scattering by the
family of ellipsoids, including spheres, oblate spheroids and
PV”=const, (6)  prolate spheroids. The terkeE,/F in the denominator of

Eqg. (11) is identified as the radiation damping factor, and its
inverse is defined as the quality facQr A striking feature
from Eq.(11) is that the resonant scattering is approximately

for ideal gases in an adiabatic process witheing the poly-
tropic exponent(3) Equation(6) gives

dv A omnidirectional. This is in analogy with the static electrical
EZJ u,ds’'= P Pg (7)  field generated by an ellipsoidal conductor. At the near field,
"o the electrical field is directional, but in the far field region the

field tends to be omnidirectional.

where V, is the volume of the ellipsoid bubble given by We consider a few special cases. Whest o
. 0

47rabd/3, andPy is the hydrostatic pressur@) Using Eq.

(3) for r=0 leads to pVo

f~47TYPo w”.

(14
1
0=1+—fds’ AvV-G(K|F'|) —iwpu,G(K|F'])].
4w Js [P+ (ke pUnGKT])] The scattering function is independent of the shape of the
(8) ellipsoid at very low frequencies, following the Rayleigh
volume scattering. Whemw = w,, the scattering amplitude,

With the peak amplitude, is inversely proportional to the damping
1, S factor, and equals
G(kr')=— e ", VG(K|I'|)=(-1+ikr") =3 e i
f=—, (15)
o

and a Taylor expansion f&*"" at low frequencies, Eq8)
can be further simplified to the first order bf’ as wherec, is the sound speed in the medium. Equat{tb)
suggests that the higher the resonance frequency, the lower

iw_p' 1+ikr? u-ds’ + &j r-n ds'=1. (9) the resonant amplitude. When> 0wy andkaE./F<1, the
a7 Js 7 " am Js 1’3 ' scattering function becomes
(5) According to Strasberg10], u, is mathematically f~aE/F. (16)

equivalent to the charge density on a perfect conductor hav-
ing the same shape and can be written in the following forrrbu
for the ellipsoid[14]:

It is also easy to verify that for the case of a spherical
bble, Eq(11) reduces to Eq(1). Also, as will be reported
elsewhere[16], when it is applied to prolate spheroid

A bubbles the numerical computation based upon the exact so-
u,= (10) lution seems to support the present analytic solution, and it
\/x2/a4+ y2Ib*+2%/c? shows that the present solution is valid to®<0.3, which

covers the whole resonance region. In contrast to the present
whereA is a constant to be determined. result, however, the numerical computation based on the
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T-matrix method shows that the resonance scattering of ealculate acoustic scattering by gas ellipsoids. Finally, we
prolate spheroid bubble is directiorjfall]. We note the reso- state that the present results are derived when the heat trans-
nant scattering function of ellipsoidal bubbles may also beer and viscosity effects are ignored. When these effects are
computed numerically by the improveB-matrix method taken into account, the quality factQ and the amplitude at
proposed by Bostra [17]. resonance are both expected to reduce. In addition, the as-
We have derived an analytic solution for acoustic scattersSumed adiabatic behavior of the gas may not be appropriate
ing by an ellipsoid bubble at low frequencies. The result will for some extreme cases such as very flat or slender bubbles.
be potentially useful in a number of processes such as thehe |nc!u5|on of thermal and viscosity effects remains to be
sonoluminescenck?] when the deformation of a spherical 1€ subject of a future work.
bubble is important, as it may guide deriving a governing This work received support from the Department of
equation for such a deformed bubble. This solution may berisheries and Oceans, Canada and the National Central
used as a check for any numerical method to be developed tdniversity.
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