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Thermal undulations in salt-free charged lamellar phases: Theory versus experiment
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The interplay between thermal undulations and electrostatic repulsion is investigated theoretically for salt-
free lamellar phases of charged fluid membranes. The electrostatics of the undulating charged membranes is
dealt with in the nonlinear Poisson-Boltzmann approximation. A harmonic undulation theory is formulated that
accounts quantitatively for the shift of the Bragg peak that has recently been observed in light-scattering
experiments on the dilute lamellar phase of the nonionic surfactattdecyl pentaethylene glycol ether, to
which small amounts of the ionic surfactant sodium dodecyl sulphate were d&d€63-651X97)13207-X

PACS numbdis): 82.70~y, 68.10—m, 61.30-v

I. INTRODUCTION tuations can be described by the usual harmonic continuum
model of smectic-A liquid crystalgl8]. This has been well

The behavior of charged fluid membranes in aqueous sadocumented for salt-free charged lamellar phd$§,19.
lutions is strongly influenced by their electrostatic interac-However, the typical undulations in salt-free charged lamel-
tions. For lamellar phases of charged fluid membranes, alar phases have wavelengths of the order the electrostatic
important issue is the interplay between the thermally exscreening length, which typically is of the order of the dis-
cited undulations of the semiflexible fluid membranes andance between the membranes. At these wavelengths, the un-
the electrostatic interactions. Undulations in charged lamelladulating membranes no longer interact as pieces of flat mem-
phases have been studied in x-ray-scattefibg3|, static  brane, and the curvature energy of the undulating electric
light-scatterind 4], dynamic light-scattering3,5], and NMR  double layers can no longer be accounted for by an electro-
[6] experiments. The experiments clearly show that, if un-static bending modulus. In the present work a statistical-
screened, the electrostatic interactions lead to small undulamechanical theory of undulations in salt-free lamellar phases
tion amplitudes. If the electrostatic interactions are screenet$ introduced, that also applies to undulations with wave-
by the addition of monovalent electrolyte, the undulation amdengths of the order of, and smaller than the electrostatic
plitudes increase. Statistical-mechanical theories describingcreening length. The theory, which is harmonic in the un-
the interplay between the electrostatic interactions and thdulation amplitudes, is based on an expression for the elec-
thermal undulations have been propo§eéd13] for charged trostatic free energy of the undulations that was derived re-
lamellar phases with excess added monovalent electrolyteently by Fogderet al. [20], on the basis of the nonlinear
for the important regime in which the typical wavelength of Poisson-Boltzmann equation. Predictions of the theory will
the undulations is much larger than the Debye screeninfje compared to experimental results of Schokea and
length. In this regime, since they are effectively flat on theStrey[4].
scale of the Debye length, the undulating membranes interact These authors performed a light-scattering study on the
as pieces of a flat membrane. Furthermore, an electrostat@ffect of adding small amounts of the ionic surfactant sodium
contribution to the bending modul(i4—16 can account for dodecyl sulphatéSDS to dilute lamellar phases of the non-
the curvature energy of the undulating electric double layersionic surfactant &, Es (n-dodecyl pentaethylene glycol
Unfortunately, statistical-mechanical theories that calculatethe) in agueous solution. They also studied the effect of
the electrostatic interaction energy of the undulating memadding monovalent electrolyte to the weakly charged lamel-
branes in a harmonic approximation, quadratic in the undular phases. The light-scattering experiments were performed
lation amplitude$7,8,10, are of very limited validity, due to at a fixed scattering angle, by varying the waveleri@th.
the simultaneous requirements of typical undulation wavepon adding the ionic surfactants, the position of the Bragg
lengths much longer and undulation amplitudes muctpeak was found to shift to smaller wavelengths. Subse-
smaller than the Debye screening lengit8]. Undulation  quently adding monovalent electrolyte, it shifted back again.
amplitudes appreciably larger than the Debye length can b8imilar effects have also been reported elsewh2ge-24.
dealt with in a self-consistent field approximati?11,13.  Schomaker and Strey assumed that the shift was caused by
For even larger undulation amplitudes, beyond the validity othe effect of the electrostatic interactions on the thermal un-
the self-consistent field approximatiddi2,13, there is a dulations. More specifically, they assumed that the main ef-
transition to the limit of Helfrich steric repulsidi 7], except fect of adding the ionic surfactants was to cause an increase
for the presence of a boundary layer that prevents the undur the bending modulus of the fluid membranes.
lating membranes from touching each other, due to the elec- The latter, however, is a rather questionable assumption,
trostatic repulsiori12]. since it completely neglects the effect that the electrostatic

In the absence of added electrolyte, for salt-free chargecepulsion between opposite membranes has on the thermal
lamellar phases, the situation is very different from that withundulations. Furthermore an electrostatic contribution to the
excess added electrolytes. The long-wavelength smectic flubending modulus can only account for the curvature energy
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of the undulating electric double layers, if the typical wave-
length of the undulations is much larger than the electrostatic
screening length. This will indeed be the case if sufficient
electrolyte is added, but, for salt-free charged lamellar
phases, this is generally not the case. As will be shown be-
low, a more appropriate interpretation of the experimental
results can be given using the harmonic theory of undula-
tions in salt-free charged lamellar phases.

This paper is organized as follows. In Sec. Il, the har-
monic theory of undulations in salt-free charged lamellar
phases is introduced. Then, in Sec. lll, the theory is used to
give a quantitative interpretation of the experimental results {
of Schomaker and Strey. Assuming that the shift in the
Bragg peak is indeed caused by the effect of the electrostatic
interactions on the undulations, an estimate is deduced for FIG. 1. Geometry of the stack of undulating membranes. The
the bending modulus of the uncharged, E; bilayers, that x, axis points into the figure.
is in agreement with a previous estim@]. Finally, Sec.

IV presents concluding remarks. Elsewhg2®], it will be otanp=marQD=A. (4)
shown that a quantitative interpretation of the experiment

with added monovalent electrolyte, can be given using th
self-consistent theory of Odijkl1,26.

n

?n these equation®=e?/ekgT is the Bjerrum length, and
€ is the solvent permittivity. For low surface charge densi-
ties, A<1, ¢°~A, whereas for high surface charge densi-
ties, A>1, ¢~ /2. The screening length typically is of

The harmonic theory of undulations in salt-free chargedhe order of the distancB between the plates, except for
lamellar phases is best understood as an extension of ti&ry low surface charge densities, for which it may be ap-
harmonic theory of long-wavelength undulations in salt-freePreciably larger tharD. Here it will be assumed that the
charged lamellar phases. Therefore this section first reviewgUrface charge densities are indeed suchxkab. For the
the harmonic long-wavelength theory, which applies to unvery low surface charge densities for which the screening
dulations of long wavelength and small amplitude, with re-length\ is appreciably larger than the distanbebetween
spect to the electrostatic screening length. Then the mord&€ membranes, a transition is expected to a regime where
general harmonic theory is introduced, which is valid forthe Helfrich steric repulsion dominates. This case is consid-
small-amplitude undulations of arbitrary wavelength. Thisered separately, at the end of this section.
section concludes with a discussion of the transition to the Now consider a stack of undulating charged fluid mem-
regime of very low surface charge densities, where the Helbranes, for which the average distance between the mem-
frich steric repulsion is expected to dominate. An estimate i®ranes isD. The geometry of the stack of undulating mem-
deduced for the critical surface charge density of the transibranes is indicated in Fig. 1. There &emembranes, with a
tion. repeating distanc® =D + 8, where 5<D is the membrane

thickness. The undulation amplitude of thén membrane in

A. Harmonic long-wavelength theory the z direction isu,(x), wherex= (x,,X,) are Cartesian in-

For monovalent counterions the ionic profiles and theplane coordinates, in the directions perpendicular tozhe
electrostatic potentialy of the electric double layers sur- axis. Due to the strong electrostatic repulsion between oppo-
rounding the charged membranes are accurately described Bife membranes, the amplitude of the undulations is expected
the nonlinear Poisson-Boltzmann equation. The solution belo be small with respect to the distarnibebetween the mem-
tween two parallel plates on a distari@ecarrying a uniform  branes. Concomitantly, the undulation amplitude is also ex-

surface charge densitpf o elementary charges per unit ~ Pected to be small with respect to the electrostatic screening
area, is length A, and hence the electrostatic free energy of the un-

dulations can be computed in a harmonic approximation,
W(y)=2In[cogy/N)], y=-D/2,...D/2, (1) quadratic in the undulation amplitudes. The electrostatic free
energy of undulations with wavelengths much longer than

where ¥ =ey/kgT is the dimensionless potentiakg is  the screening length, can be given in terms of a long-
Boltzmann’s constant, arilis the absolute temperature. The wavelength expansion. The leading-order term of the expan-
electrostatic screening length is related to the midplane sion is the compressional energy involved in changing the

Il. THEORY

concentration of counterionsg,, distance between flat membranes. For undulations that do not
5 change the distance between the membranes, the compres-
A °=2mQng, (20 sional energy vanishes. The amplitude of these in-phase un-

dulations is limited by their curvature energy rather than by

and, via the boundary conditions, to the surface charge defihe compressional energy. Therefore it is necessary to in-
Sity o clude the next-order term of the expansion, which is the elec-
trostatic curvature energy of long-wavelength in-phase undu-

A= 3D/o, 3 lations. This term involves the in-phase electrostatic bending
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modulusk, ¢. The harmonic Hamiltoniaf?[u,(x)] for the  nentsk, in the perpendicular directions. In terms wfk),
energy of long-wavelength undulations in salt-free chargedhe harmonic long-wavelength Hamiltonian in the limit

lamellar phases thus takes the fofh8,27: N—© is

N
Hun(x)]= D> szxKl[Axun(x)]Z Hlu(k)]= %fk(Klki+D’zB4 sirf[ (k,D/2)Ju(k)u(—k),
=1
" (11)
FB{u(0 U OVBY.  ®
The bulk modulusB is B=D4?V(D)/dD?, whereV(D) is = » g2
. . . . /D dkz d kL
the potential of interaction, per unit area, of two flat mem- f =f _ EJ W (12
k — /D —

branes on a distand®. From the solution of the Poisson-

Boltzmann equation, one has, in unitsigfT, From the equipartition theorem it follows that, in the har-
[ 24/D A<1 monic long-wavelength approximation, the mean-square am-

~ 4 QA%+ 97 plitude of the undulations as a function of their wave vector,

B= DwQ D3 AZrA+g?2 | MQD% A>1. ® o equivalently, the correlation function, is given by
The splay moduluk ; is given byK,;=k./D, with Uk u( = k) = _ = 5(K).
¢ {utiout=t)) KK 1B 2Basit(kpz) X

kc: kc,el+ kc,01 (7) (13

wherek, ¢ is the bending modulus of the membranes them+or|k,D|<1, one recovers the well-known correlation func-
selves, and, ¢ is the in-phase electrostatic bending modu-tion of a smectic-A liquid crystal in the long-wavelength,
lus. The latter can be calculated either from the electrostatinarmonic continuum approximatigag]. At highk, the cor-
free energy of charged membranes that undulate in phase, m#lation function is dominated by the splay, or bending term,
from the known exact solution of the Poisson-Boltzmannwhereas for smak, compression dominates. The inverse of
equation between two concentric cylinders in the absence afie crossover wave vector, averaged okgr is the deflec-
added electrolyt¢28,29. Neglecting electrostatic coupling tion length of the fluid membrané$1,34), which is the typi-
between opposite sides of the membrai3g§, Fogderet al.  cal wavelength of the undulations in the lamellar phase. This

[20] found, in units ofkgT, length has also been called the undulation lerdtf], or
) in-plane correlation lengtf8]. The expression for the deflec-
~ D [A(2A+1-¢9) ) tion length&, in the harmonic long-wavelength approxima-
c,el_E A2+g02 —(1+ 3. (8) tion is
This generalizes the expressions derived previously for the K.& “=D2B. (14

limiting casesA <1 [31]andA>1 [32]:
B. General harmonic theory

) For electrostatic screening lengthsof the order of the
distanceD between the membranes, the deflection length
_&q in the harmonic long-wavelength approximation is found

(2mw/15)0°QD3, A<1
¢ | (Umr—m/12)DIQ, A>1.

In dealing with the problem of undulations in charged lamel ;
lar phases with excess added electrolyte, instead of consid@ Pe of the order O_f the_ screening lengthHence the long- :
ering all the undulations in the lamellar phase, a number OYvaveIength.apprQX|mat|on does in fact not apply o the typi-
authorg 8—11] considered a single membrane, confined by cal undulations in the lamellar phase, which have wave-
self-consistent field, due to the surrounding membranes€ndths of the order of the screening lengthrather than
Such an approach neglects the long-wavelength in-phase u _uch longer. A more general harmon!c theory, valid _for un-
dulations, and leads to slightly different values for the nu- ulations of _all wavelengths, is obtained by replacing the
merical constants, compared to theofigd] that do take into Wave-vector-independent moduB and K, of the long-
wavelength theory, by wave-vector-dependent moduli

account all the undulations in the lamellar phase. e
Next it is convenient to introduce Fourier-transformed un-B(Ki) and K;(k;) [35-37. The contribution to the splay

dulation amplitudesi(k), along the lines of the analysis of _modulus of the membranes themselves remains wave vector
David [27]: independent:
N Ki(k)=Kye(k)+Kyo, (19
u(k)=D fdzxu x)exp(ik, - x)exp(ik,nD). -
(k) ngl n(X)exp(Tk, - X)exp(ikznD) where K, g=Kk:o/D. The Poisson-Boltzmann prediction for

(10 the wave-vector-dependent moduli, for salt-free charged
) ) lamellar phases, can be derived from the results of Fogden
The three-dimensional wave vectér has a component et al.[20]. These authors calculated the electrostatic free en-
k,=—a/D, ... ,w/D in the z direction, as well as compo- ergy of the electric double layers between two charged
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monolayers, on an average distari2e undulating respec- o?QD? k,<D?
tively in phase, and with opposite phases, with an amplitude Kie(ki))~y) 5 K2 k>p-! (24
u(x) =acosk, x), wherex is a one-dimensional in-plane co- o QIkL, Ky '
ordinate. Ihe resu'lt of Fogdet al. for the .ele'ctros.tatic free And, for highly charged membranes>1,
energyFe,° per unit area per monolayer is, in units kT,
, 1/Q, k,<D?
2a - _
f21°=—g7TQD feo(X,A), x=k,D/2, (16) Kyo(k)~{ 1Qk D, D <k, <AD™' (25
o/k’D, k,>AD %
2, 2 2ainby —
fe(X’A):(A 2+‘p Z)X(‘PZ sinfx AXC‘?S“‘) +X2(A— p?), In terms of the wave-vector-dependent moduli, again using
(A“+ ¢+ x%)coshx+ Axsinhx the equipartition theorem, the expression for the correlation
(A7 function S(K) is
where the superscripts and subscriptando refer, respec- 1
tively, to the in-phase, or even mode, and to the odd mode, in S(k)= = - —. (26
which the monolayers undulate with opposite phases. The Ky(k,)k?+D7?B(k, )4sirnt(k,D/2)

expression for the functioffi,(x,A) pertaining to the odd . . .
mode is found by swapping sinh and cosh in the expressio;ll—h's is expected to be valid for all wavelengths, provided

for f(x,A). In terms ofK, o (k, ) andB(k, ), the energy of steric repulsion can be neglected. In the long-wavelength
the odd and even modes, respectively, is limit kK, <A "*~D~1, S(k) reduces to the correlation func-
' T tion Sy(k) of the long-wavelength theory. In the short-

wavelength limit,k, >\ "1~D ™1, the bulk modulus is es-
sentially zero, and the electrostatic contribution to the splay
modulus is much smaller than the contribution
Kio= kclolﬁ due to the membranes themselves. Therefore,

. ) at these wavelengths, the undulations are almost unperturbed
Thus the expressions for the moduli are by the electrostatic interactions, and the expression for the
correlation function reduces to

F&= 3DKye(k,)k!a?, (18

Fo= 1BK, ok K a2 BB a2 (19

— 4
D 1B(ki)= —ggal fokiDI2,A) ~fe(k, D/2,A)]

0 S(k)~ @7
(20 Ky, i’
~ 4 which is the expression pertaining to a freely undulating,
DKy ek )k = mQ D3fe(le/2'A)' (22) uncharged membrane. The most important regime, however,

is the intermediate regimé&, = O(A~1~D 1), since this is
These expressions neglect any electrostatic coupling betwedfe regime that covers the typical undulations in the lamellar
opposite sides of the membrar[&i]. The scaling behavior Pphase, which have wavelengths of the order of the deflection

of the bulk modulus is, for weakly charged membraneslength, which is of the order of. In this regime, the elec-
A<1, trostatic contributions to the moduli are complicated decreas-

ing functions of the wave vectd, .
alD, kL<)\_1
onlkaz, )\_l<ki<D_l 22 C. Transition to the Helfrich regime
o?Qexp(—k,D)/k, D, k,>D 1.

B(k, )~ . -
(k) As usual for smectic-A liquid crystals, the total mean-

square amplitude of the undulatior(a;n,ﬁ(x)) diverges loga-
rithmically with system size. On the other hand, the rela-
Note that for the surface charge densities considered in thisve mean-square undulation amplitude?®=([u,(x)—
section, which are such that=D, the intermediate regime is u,,,(x)]?) is perfectly finite. In terms o8(k),

only of very limited extent. For highly charged membranes,

A>1, d2=f3(k)4sinz(k25/2) 28)
k
1/QD? k, <D !
B(k, )~ K3 Dexn — -1 -1 % 1
SDexp(—k,D)/Q, D '<k <AD™ L =iQDJ wdx
(23 : 0 fo(X,A)—fe(x,A)

There is an additional scaling reginke >AD ", but, for
wave vectors in this regime, the bulk modulus is vanishingly
small. The scaling behavior of the electrostatic free energy of
the in-phase undulations was discussed by Fogeleal. In lamellar phases stabilized by Helfrich steric repulsion
[20]. The resulting scaling behavior of the splay modulus is[17], one hagd®>= u;D?, with u,~ i [38]. Presumably then,
for weakly charged membrane& <1, the transition to a regime dominated by Helfrich steric repul-

fe(x,A)/x“+kac,o/D)1’2 29

fo(X, A)/X*+ 7Qkg o/ D
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sion takes place for a critical surface charge densitysuch ) AA
that d?= u,D?, with u, slightly smaller than or equal to — =15 (34)
1. Undoubtedly, there will be corrections to the harmonic

theory upon approaching the Helfrich limit, but these are nofn tyr, AA/A is related to the average amplitude of the

expected to change the order of magnituderpf Since the  yndulations as a function of their wave vector:
explicit expression(29) for the undulation amplitude is

rather complicated, a scaling analysis is used to estimate AA 2
.. As in the harmonic long-wavelength approximation, the A Efks(k)ki '
deflection lengtk¢ is the inverse of the crossover wave vec-
tor: This is valid providedAA/A<1, which is usually the case.
In general however, the absolute valueAdk/A is also sen-
Ki(& e *=D2B(¢ ). (30)  sitive to the behavior of undulations of very short wave-
lengths, for which an accurate description is lacking. There-

Ford of orderD, the crossover wave vector is expected to before it is better to consider only differences or derivatives of

in the regime\x "<k, <D~ 1. According to Eq.(22), the :nis quantitg/, fince tlhesethdo ndotl dtgpendFon Ejhle tbelhavio”r of
scaling of the bulk modulus in this regime is € very short-wavelength undulations. =or diiute lamefiar

phases stabilized by Helfrich steric repulsion, one expects

(39

2Q (21,47
Bk~ iepz: (31 o5 1
1L -
5= 4ch,oln¢>+ const. (36)

Assuming that at these surface charge densities, the intrinsic .
contribution to the splay modulus dominates over the elecThe constant does not depend dn but it may depend,
trostatic contribution, and, using expressiaB6) and (31), = among other things, on the precise behavior of the very
the following estimate for the correlation lengghis found: ~ Short-wavelength undulations. The value of the bending
modulusk, o can be extracted from a plot @D/é§ versus
kc,oD3 Ind. From the results of a light-scattering experiment on the
2Q (32 dilute lamellar phase of the nonionic surfactant, Es in
aqueous solution, Stregt al. [21] thus found a bending
modulus ofk; o=~ 1.3 for the uncharged GEs bilayers.
In order to compare the results of Scharker and Strey,
the shift of the Bragg peak, with the harmonic theory of
undulations in salt-free charged lamellar phases, some as-
sumptions have to be made. First, Schokea and Strey
o~ '“132 — (33 observed that adding more than a certain amount of SDS to
ke oQ™D the dilute G, Es lamellar phases caused a transition to an
isotropic phase, presumably consisting of vesi¢is It is
whereu g is some numerical constant, of order 1. Numericalpossible that structural changes, to some extent, already take
calculations using the explicit expressip) for the undu- place before the transition to the isotropic phase. Neverthe-
lation amplitude indicate that, fdk., of order 1,u3~0.1. less it will be assumed here that adding the ionic surfactants
From estimatg33) for o it is very clear that, especially in only affects the thermal undulations and does not lead to any
very dilute lamellar phases, extremely small amounts oftructural changes in the lamellar phase. Second, it is as-
charge, if unscreened, can cause a transition from a regime Bumed that corrections due to electrostatic coupling between
which the Helfrich steric repulsion dominates, into a regimeopposite sides of the membranes, which in the present case
where electrostatic repulsion dominates. For example, anwill presumably not be completely negligibl80], are nev-
small amount of free charges may indeed be responsible fartheless small enough to allow for a meaningful comparison
the increased orientational order at high dilution found bybetween theory and experiment. Third, and finally, the
Appel et al.[39] in extremely dilute lamellar phases swollen amounts of added SDS in the experiment of Schekeaand
by a mixture of decane and pentanol. Strey correspond to surface charge densities appreciably
larger than the critical surface charge density as given by
Eqg. (33). Hence it will be assumed that the surface charge
densities are indeed high enough, and the undulation ampli-
The order of magnitude of the excess area stored in thetudes small enough, for the harmonic theory to be valid, and
mal undulations of fluid membranes was first consideredor the effects of steric repulsion to be neglected.
theoretically by Helfrich[40]. For lamellar phases, the im- Consider the position of the Bragg peaks and \, of
portant quantity is the ratid A/A, whereA is the area of two lamellar phases with the same volume fract®nof
undulating membrane projected on the, (x,) plane, and membrane, but with different concentrations of added SDS.
A+AA is the average of the true area of the undulatingFor (AA/A); ,<1, one has
membrane. This quantity can be extracted from an experi Ay A A) ( A A) .
A 1 A 2

6

At the critical surface charge density one hgs-k. D?.
Equating the two estimates, one finds an expression for th]%r
critical surface charge density,

Ill. COMPARISON WITH EXPERIMENT

ment that measures the repeating distabcs a function of ——1=
the volume fractiond of the membranes: N2
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) ) 0.05
= sz[Sl(k)—Sz(k)]kL- (38)
The dominant contribution ta.;/A,—1 is due to undula- 0.04
tions with wavelengths of the order of the deflection length,
which is of the order of the electrostatic screening length
\. These are also exactly the wavelengths for which the
wave-vector dependence of the electrostatic contribution to 0.03

the elastic moduli is most pronounced. Hence the theoretical

prediction (38) for \;/\,—1 sensitively depends on the —

wave vector dependence of the moduli. For wave vectors o

k, <\~ 1=~D™1, the electrostatics no longer significantly af-

fects the thermal undulations, and b@&h(k) and S,(k) in < 0.02

Eq. (38) reduce to the correlation functioi27) of a freely

undulating, uncharged membrane. Therefore, provided the

small amount of added SDS does not affect the elasticity of

the membranes themselvéer example, it does not affect 0.01

the value of k;o), the theoretical prediction(38) for

N1/N,—1 does not involve the behavior of the very short

wavelength undulations, for which an accurate description is

lacking. 0.0
After performing thek, integration in Eq{38) and using

the expression§0) and(21), one finds

neyr, = 0.037 M, kyg=1.7

0 & "R = 0.044 M, kc'(]:g-o
o e N, = 0.06 M k. =16

o ¢ Nogs, = 0.062 M, ko= 2.1

NI
nsps (107 M)

dx( D fe(x,A))l’2
f? 1+ mQkeo  X*

D fo(x,A))l’z
mQkeo  x* ’

1
1 2_
2 fks(k)ki kg

X

FIG. 2. A plot ofA{/\,—1 vs the concentration of added SDS.
\, is the position of the Bragg peak as a function of the concentra-
tion of added SDS\, is the position of the Bragg peak at
nsps=10"° M. The open symbols are the experimental results of
Schomaker and Strey4], and the filled symbols are the theoretical
predictions, assuming values kf as indicated. The lines through
the filled symbols are drawn to guide the eye.

1+

(39

where x=Kk, D/2. The integration over the dimensionless
variable x is done numerically. In the experiments of
Schomaker and Strey the position of the Bragg peak was

measured as a function of the concentration of added SDS,

for four different concentrations of ¢Es. For every con- It has been shown that the present theory, which combines
centration of G, Es, the lowest concentration of added SDS undulation theory with the Poisson-Boltzmann predictions of
was 10 > M. The results of the experiment are shown in Fig. Fogdenet al.[20], accounts quantitatively for the shift of the

2, together with the theoretical predictions. For every conBragg peak that was observed by Schokea and Strey4].
centration of G, Es the quantity\;/A,—1 has been plotted Also, the magnitude of the shift of the Bragg peak has been
as a function of the concentration of added SDS, wherss  shown to depend sensitively on the wave-vector dependence
the position of the Bragg peak as a function of the concenef the electrostatic contribution to the elastic moduli.

tration of added SDS, anM; is the position of the Bragg Provided it can be demonstrated more clearly that the
peak at the lowest concentration of added SDS*. The  shift in the Bragg peak is indeed due to the effects of thermal
theoretical prediction for this quantity is given by ES), undulations, and not so much due to a change in the large-
which can be evaluated numerically using E89). In com-  scale organization of the lamellar phase, it provides an ex-
paring the experimental results with the theoretical predicperimentally very accessible quantity to test theories of un-
tion, there is only one adjustable paramg#g]: the bending  dulations in charged lamellar phases. Moreover the shift of
modulusk, o of the uncharged G Es bilayers. A value for the Bragg peak is very sensitive to the value of the bending
keo was deduced for each of the four concentrations oimodulusk, o of the uncharged membranes. Further system-
C,, Es that were used in the experiment. It was found thatatic experiments on the shift of the Bragg peak would there-
the theoretical predictions were very sensitive to smalfore be very useful, especially if these can be performed in
changes of the value &, even of order OKgT. As is  conjunction with experiments that test for changes in the
indicated in Fig. 2, the values ¢, , deduced from the ex- large scale organization of the lamellar phases, such as
perimental data are in the rand&.6—2.2kgT. Given the freeze-fracture microscopy.

present accuracy of experimental determinations of bending From the results of NMR experiments on salt-free
moduli, as well as the various assumptions that have beecharged lamellar phases, Augusteal. [6] concluded that
made, this should be considered to be in reasonable agretiiere was no noticeable dependence of the bending modulus
ment with the estimate of Stregt al. [21], who found on the thickness of the water layers between the membranes.
K¢ 0~1.3 for the uncharged GEs bilayers. This is surprising, since in the Poisson-Boltzmann approxi-

IV. CONCLUDING REMARKS
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mation the electrostatic contribution to the bending modulusnverted bilayers. The thickness of the water layer in the
in salt-free, highly charged lamellar phases is a linearly in-membranes was very sm#&# few nm, implying only a very
creasing function of the distance between the membranes. Emall contribution of the electrostatic interactions to the
the experiments, the thickness of the water layers was variegending modulus, of order kAT. Upon increasing the
between 2 and 16 nm, implying a variation of the electro-thickness of the water layers, the bending modulus was
static contribution to the bending modulus with dilution, of found to decrease appreciably. Thus in this case other effects
orderkgT. However, the harmonic long-wavelength theory presumably dominate over the effects of electrostatic inter-
that was used by these authors presumably gives a rathggtions.
poor description of the undulations, since it assumes that the
typical undulation wavelengths are much larger than the
electrostatic screening length, whereas in fact they are of the
order of the electrostatic screening length.

Another experimental study investigating the effect of un- | thank Theo Odijk for critically reading the manuscript
screened electrostatic forces on thermal undulations wasnd for many discussions. This work was supported by the
published very recently by Freyssingeas, Roux, and Nallebutch foundation for Fundamental Research on Matter
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