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Thermal undulations in salt-free charged lamellar phases: Theory versus experiment

Renko de Vries
Department of Polymer Technology, Faculty of Chemical Engineering and Materials Science, Delft University of Technolog

P.O. Box 5045, 2600 GA Delft, The Netherlands
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The interplay between thermal undulations and electrostatic repulsion is investigated theoretically for salt-
free lamellar phases of charged fluid membranes. The electrostatics of the undulating charged membranes is
dealt with in the nonlinear Poisson-Boltzmann approximation. A harmonic undulation theory is formulated that
accounts quantitatively for the shift of the Bragg peak that has recently been observed in light-scattering
experiments on the dilute lamellar phase of the nonionic surfactantn-dodecyl pentaethylene glycol ether, to
which small amounts of the ionic surfactant sodium dodecyl sulphate were added.@S1063-651X~97!13207-X#

PACS number~s!: 82.70.2y, 68.10.2m, 61.30.2v
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I. INTRODUCTION

The behavior of charged fluid membranes in aqueous
lutions is strongly influenced by their electrostatic intera
tions. For lamellar phases of charged fluid membranes
important issue is the interplay between the thermally
cited undulations of the semiflexible fluid membranes a
the electrostatic interactions. Undulations in charged lame
phases have been studied in x-ray-scattering@1–3#, static
light-scattering@4#, dynamic light-scattering@3,5#, and NMR
@6# experiments. The experiments clearly show that, if u
screened, the electrostatic interactions lead to small und
tion amplitudes. If the electrostatic interactions are scree
by the addition of monovalent electrolyte, the undulation a
plitudes increase. Statistical-mechanical theories descri
the interplay between the electrostatic interactions and
thermal undulations have been proposed@7–13# for charged
lamellar phases with excess added monovalent electro
for the important regime in which the typical wavelength
the undulations is much larger than the Debye screen
length. In this regime, since they are effectively flat on t
scale of the Debye length, the undulating membranes inte
as pieces of a flat membrane. Furthermore, an electros
contribution to the bending modulus@14–16# can account for
the curvature energy of the undulating electric double lay
Unfortunately, statistical-mechanical theories that calcu
the electrostatic interaction energy of the undulating me
branes in a harmonic approximation, quadratic in the un
lation amplitudes@7,8,10#, are of very limited validity, due to
the simultaneous requirements of typical undulation wa
lengths much longer and undulation amplitudes mu
smaller than the Debye screening length@13#. Undulation
amplitudes appreciably larger than the Debye length can
dealt with in a self-consistent field approximation@9,11,13#.
For even larger undulation amplitudes, beyond the validity
the self-consistent field approximation@12,13#, there is a
transition to the limit of Helfrich steric repulsion@17#, except
for the presence of a boundary layer that prevents the un
lating membranes from touching each other, due to the e
trostatic repulsion@12#.

In the absence of added electrolyte, for salt-free char
lamellar phases, the situation is very different from that w
excess added electrolytes. The long-wavelength smectic
561063-651X/97/56~2!/1879~8!/$10.00
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tuations can be described by the usual harmonic continu
model of smectic-A liquid crystals@18#. This has been well
documented for salt-free charged lamellar phases@2,5,19#.
However, the typical undulations in salt-free charged lam
lar phases have wavelengths of the order the electros
screening length, which typically is of the order of the d
tance between the membranes. At these wavelengths, th
dulating membranes no longer interact as pieces of flat m
brane, and the curvature energy of the undulating elec
double layers can no longer be accounted for by an elec
static bending modulus. In the present work a statistic
mechanical theory of undulations in salt-free lamellar pha
is introduced, that also applies to undulations with wav
lengths of the order of, and smaller than the electrost
screening length. The theory, which is harmonic in the u
dulation amplitudes, is based on an expression for the e
trostatic free energy of the undulations that was derived
cently by Fogdenet al. @20#, on the basis of the nonlinea
Poisson-Boltzmann equation. Predictions of the theory w
be compared to experimental results of Schoma¨cker and
Strey @4#.

These authors performed a light-scattering study on
effect of adding small amounts of the ionic surfactant sodi
dodecyl sulphate~SDS! to dilute lamellar phases of the non
ionic surfactant C12 E5 (n-dodecyl pentaethylene glyco
ether! in aqueous solution. They also studied the effect
adding monovalent electrolyte to the weakly charged lam
lar phases. The light-scattering experiments were perform
at a fixed scattering angle, by varying the wavelength@21#.
Upon adding the ionic surfactants, the position of the Bra
peak was found to shift to smaller wavelengths. Sub
quently adding monovalent electrolyte, it shifted back aga
Similar effects have also been reported elsewhere@22–24#.
Schoma¨cker and Strey assumed that the shift was caused
the effect of the electrostatic interactions on the thermal
dulations. More specifically, they assumed that the main
fect of adding the ionic surfactants was to cause an incre
in the bending modulus of the fluid membranes.

The latter, however, is a rather questionable assumpt
since it completely neglects the effect that the electrost
repulsion between opposite membranes has on the the
undulations. Furthermore an electrostatic contribution to
bending modulus can only account for the curvature ene
1879 © 1997 The American Physical Society
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1880 56RENKO de VRIES
of the undulating electric double layers, if the typical wav
length of the undulations is much larger than the electrost
screening length. This will indeed be the case if sufficie
electrolyte is added, but, for salt-free charged lame
phases, this is generally not the case. As will be shown
low, a more appropriate interpretation of the experimen
results can be given using the harmonic theory of undu
tions in salt-free charged lamellar phases.

This paper is organized as follows. In Sec. II, the h
monic theory of undulations in salt-free charged lame
phases is introduced. Then, in Sec. III, the theory is use
give a quantitative interpretation of the experimental res
of Schoma¨cker and Strey. Assuming that the shift in th
Bragg peak is indeed caused by the effect of the electros
interactions on the undulations, an estimate is deduced
the bending modulus of the uncharged C12 E5 bilayers, that
is in agreement with a previous estimate@21#. Finally, Sec.
IV presents concluding remarks. Elsewhere@25#, it will be
shown that a quantitative interpretation of the experim
with added monovalent electrolyte, can be given using
self-consistent theory of Odijk@11,26#.

II. THEORY

The harmonic theory of undulations in salt-free charg
lamellar phases is best understood as an extension o
harmonic theory of long-wavelength undulations in salt-fr
charged lamellar phases. Therefore this section first revi
the harmonic long-wavelength theory, which applies to u
dulations of long wavelength and small amplitude, with
spect to the electrostatic screening length. Then the m
general harmonic theory is introduced, which is valid f
small-amplitude undulations of arbitrary wavelength. Th
section concludes with a discussion of the transition to
regime of very low surface charge densities, where the H
frich steric repulsion is expected to dominate. An estimat
deduced for the critical surface charge density of the tra
tion.

A. Harmonic long-wavelength theory

For monovalent counterions the ionic profiles and
electrostatic potentialc of the electric double layers sur
rounding the charged membranes are accurately describe
the nonlinear Poisson-Boltzmann equation. The solution
tween two parallel plates on a distanceD, carrying a uniform
surface charge density~of s elementary chargese per unit
area!, is

C~y!52ln@cos~y/l!#, y52D/2, . . . ,D/2, ~1!

where C5ec/kBT is the dimensionless potential,kB is
Boltzmann’s constant, andT is the absolute temperature. Th
electrostatic screening lengthl is related to the midplane
concentration of counterionsn0,

l2252pQn0 , ~2!

and, via the boundary conditions, to the surface charge d
sity s:

l5 1
2 D/w, ~3!
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In these equationsQ5e2/ekBT is the Bjerrum length, and
e is the solvent permittivity. For low surface charge den
ties, L!1, w2'L, whereas for high surface charge den
ties, L@1, w'p/2. The screening lengthl typically is of
the order of the distanceD between the plates, except fo
very low surface charge densities, for which it may be a
preciably larger thanD. Here it will be assumed that th
surface charge densities are indeed such thatl'D. For the
very low surface charge densities for which the screen
length l is appreciably larger than the distanceD between
the membranes, a transition is expected to a regime wh
the Helfrich steric repulsion dominates. This case is cons
ered separately, at the end of this section.

Now consider a stack of undulating charged fluid me
branes, for which the average distance between the m
branes isD. The geometry of the stack of undulating mem
branes is indicated in Fig. 1. There areN membranes, with a
repeating distanceD̃5D1d, whered!D is the membrane
thickness. The undulation amplitude of thenth membrane in
the ẑ direction isun(x), wherex5(x1 ,x2) are Cartesian in-
plane coordinates, in the directions perpendicular to thẑ
axis. Due to the strong electrostatic repulsion between op
site membranes, the amplitude of the undulations is expe
to be small with respect to the distanceD between the mem-
branes. Concomitantly, the undulation amplitude is also
pected to be small with respect to the electrostatic scree
length l, and hence the electrostatic free energy of the
dulations can be computed in a harmonic approximati
quadratic in the undulation amplitudes. The electrostatic f
energy of undulations with wavelengths much longer th
the screening lengthl, can be given in terms of a long
wavelength expansion. The leading-order term of the exp
sion is the compressional energy involved in changing
distance between flat membranes. For undulations that do
change the distance between the membranes, the com
sional energy vanishes. The amplitude of these in-phase
dulations is limited by their curvature energy rather than
the compressional energy. Therefore it is necessary to
clude the next-order term of the expansion, which is the e
trostatic curvature energy of long-wavelength in-phase un
lations. This term involves the in-phase electrostatic bend

FIG. 1. Geometry of the stack of undulating membranes. T
x2 axis points into the figure.
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56 1881THERMAL UNDULATIONS IN SALT-FREE CHARGED . . .
moduluskc,el . The harmonic HamiltonianH@un(x)# for the
energy of long-wavelength undulations in salt-free charg
lamellar phases thus takes the form@13,27#:

H@un~x!#5 1
2 D̃ (

n51

N E d2xK1@Dxun~x!#2

1B$@un~x!2un11~x!#/D̃%2. ~5!

The bulk modulusB is B5D̃]2V(D)/]D2, whereV(D) is
the potential of interaction, per unit area, of two flat me
branes on a distanceD. From the solution of the Poisson
Boltzmann equation, one has, in units ofkBT,

B5D̃
4

pQD3

w2~L21w2!

L21L1w2 'H 2s/D, L!1

p/QD2, L@1. ~6!

The splay modulusK1 is given byK15kc /D̃, with

kc5kc,el1kc,0 , ~7!

wherekc,0 is the bending modulus of the membranes the
selves, andkc,el is the in-phase electrostatic bending mod
lus. The latter can be calculated either from the electrost
free energy of charged membranes that undulate in phas
from the known exact solution of the Poisson-Boltzma
equation between two concentric cylinders in the absenc
added electrolyte@28,29#. Neglecting electrostatic couplin
between opposite sides of the membranes@30#, Fogdenet al.
@20# found, in units ofkBT,

kc,el5
D

pQH L~2L112w2!

L21w2 2~11w2/3!J . ~8!

This generalizes the expressions derived previously for
limiting casesL!1 @31#andL@1 @32#:

kc,el'H ~2p/15!s2QD3, L!1

~1/p2p/12!D/Q, L@1.
~9!

In dealing with the problem of undulations in charged lam
lar phases with excess added electrolyte, instead of con
ering all the undulations in the lamellar phase, a numbe
authors@8–11# considered a single membrane, confined b
self-consistent field, due to the surrounding membran
Such an approach neglects the long-wavelength in-phase
dulations, and leads to slightly different values for the n
merical constants, compared to theories@33# that do take into
account all the undulations in the lamellar phase.

Next it is convenient to introduce Fourier-transformed u
dulation amplitudesu(k), along the lines of the analysis o
David @27#:

u~k!5D̃ (
n51

N E d2xun~x!exp~ ik'•x!exp~ ikznD̃!.

~10!

The three-dimensional wave vectork has a componen
kz52p/D̃, . . . ,p/D̃ in the ẑ direction, as well as compo
d
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nentsk' in the perpendicular directions. In terms ofu(k),
the harmonic long-wavelength Hamiltonian in the lim
N→` is

H@u~k!#5 1
2 E

k
~K1k'

4 1D̃22B4 sin2@~kzD̃/2!#u~k!u~2k!,

~11!

where

E
k
5E

2p/D̃

p/D̃ dkz

2p E
2`

` d2k'

~2p!2 . ~12!

From the equipartition theorem it follows that, in the ha
monic long-wavelength approximation, the mean-square
plitude of the undulations as a function of their wave vect
or equivalently, the correlation function, is given by

^u~k!u~2k!&5
1

K1k'
4 1D̃22B4sin2~kzD̃/2!

[S0~k!.

~13!

For ukzD̃u!1, one recovers the well-known correlation fun
tion of a smectic-A liquid crystal in the long-wavelengt
harmonic continuum approximation@18#. At high k' the cor-
relation function is dominated by the splay, or bending ter
whereas for smallk' compression dominates. The inverse
the crossover wave vector, averaged overkz , is the deflec-
tion length of the fluid membranes@11,34#, which is the typi-
cal wavelength of the undulations in the lamellar phase. T
length has also been called the undulation length@17#, or
in-plane correlation length@8#. The expression for the deflec
tion lengthj0 in the harmonic long-wavelength approxim
tion is

K1j0
245D̃22B. ~14!

B. General harmonic theory

For electrostatic screening lengthsl of the order of the
distanceD between the membranes, the deflection len
j0 in the harmonic long-wavelength approximation is fou
to be of the order of the screening lengthl. Hence the long-
wavelength approximation does in fact not apply to the ty
cal undulations in the lamellar phase, which have wa
lengths of the order of the screening lengthl, rather than
much longer. A more general harmonic theory, valid for u
dulations of all wavelengths, is obtained by replacing t
wave-vector-independent moduliB and K1 of the long-
wavelength theory, by wave-vector-dependent mod
B(k') and K1(k') @35–37#. The contribution to the splay
modulus of the membranes themselves remains wave ve
independent:

K1~k'!5K1,el~k'!1K1,0, ~15!

whereK1,05kc,0 /D̃. The Poisson-Boltzmann prediction fo
the wave-vector-dependent moduli, for salt-free charg
lamellar phases, can be derived from the results of Fog
et al. @20#. These authors calculated the electrostatic free
ergy of the electric double layers between two charg
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1882 56RENKO de VRIES
monolayers, on an average distanceD, undulating respec-
tively in phase, and with opposite phases, with an amplit
u(x)5acos(k'x), wherex is a one-dimensional in-plane co
ordinate. The result of Fogdenet al. for the electrostatic free
energyFel

e,o per unit area per monolayer is, in units ofkBT,

Fel
e,o5

2a2

pQD3 f e,o~x,L!, x5k'D/2, ~16!

f e~x,L!5
~L21w2!x~w2sinhx2Lxcoshx!

~L21w21x2!coshx1Lxsinhx
1x2~L2w2!,

~17!

where the superscripts and subscriptse ando refer, respec-
tively, to the in-phase, or even mode, and to the odd mode
which the monolayers undulate with opposite phases.
expression for the functionf o(x,L) pertaining to the odd
mode is found by swapping sinh and cosh in the expres
for f e(x,L). In terms ofK1,el(k') andB(k'), the energy of
the odd and even modes, respectively, is,

Fel
e 5 1

8 D̃K1,el~k'!k'
4 a2, ~18!

Fel
o 5 1

8 D̃K1,el~k'!k'
4 a21 1

2 D̃21B~k'!a2. ~19!

Thus the expressions for the moduli are

D̃21B~k'!5
4

pQD3@ f o~k'D/2,L!2 f e~k'D/2,L!#

~20!

D̃K1,el~k'!k'
4 5

16

pQD3 f e~k'D/2,L!. ~21!

These expressions neglect any electrostatic coupling betw
opposite sides of the membranes@31#. The scaling behavior
of the bulk modulus is, for weakly charged membran
L!1,

B~k'!;H s/D, k'!l21

s2Q/k'
2 D2, l21!k'!D21

s2Qexp~2k'D !/k'D, k'@D21.
~22!

Note that for the surface charge densities considered in
section, which are such thatl'D, the intermediate regime i
only of very limited extent. For highly charged membran
L@1,

B~k'!;H 1/QD2, k'!D21

k'
3 Dexp~2k'D !/Q, D21!k'!LD21.

~23!

There is an additional scaling regimek'@LD21, but, for
wave vectors in this regime, the bulk modulus is vanishin
small. The scaling behavior of the electrostatic free energ
the in-phase undulations was discussed by Fogdenet al.
@20#. The resulting scaling behavior of the splay modulus
for weakly charged membranes,L!1,
e
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K1,el~k'!;H s2QD2, k'!D21

s2Q/k'
2 , k'@D21.

~24!

And, for highly charged membranes,L@1,

K1,el~k'!;H 1/Q, k'!D21

1/Qk'D, D21!k'!LD21

s/k'
2 D, k'@LD21.

~25!

In terms of the wave-vector-dependent moduli, again us
the equipartition theorem, the expression for the correlat
function S(k) is

S~k!5
1

K1~k'!k'
4 1D̃22B~k'!4sin2~kzD̃/2!

. ~26!

This is expected to be valid for all wavelengths, provid
steric repulsion can be neglected. In the long-wavelen
limit k'!l21'D21, S(k) reduces to the correlation func
tion S0(k) of the long-wavelength theory. In the shor
wavelength limit,k'@l21'D21, the bulk modulus is es-
sentially zero, and the electrostatic contribution to the sp
modulus is much smaller than the contributio
K1,05kc,0 /D̃ due to the membranes themselves. Therefo
at these wavelengths, the undulations are almost unpertu
by the electrostatic interactions, and the expression for
correlation function reduces to

S~k!'
1

K1,0k'
4 , ~27!

which is the expression pertaining to a freely undulatin
uncharged membrane. The most important regime, howe
is the intermediate regime,k'5O(l21'D21), since this is
the regime that covers the typical undulations in the lame
phase, which have wavelengths of the order of the deflec
length, which is of the order ofl. In this regime, the elec-
trostatic contributions to the moduli are complicated decre
ing functions of the wave vectork'.

C. Transition to the Helfrich regime

As usual for smectic-A liquid crystals, the total mea
square amplitude of the undulations,^un

2(x)& diverges loga-
rithmically with system size. On the other hand, the re
tive mean-square undulation amplituded2[^@un(x)2
un11(x)] 2& is perfectly finite. In terms ofS(k),

d25E
k
S~k!4sin2~kzD̃/2! ~28!

5 1
2 QDE

0

`

xdx
1

f o~x,L!2 f e~x,L!

3F12S f e~x,L!/x41pQkc,0 /D

f o~x,L!/x41pQkc,0 /D D 1/2G . ~29!

In lamellar phases stabilized by Helfrich steric repulsi
@17#, one hasd25m1D2, with m1' 1

5 @38#. Presumably then
the transition to a regime dominated by Helfrich steric rep
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56 1883THERMAL UNDULATIONS IN SALT-FREE CHARGED . . .
sion takes place for a critical surface charge densitysc , such
that d25m2D2, with m2 slightly smaller than or equal to
m1. Undoubtedly, there will be corrections to the harmon
theory upon approaching the Helfrich limit, but these are
expected to change the order of magnitude ofsc . Since the
explicit expression~29! for the undulation amplitude is
rather complicated, a scaling analysis is used to estim
sc . As in the harmonic long-wavelength approximation, t
deflection lengthj is the inverse of the crossover wave ve
tor:

K1~j21!j245D̃22B~j21!. ~30!

For d of orderD, the crossover wave vector is expected to
in the regimel21!k'!D21. According to Eq.~22!, the
scaling of the bulk modulus in this regime is

B~k'!;
s2Q

k'
2 D2 . ~31!

Assuming that at these surface charge densities, the intr
contribution to the splay modulus dominates over the e
trostatic contribution, and, using expressions~30! and ~31!,
the following estimate for the correlation lengthj is found:

j6;
kc,0D

3

s2Q
. ~32!

At the critical surface charge density one hasj2;kc,0D
2.

Equating the two estimates, one finds an expression for
critical surface charge density,

sc'
m3

kc,0Q
1/2D3/2, ~33!

wherem3 is some numerical constant, of order 1. Numeri
calculations using the explicit expression~29! for the undu-
lation amplitude indicate that, forkc,0 of order 1,m3'0.1.
From estimate~33! for sc it is very clear that, especially in
very dilute lamellar phases, extremely small amounts
charge, if unscreened, can cause a transition from a regim
which the Helfrich steric repulsion dominates, into a regim
where electrostatic repulsion dominates. For example,
small amount of free charges may indeed be responsible
the increased orientational order at high dilution found
Appel et al. @39# in extremely dilute lamellar phases swolle
by a mixture of decane and pentanol.

III. COMPARISON WITH EXPERIMENT

The order of magnitude of the excess area stored in t
mal undulations of fluid membranes was first conside
theoretically by Helfrich@40#. For lamellar phases, the im
portant quantity is the ratioDA/A, whereA is the area of
undulating membrane projected on the (x1 ,x2) plane, and
A1DA is the average of the true area of the undulat
membrane. This quantity can be extracted from an exp
ment that measures the repeating distanceD̃ as a function of
the volume fractionF of the membranes:
t
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FD̃
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DA

A
. ~34!

In turn, DA/A is related to the average amplitude of th
undulations as a function of their wave vector:

DA

A
5 1

2 E
k
S~k!k'

2 . ~35!

This is valid providedDA/A!1, which is usually the case
In general however, the absolute value ofDA/A is also sen-
sitive to the behavior of undulations of very short wav
lengths, for which an accurate description is lacking. The
fore it is better to consider only differences or derivatives
this quantity, since these do not depend on the behavio
the very short-wavelength undulations. For dilute lamel
phases stabilized by Helfrich steric repulsion, one expe
@21,41#

FD̃

d
52

1

4pkc,0
lnF1 const. ~36!

The constant does not depend onF, but it may depend,
among other things, on the precise behavior of the v
short-wavelength undulations. The value of the bend
moduluskc,0 can be extracted from a plot ofFD̃/d versus
lnF. From the results of a light-scattering experiment on
dilute lamellar phase of the nonionic surfactant C12 E5 in
aqueous solution, Streyet al. @21# thus found a bending
modulus ofkc,0'1.3 for the uncharged C12 E5 bilayers.

In order to compare the results of Schoma¨cker and Strey,
for the shift of the Bragg peak, with the harmonic theory
undulations in salt-free charged lamellar phases, some
sumptions have to be made. First, Schoma¨cker and Strey
observed that adding more than a certain amount of SD
the dilute C12 E5 lamellar phases caused a transition to
isotropic phase, presumably consisting of vesicles@4#. It is
possible that structural changes, to some extent, already
place before the transition to the isotropic phase. Never
less it will be assumed here that adding the ionic surfacta
only affects the thermal undulations and does not lead to
structural changes in the lamellar phase. Second, it is
sumed that corrections due to electrostatic coupling betw
opposite sides of the membranes, which in the present
will presumably not be completely negligible@30#, are nev-
ertheless small enough to allow for a meaningful compari
between theory and experiment. Third, and finally, t
amounts of added SDS in the experiment of Schoma¨cker and
Strey correspond to surface charge densities appreci
larger than the critical surface charge densitysc , as given by
Eq. ~33!. Hence it will be assumed that the surface cha
densities are indeed high enough, and the undulation am
tudes small enough, for the harmonic theory to be valid, a
for the effects of steric repulsion to be neglected.

Consider the position of the Bragg peaksl1 and l2 of
two lamellar phases with the same volume fractionF of
membrane, but with different concentrations of added SD
For (DA/A)1,2!1, one has

l1

l2
215S DA

A D
1

2S DA

A D
2

~37!
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5 1
2 E

k
@S1~k!2S2~k!#k'

2 . ~38!

The dominant contribution tol1 /l221 is due to undula-
tions with wavelengths of the order of the deflection leng
which is of the order of the electrostatic screening len
l. These are also exactly the wavelengths for which
wave-vector dependence of the electrostatic contribution
the elastic moduli is most pronounced. Hence the theore
prediction ~38! for l1 /l221 sensitively depends on th
wave vector dependence of the moduli. For wave vec
k'!l21'D21, the electrostatics no longer significantly a
fects the thermal undulations, and bothS1(k) and S2(k) in
Eq. ~38! reduce to the correlation function~27! of a freely
undulating, uncharged membrane. Therefore, provided
small amount of added SDS does not affect the elasticity
the membranes themselves~for example, it does not affec
the value of kc,0), the theoretical prediction~38! for
l1 /l221 does not involve the behavior of the very sho
wavelength undulations, for which an accurate descriptio
lacking.

After performing thekz integration in Eq.~38! and using
the expressions~20! and ~21!, one finds

1
2 E

k
S~k!k'

2 5
1

4pkc,0
E dx

x S 11
D

pQkc,0

f e~x,L!

x4 D 21/2

3S 11
D

pQkc,0

f o~x,L!

x4 D 21/2

, ~39!

where x5k'D/2. The integration over the dimensionle
variable x is done numerically. In the experiments
Schoma¨cker and Strey the position of the Bragg peak w
measured as a function of the concentration of added S
for four different concentrations of C12 E5. For every con-
centration of C12 E5, the lowest concentration of added SD
was 1025 M. The results of the experiment are shown in F
2, together with the theoretical predictions. For every c
centration of C12 E5 the quantityl1 /l221 has been plotted
as a function of the concentration of added SDS, wherel2 is
the position of the Bragg peak as a function of the conc
tration of added SDS, andl1 is the position of the Bragg
peak at the lowest concentration of added SDS, 1025 M. The
theoretical prediction for this quantity is given by Eq.~38!,
which can be evaluated numerically using Eq.~39!. In com-
paring the experimental results with the theoretical pred
tion, there is only one adjustable parameter@42#: the bending
moduluskc,0 of the uncharged C12 E5 bilayers. A value for
kc,0 was deduced for each of the four concentrations
C12 E5 that were used in the experiment. It was found th
the theoretical predictions were very sensitive to sm
changes of the value ofkc,0 , even of order 0.1kBT. As is
indicated in Fig. 2, the values ofkc,0 deduced from the ex
perimental data are in the range~1.6–2.1!kBT. Given the
present accuracy of experimental determinations of bend
moduli, as well as the various assumptions that have b
made, this should be considered to be in reasonable ag
ment with the estimate of Streyet al. @21#, who found
kc,0'1.3 for the uncharged C12 E5 bilayers.
,
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IV. CONCLUDING REMARKS

It has been shown that the present theory, which comb
undulation theory with the Poisson-Boltzmann predictions
Fogdenet al. @20#, accounts quantitatively for the shift of th
Bragg peak that was observed by Schoma¨cker and Strey@4#.
Also, the magnitude of the shift of the Bragg peak has be
shown to depend sensitively on the wave-vector depende
of the electrostatic contribution to the elastic moduli.

Provided it can be demonstrated more clearly that
shift in the Bragg peak is indeed due to the effects of therm
undulations, and not so much due to a change in the la
scale organization of the lamellar phase, it provides an
perimentally very accessible quantity to test theories of
dulations in charged lamellar phases. Moreover the shif
the Bragg peak is very sensitive to the value of the bend
moduluskc,0 of the uncharged membranes. Further syste
atic experiments on the shift of the Bragg peak would the
fore be very useful, especially if these can be performed
conjunction with experiments that test for changes in
large scale organization of the lamellar phases, such
freeze-fracture microscopy.

From the results of NMR experiments on salt-fr
charged lamellar phases, Augusteet al. @6# concluded that
there was no noticeable dependence of the bending mod
on the thickness of the water layers between the membra
This is surprising, since in the Poisson-Boltzmann appro

FIG. 2. A plot ofl1 /l221 vs the concentration of added SDS
l2 is the position of the Bragg peak as a function of the concen
tion of added SDS,l1 is the position of the Bragg peak a
nSDS51025 M. The open symbols are the experimental results
Schoma¨cker and Strey@4#, and the filled symbols are the theoretic
predictions, assuming values ofkc,0 as indicated. The lines throug
the filled symbols are drawn to guide the eye.
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mation the electrostatic contribution to the bending modu
in salt-free, highly charged lamellar phases is a linearly
creasing function of the distance between the membrane
the experiments, the thickness of the water layers was va
between 2 and 16 nm, implying a variation of the elect
static contribution to the bending modulus with dilution,
order kBT. However, the harmonic long-wavelength theo
that was used by these authors presumably gives a ra
poor description of the undulations, since it assumes that
typical undulation wavelengths are much larger than
electrostatic screening length, whereas in fact they are of
order of the electrostatic screening length.

Another experimental study investigating the effect of u
screened electrostatic forces on thermal undulations
published very recently by Freyssingeas, Roux, and Na
@43#. These authors studied oil swollen lamellar phases
nd

SA

,

J.

th
e

d f
d

s
-
In

ed
-

er
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e
he

-
as
et
f

inverted bilayers. The thickness of the water layer in t
membranes was very small~a few nm!, implying only a very
small contribution of the electrostatic interactions to t
bending modulus, of order 0.1kBT. Upon increasing the
thickness of the water layers, the bending modulus w
found to decrease appreciably. Thus in this case other eff
presumably dominate over the effects of electrostatic in
actions.
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@23# M. Jonströmer and R. Strey, J. Phys. Chem.96, 5993~1992!.
@24# J. Yamamoto and H. Tanaka, Int. J. Thermophys.16, 1099

~1995!.
at
l-
or
y

@25# R. de Vries and T. Odijk~unpublished!.
@26# Using the value of the numerical constant of de Vries@13#.
@27# F. David, J. Phys.~Paris! 51, C-7 ~1990!.
@28# R. M. Fuoss, A. Katchalsky, and S. Lifson, Proc. Natl. Aca

Sci. USA37, 579 ~1951!.
@29# T. Alfrey, Jr., P. W. Berg, and H. Morawetz, J. Polym. Sci.7,

543 ~1951!.
@30# Presumably the coupling can be neglected if the electric-fi

energy of the field in the membranes is small compared to
curvature energy of the electric double layers. A scaling e
mate suggests @32# that this is the case if
~D/d!~em /es)!1, whereem andes , respectively, are the per
mittivities of the membrane and the solvent. In the experime
of Schoma¨cker and Strey@4#, the quantity (D/d)(em /es) is of
order unity, rather than much smaller than this, hence pres
ably corrections to the expressions for the electrostatic mod
due to electrostatic coupling, will not be completely negligib

@31# J. L. Harden, C. Marques, J.-F. Joanny, and D. Andelm
Langmuir8, 1170~1992!.

@32# P. G. Higgs and J.-F. Joanny, J. Phys.~Paris! 51, 2307~1990!.
@33# As in Refs.@13# and @27# and the present theory.
@34# T. Odijk, J. Chem. Phys.88, 7167~1988!.
@35# That a general harmonic Hamiltonian for charged lame

phases is indeed obtained by replacing the moduli of the h
monic long-wavelength theory by wave-vector-depend
moduli can also be seen by explicitly calculating the elect
static free energy of the undulations from the Poisso
Boltzmann equation, in a harmonic approximation. Howev
instead of considering only even and odd undulation mode
a certain wavelength, as Fogdenet al. @20# do, the calculation
should then be performed for general Fourier transformed
dulation amplitudes. For the Debye-Hu¨ckel equation with con-
stant potential boundary conditions, such a calculation
been performed by Goldstein, Pesci, and Romero-Rochı´n @37#.

@36# The universal wave-vector dependence of the moduli o
smectic-A liquid crystal at extremely long wavelengths, due
anharmonic corrections to the long-wavelength, harmonic c
tinuum model, was first considered by G. Grinstein and R.
Pelcovits, Phys. Rev. Lett.47, 856 ~1981!.

@37# R. E. Goldstein, A. I. Pesci, and V. Romero-Rochı´n, Phys.
Rev. A 41, 5504~1990!.



oi
l,
.

,

e

n

ens.

1886 56RENKO de VRIES
@38# W. Janke and H. Kleinert, Phys. Lett. A117, 353 ~1986!.
@39# J. Appel, P. Bassereau, J. Marignan, and G. Porte, Coll

Polym. Sci.267, 600 ~1989!. See also F. C. Larche, J. Appe
G. Porte, P. Bassereau, and J. Marignan, Phys. Rev. Lett56,
1700 ~1986!.

@40# W. Helfrich, Z. Naturforsch.30c, 841 ~1975!.
@41# D. Roux, F. Nallet, E. Freyssingeas, G. Porte, P. Bassereau

Skouri, and J. Marignan, Europhys. Lett.17, 575 ~1992!.
@42# Following Schoma¨cker and Strey, the following values for th

parameters were used: membrane thicknessd'3 nm, C12 E5
d.

M.

headgroup areaa'0.6 nm2. The relation between the positio

of the Bragg peak,lB, and the repeating distanceD̃ was taken

to beD̃5lBsin(172°/2)/2n, as in Schoma¨cker and Strey, with
an index of refractionn'1.33. The surface charge density~in
number of elementary charges per unit area! was calculated
from s5(nSDS/nC12E5

)a22, with concentrations of SDS and

C12 E5 in M. Finally, the Bjerrum lengthQ'0.7 nm.
@43# E. Freyssingeas, D. Roux, and F. Nallet, J. Phys. Cond

Matter.8, 2801~1996!.


