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Quasicritical heat capacity at a smectic-A –hexatic-B phase transition
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High-resolution ac calorimetry has been used to characterize the excess heat capacityDCp(T) associated
with the smectic-A (SmA) –hexatic-B (HexB) transition inn-hexyl-48-n-pentyloxybiphenyl-4-carboxylate
~65OBC!. For temperature oscillations in the investigated frequency range 1.42–400 mHz, theDCp data reveal
no frequency dependence and correspond to static thermodynamic values. The present data resolve several
discrepancies in previously reportedCp values. This transition isvery weakly first order, but power-law fits
could be made toDCp . Such fits yield an effective critical exponentaeff50.6560.05, which agrees quite well
with values of;0.6 reported by Huang and co-workers@Phys. Rev. Lett.46, 1289~1981!; Phys. Rev. A28,
2433~1983!; Phys. Rev. Lett.56, 1712~1986!#. Such an exponent value disagrees strongly with the theoreti-
cally predicted three-dimensionalXY valueaXY520.007. It is proposed that thisCp behavior and also the
reported order parameter variation, which yields an effective critical exponentbeff of ;0.2, are consistent with
quasitricritical or quasitetracritical~strain-smeared, very weak first-order! behavior arising from a coupling
between the amplitude of the bond-orientational order and the in-plane positional strain.
@S1063-651X~97!05908-4#

PACS number~s!: 64.70.Md, 64.60.Fr, 65.20.1w
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I. INTRODUCTION

The critical behavior of bulk liquid crystals at smectic-A
(SmA) –hexatic-B (HexB) phase transitions is a challengin
problem that is still not well understood. The convention
model of a bulk hexatic proposed in 1978 is a thre
dimensional~3D! stack of weakly coupled 2D hexatic laye
@1#. Such hexatic liquid crystals exhibit long-range bon
orientational~BO! order, but only short-range in-plane pos
tional order, and the BO order parameterC5uCuexp(i6c)
has XY symmetry, although it differs from theXY order
parameter for helium superfluid or smectic-C liquid crystals
since the azimuthal phase is not infinitely degenerate. St
tural information on the HexB phase, which was first ob
tained by a high-resolution x-ray-diffraction study
n-hexyl-48-n-pentyloxybiphenyl-4-carboxylate ~65OBC!
@2#, is consistent with this description and leads one to exp
3D XY universality for the critical fluctuation behavior at th
SmA-HexB transition.

In contrast to the expectation of 3DXY critical behavior,
almost all properties investigated nearTc deviate markedly
from this prediction. For example, birefringence data
65OBC yield an effective order parameter critical expon
beff50.1960.03 @3# and heat capacity data on 65OBC yie
the effective exponentaeff50.6060.03 @4#. These values
differ greatly from the 3D XY critical exponentsaXY
520.007 andbXY50.345 @5#. Indeed, Huang and Stoeb
@6# have given an extensive review of the thermal proper
of many stacked hexatic phases and conclude that nume
SmA-HexB experiments fail to conform to 3DXY univer-
sality. In particular,aeff values in many hexatic materials li
in the range 0.48–0.65.

The present work involves a high-resolution ac calorim
561063-651X/97/56~2!/1808~11!/$10.00
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ric reinvestigation of the SmA-HexB transition in 65OBC.
There are two motivations for this study. Specific-heat valu
of 65OBC reported by Vineret al. @4~b!# at 1.74 Hz and
those reported by Mahmoodet al. @7# at 17 mHz differ sig-
nificantly: the reported low-frequency excess heat capa
DCp associated with the SmA-HexB transition has an appre
ciably larger amplitude than that reported at higher f
quency and the effective critical exponent reported in R
@7# is larger than the valuea50.60 given in Ref.@4~b!#. This
apparent frequency dispersion inCp indicates the possibility
of dynamics at the SmA-HexB transition. Indeed, a comple
frequency-dependent heat capacityCp* (v,T) has been re-
ported at a smectic-C (SmC) –smectic-I (SmI ) critical point
@8#, which is the tilted analog of a SmA– HexB second-order
transition.

The experimental results in Sec. II describe the behav
of Cp as a function of temperature and frequency~over the
frequency window 1.42–400 mHz! near the SmA-HexB
transition. An analysis of the data shows that the excess
cific heatDCp is a frequency-independent real quantity th
corresponds to the static thermodynamic value. Indeed, t
is no intrinsic frequency dependence ofDCp from 1.42 mHz
to 1.74 Hz. This SmA-HexB transition is, however,very
weaklyfirst order. Section III shows that a power-law anal
sis can still be made and the effectiveDCp critical exponent
is aeff50.6560.05. The discussion in Sec. IV comments
this aeff value and on a small secondaryCp feature that
appears just belowTc . It is proposed that the critical behav
ior of Cp is consistent with quasicriticality arising from
coupling ofC with in-plane positional strains.

II. EXPERIMENTAL METHOD AND RESULTS

The structural formula and phase transition sequence
cooling for 65OBC (M5368.5 g mol21) are @2,4#
1808 © 1997 The American Physical Society
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56 1809QUASICRITICAL HEAT CAPACITY AT A SMECTIC- . . .
where CrE represents the plastic crystal-E phase with her-
ringbone order and CrK is a rigid crystalline phase that i
presumably the stable phase at room temperature. It sh
be noted that the CrE-HexB and CrK-CrE transitions are
monotropic since CrK melts into the HexB phase at 338 K.

Many measurements were made on samples from
same synthetic batch. For measurements made at MI
small mass of 65OBC~from 4.2 to 34 mg! was cold-weld
sealed into a silver cell. The high-resolution ac calorimete
which operate with an oscillating heat inputPacexp(ivt),
have been described elsewhere@9,10#. One of the calorim-
eters was modified so that multipleCp(v) measurements
could be made at a series ofv values at a constan
(60.1 mK) temperature. The temperature was then chan
by a small increment~;3.5 mK nearTc! and theCp(v)
measurements repeated. Another calorimeter was use
measureCp(v) at fixed frequencies as a function of tem
perature, using a slow scan rate of650 mK/h far fromTc

and210 mK/h nearTc for cooling run 10c. A variety of cell
geometries were used. All cells were silver with a diame
of 1 cm; one cell was 1 mm thick with a helical coil of go
wire inserted to enhance the internal thermal conductiv
and help to reduce or eliminate temperature gradients wi
the liquid crystal, one was 0.5 mm thick and filled wi
65OBC without gold wire, and one was 0.5 mm thick b
contained only an;0.1-mm-thick layer of 65OBC and a
;0.4-mm air gap. The data that are most extensively a
lyzed were obtained with this last cell on cooling run 10
For measurements made at Kent State, the cell and sa
configuration was markedly different. The cell consisted o
thin sapphire disk, 1 cm in diameter and 0.1 mm thick, w
a 50-V evanohm heater and 10-kV carbon flake thermisto
securely attached to its underside with GE varnish. A 6.1-
65OBC sample was melted and spread over the top sid
the sapphire disk. The sample’s thickness was estimate
be ;0.1 mm over much of the disk. This allowed operati
free from high-frequency rolloff up to;100 mHz. The ap-
plied sinusoidal power was minimized to mainta
Tac'3 mK ~zero-to-peak value! and temperature wa
scanned in a stepwise fashion with steps ranging from
mK away from the transition to&5 mK near the transition
Further details are given in Ref.@11#.

The standard frequencyv050.196 s21 used in most pre-
vious work at MIT corresponds to an ac temperature osc
tion period of 32 s or a frequencyv0/2p of 31.25 mHz. Data
were obtained on 65OBC at MIT over the frequency ran
v0/22– 2v0 ( f 51.42– 62.5 mHz) and at Kent State over t
range f 540– 400 mHz. MIT cooling runs were carried o
starting at;347 K in the SmA phase; Kent State coolin
runs started at;360 K in the isotropic phase. Numerou
heating runs were also made.

The thermal analysis equations that apply to the ac c
rimetric data are@8,12#
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uTacu5
uPacu
vCt

F11
1

~vtext!
2 1

~vt int!
2

90
1F G21/2

, ~1!

f[F1
p

2
5arctanF 1

vtext
2

v~ts1tc!

A90
G , ~2!

where F is the phase shift ofTac with respect toPac and
Ct5Cs1Cc , whereCs is the sample heat capacity andCc is
the empty cell heat capacity. The external relaxation ti
text5RCt characterizes heat flow from the sample to t
surrounding thermal bath and the thermal resistanceR is the
reciprocal of the thermal conductanceKb to the bath. The
internal relaxation timet int5L2/A90DT , where L is the
sample thickness andDT is its thermal diffusivity, character-
izes the rate of heat flow through the sample and has a v
for MIT cells from 0.015 to 0.35 s depending on the c
design. In the simplest one-lump model@12#, F52Kb/3Ks ,
where Ks is the thermal conductance of the liquid cryst
sample, and the quantitiests and tc are relaxation times
Cs /Ks and Cc /Kc for the sample and the cell (t int

2 5ts
2

1tc
2). Unfortunately, high-frequency rolloff effects for th

MIT cells are difficult to model over a largev range, but
Eqs. ~1! and ~2! will suffice up to 2v0 ~62.5 mHz! if F is
taken to be anegativev-dependent butT-independent quan
tity @12#. These equations can be extended to cover the c
where the heat capacity is a complex quant
Ci5Cfilled5C8(v)2 iC9(v), in which case@8#

C8~v!5
uPacu

vuTacu
cosf, ~3!

C9~v!5
uPacu

vuTacu
sinf2

1

vR
, ~4!

whenvt int!1 anduFu!1 so that no corrections for interna
gradients is required. For a pure real heat capacity,

Cp5@Cfilled8 ~v,T!2Cempty#/m, ~5!

Cfilled9 50, ~6!

whereCempty is the heat capacity of the empty cell~deter-
mined atv0! and m is the mass of 65OBC in grams. Fo
most of the data obtained,vt int!1 anduFu!1 are excellent
approximations and Eqs.~3!–~6! were used to reduce th
uTacu andf observables toCp values. For MIT data obtained
at f >25 mHz, it was necessary to use Eqs.~1! and ~2! to
make small corrections~less than 1.6% forv0 and 4% for
2v0! for high-frequency rolloff effects~i.e., v2t int

2 and F
were not negligibly small, but luckily these terms we
slowly varying with temperature!. For Kent State data ob
tained at 150–400 mHz, Eqs.~1! and ~2! were used withF
52Kb/3Ks to correct for small ~less than 4%! high-
frequency rolloff effects.

Overviews of the temperature dependences ofCp andf at
10.4 mHz (v0/3) are given in Fig. 1 for the range 332–34
K @13#. The first-order HexB-CrE freezing transition was
seen at 334.62 K, as expected from Ref.@4~b!# where hys-
teresis was reported, and no further analysis or discussio
this transition will be given. The data shown in Fig. 1 we
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1810 56H. HAGA et al.
obtained on cooling run 10c, but excellent agreement w
observed in the rangeTc(SmA-HexB)65 K on a subsequen
heating run at a scan rate of150 mK/h. No frequency de-
pendence was observed at any temperature for the MITCp
data over the rangef 51.42– 62.5 mHz, although there is
narrow temperature range fromTc20.0095 K to Tc
20.037 K, where a small history-dependent shoulder co
plicates the situation. No frequency dependence was
served in the Kent StateCp data over the rangef
540– 400 mHz. For the latter data, the resolution very cl
to Tc was not good enough to distinguish the presence
absence of the small shoulder feature.

There is calorimetric evidence that the 65OBC transit
is very weaklyfirst order: a hysteresis of;1 mK was ob-
served and theCp(T) data within610 mK of Tc differed in
a small but systematic way on heating and cooling. Furth
more, phase shift data to be described below suggest a
phase coexistence region fromTc20.2 to Tc10.01 K. The
fact that any latent heat must be extremely small was c
firmed by a nonadiabatic scanning run~linear-ramp relax-
ation method@8,14#!, which measures total enthalpy chang
~integratedCp wings plus latent heat! and agreed well with
the acCp data. The integrated excess enthalpy associa
with the SmA-HexB transition is 4.9560.03 J g21, as deter-
mined by ac calorimetry. The total enthalpy from nonad
batic scanning is the same within60.05 J g21. Thus the la-

FIG. 1. Heat capacityCp and phase shiftf observed for 65OBC
with an ac calorimeter operated atv5v0/3 ~frequency f
510.4 mHz!. f[F1p/2, whereF is the phase shift ofTac with
respect toPac. The dashed lines represent the noncritical ba
ground heat capacity and the base line for the phase shiftf. See
Ref. @13# for information about the CrE-CrK transition.
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tent heatDH must be less than 0.05 J g21.
The excess heat capacityDCp associated with the

SmA-HexB transition was obtained from

DCp5Cp2Cp~background!, ~7!

whereCp(background)5Br1E(T2Tc) represents the non
critical heat capacity that would be observed in the abse
of the transition. This background term is given by t
dashed line in Fig. 1 and a comparable line for the Kent S
Cp data. For the MIT data,Cp(background)52.320
10.0554(T2Tc) in J K21 g21 units; Cp(background)
52.13410.0257(T2Tc) J K21 g21 for the Kent State data
Typical DCp data sets from MIT and Kent State are show
in Fig. 2 over the rangeuT2Tcu<3 K. With no adjustments
in the magnitude of theseDCp values, the overlay of the two
data sets is essentially perfect. The only differences oc
whenT is very close toTc(Tc20.1 to Tc10.02 K), which
is obvious from the fact that the maximum value ofDCp is
7.5– 12 J K21 g21 in the Kent State data an
;35 J K21 g21 in the MIT data. This difference, due largel
to the lower density of Kent State points nearTc, is of no
consequence for our data analysis.

Figure 3 compares the presentDCp data with values ob-
tained from the ac calorimetricCp data of Vineret al. @4~b!#,
which were obtained on a very thin cell~20 mm of liquid
crystal! at 1.74 Hz and exhibited no frequency dependen
over the range 0.65–1.74 Hz. We used aCp(background)
line taken from the data given in Ref.@4~b!#, and this was
determined to be 6.3810.0320(T2Tc) J K21 g21 on the as-
sumption that the liquid-crystal density is 1.0 g cm23.
Clearly, the largeBr value of 6.38 is physically unreason
able, but that has no effect on the shape of theDCp(T)
curve. As shown in Fig. 3, a scaled version ofDCp(Viner)

-

FIG. 2. Excess heat capacityDCp associated with the
SmA-HexB transition. Data sets obtained at MIT and Kent State
superimposed. Note that the MIT data are truncated andDCp values
from 12 to;35 J K21 g21 are not shown. A very small ‘‘shoulder’’
feature in the MIT data is not visible on this scale; see Fig. 7.
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56 1811QUASICRITICAL HEAT CAPACITY AT A SMECTIC- . . .
matches ourDCp data extremely well. TheDCp(Viner) data
were systematically smaller than the presentDCp values by a
factor of 1/1.3550.74. Even with this scaling up o
DCp(Viner) values, the scaled maximum value
;8.5 J K21 g21 is far smaller than the MIT maximum o
;35 J K21 g21.

The 65OBC heat capacity data at 17 mHz reported
Mahmood et al. @7# only cover the rangeTc21.6 to Tc
11 K. This is too narrow a temperature range to allow
unambiguous choice of aCp(background) line from the Ref
@7# data. We have arbitrarily chosen the line
Cp(background)52.50– 0.0347(T2Tc) J K21 g21 in order
to achieve the best match between ourDCp data and scaled
DCp(Mahmood) values. Although thisBr value of 2.50 is
quite reasonable physically and agrees well with the M
and Kent State values, a negative value for the slopeE is
unexpected and suspect unless it arises from some in
mental effect such as a slightly incorrect calibration of t
thermometer ~thermocouple!. With this choice of
Cp(background), a scaled version ofDCp(Mahmood)
matches ourDCp data as well as the 1.35DCp(Viner) data
shown in Fig. 3. In the case of Ref.@7#, theDCp(Mahmood)
data were systematically larger than the presentDCp values
by a factor of 1.61, i.e., 0.62DCp(Mahmood) overlays our
data extremely well. Note that the unscaled maximum va
of DCp(Mahmood) is 16.9 J K21 g21 and the scaled maxi
mum is 10.5 J K21 g21.

The conclusions to be drawn from Figs. 2 and 3 plus
discussion above ofDCp ~Mahmood! is that four completely
independent ac calorimetric studies on three different go
quality 65OBC samples all yield thesame shapefor
DCp(T). The major difference between previously publish
Cp data on 65OBC@4,7# appears to lie in systematic mult
plicative errors in the absolute magnitude of the peak. O
comparison relevant to sample quality is theabsolutevalues

FIG. 3. Comparison ofDCp(SmA-HexB) data for 65OBC ob-
tained atf 510.4 mHz withscaledDCp values atf 51.74 Hz from
Ref. @4~b!#. In the latter case, the quantity shown is 1.35DCp @4~b!#;
see the text.
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for Tc in the four experimental studies. Vineret al. @4~b!#
report Tc5340.44 K @values of 340.73 and 341.08 K hav
also been reported for otherCp studies by Huang’s group
@4~a!,4~c!## and the uncertainty in the absolute accuracy
pears to be60.2 K @4~a!#; data from Mahmoodet al. @7#
yield 340.935 K~no absolute accuracy cited!; the MIT value
is Tc5340.8560.2 K; and the Kent State value isTc
5341.0260.3 K. Note also that the MIT sample was ve
stable: a very smallTc drift of 20.125 mK/d was observed
over the first 8 d, but three runs over the subsequent
showed noTc drift within our resolution of better than
61 mK.

Before undertaking an analysis of theDCp data, we wish
to present detailed phase shift data for MIT run 10c, which
the cooling run at 10.4 mHz shown in Figs. 1–3. Figure 4~a!
shows the temperature dependence off nearTc . This is a
detailed view of the data in Fig. 1, and the dashed line in F
4~a! is the same as that in Fig. 1. Although it is known tha
dip in f is a characteristic of second-order transitions,
significant fact here is that thef dip very close toTc is not
large enough to be consistent with second order. As a qu

FIG. 4. ~a! Phase shiftf observed for 65OBC in run 10c nearTc

at f 510.4 mHz. The dashed line is the same as that shown in
1. ~b! The quantityCappsinf21/vR should be zero if the heat ca
pacity of cell plus sample is a pure real quantity, there is no tw
phase coexistence, and there are no high-frequency effects as
ated with internal temperature gradients.Capp is defined as
uPacu/vuTacu andR is the thermal resistance~inverse conductance!
of the link between the sample cell and the thermal bath. The o
circles correspond toCp run 10c data points that were not used
the fitting procedure. The smooth curve represents the beha
observed in a later run 11c.
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TABLE I. Least-squares values of the adjustable parameters for fittingDCp data of run 10c with Eq.~8!. TheDCp data were obtained
from Cp values measured at 10.4 mHz andCp(background)52.32010.0554(T2Tc) J K21 g21. Quantities held fixed during a fit are
enclosed in square brackets. RangeA ~410 points! hasutumax51023, rangeB ~688 points! hasutumax5331023, rangeC ~942 points! has
utumax5631023, rangeD ~1161 points! hasutumax51022, and rangeE ~1322 points! hasutumax51.531022. In all fits, utumin.1.131024. The
units of A6 andBc

6 are J K21 g21. The estimated standard deviationss for DCp points are shown in Fig. 5.

Fit Range Tc ~K! aeff D 100A1 A2/A1 D1
1 D1

2/D1
1 Bc

1 Bc
2 xn

2

1 A 340.848 0.645 1.653 1.014 @0# @1# 20.232 @Bc
1# 1.11

2 B 340.847 0.645 1.671 0.990 @0# @1# 20.229 @Bc
1# 1.22

3 C 340.848 0.656 1.495 1.001 @0# @1# 20.183 @Bc
1# 1.35

4 D 340.848 0.652 1.561 0.999 @0# @1# 20.198 @Bc
1# 1.54

5 E 340.848 0.651 1.569 0.997 @0# @1# 20.200 @Bc
1# 1.53

6 A 340.851 0.645 1.572 1.128 @0# @1# 20.130 20.334 1.03
7 B 340.852 0.640 1.618 1.171 @0# @1# 20.121 20.372 0.97
8 C 340.851 0.649 1.502 1.140 @0# @1# 20.104 20.322 0.91
9 D 340.850 0.651 1.493 1.114 @0# @1# 20.114 20.299 1.09

10 E 340.849 0.653 1.485 1.086 @0# @1# 20.122 20.279 1.10
11 C 340.850 0.641 @0.75# 1.666 1.099 26.9 0.169 20.381 @Bc

1# 0.92
12 D 340.850 0.657 @0.75# 1.416 1.097 20.918 22.059 20.095 @Bc

1# 1.10
13 E 340.849 0.655 @0.75# 1.469 1.068 5.51 21.899 20.171 @Bc

1# 1.11
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titative indication of this, Fig. 4~b! shows the variation of
@Cappsinf2(1/vR)#, where the apparent filled cell heat c
pacity Capp is defined asuPacu/vuTacu. If internal gradient
effects were negligible at allT for f 510.4 mHz, the transi-
tion was second order~no two-phase coexistence!, and the
heat capacityCp was a pure real quantity (C950), then the
quantity plotted in Fig. 4~b! should be zero everywhere
@Cappsinf2(1/vR)# is zero overTc65 K, except for the
range fromTc20.04 toTc10.01 K. The subsequent run 11
has an even smaller anomaly belowTc and the low-
temperatureCp shoulder discussed later~see Fig. 7! has also
decreased. We believe that the narrow region of anoma
phase behavior observed in run 11c indicates first-order t
phase coexistence, but the extra anomaly for run 10c is
lated to the low-temperatureCp shoulder.

III. DATA ANALYSIS

In order to avoid any misleading subtle anomalies inCp
near Tc associated with the anomalousf behavior in Fig.
4~b! and also to avoid systematic perturbations inCp values
related to a finite amplitude foruTacu, data in the range
340.810–340.885 K were excluded from the fits to be p
sented below. Although the Kent State data agree very w
with the MIT data~see Fig. 2!, the data points are sparse ve
close toTc and the Kent State data have not been analyz

Fits toDCp data at 10.4 mHz were based on the empiri
power-law form

DCp
65A6utu2aeff~11D1

6utuD!1Bc
6 , ~8!

wheret5(T2Tc)/Tc is the reduced temperature andBc
6 is a

critical contribution to the regular~nonsingular! heat capac-
ity behavior. A detailed discussion of the theoreticalDCp
power-law expression expected and observed for 3DXY
liquid-crystal systems is given in Ref.@15#. The criticalCp
exponent is denoted asaeff since the SmA-HexB data do not
yield a value fora that corresponds to any presently know
second-order universality class. Usually, the correction ex
us
o-
e-

-
ll

d.
l

o-

nentD is the corrections-to-scaling exponentD1.0.5. Note
that if aeff.0.5, the correction termA6D1

6tD12aeff will di-
verge atTc rather than go to zero as it usually does. Thus
will explore also the purely empirical choiceD50.75 used
in the analyses of Refs.@4# and @6#. The usual scaling con
straint onBc is Bc

15Bc
2 .

Table I shows the fitting parameters obtained over fi
ranges ofutu with three different fitting forms. Fits 1–5 ar
simple power-law fits withBc

1[Bc
2 required. These fits

yield aeff50.6560.05, where the uncertainty represents 95
confidence limits obtained with theF test. The 95% limiting
values ofF(n,n) are 1.22–1.11 for rangesA–E, respec-
tively. These fits 1–5 are not too bad in quality, as indica
by thexn

2 values, but there are small systematic trends to
residualsDCp(obs)2DCp(fit) as shown in Fig. 5~a!. In or-
der to improve the fits it is necessary to~a! allow Bc

1ÞBc
2

with D1
650, ~b! allow D1

6Þ0 with D5D150.5, or ~c! al-
low D1

6Þ0 with D[0.75. Fits 6–10 of type~a! are better
fits than fits 1–5, as shown by thexn

2 values and the residual
shown in Fig. 5~b!, but aeff still equals 0.65. Fits of type~b!
are also better than fits 1–5 and comparable to fits 6–1
quality. However, such fits are not listed in Table I since t
D1

2/D1
1 ratios arenegativefor rangesD andE. This means

that the correction termA6D1
6utu0.52aeff goes to 1` as

T→Tc in the SmA phase and goes to2` asT→Tc in the
HexB phase, which does not seem physically plausible. F
thermore, bothD1

1 and the ratioD1
2/D1

1 are very unstable
on range shrinking. In spite of these serious troubles,
average value ofaeff is 0.66 for such type~b! fits. Fits have
even been carried out withBc

1[Bc
2 and second correction

termsD2
6utu added to Eq.~8!. Such fits were unphysical~al-

thoughD1
2/D1

1.1! sinceA6D1
6utu0.52aeff andBc were large

dominant contributions, but opposite in sign and rough
canceling each other.

Fits 11–13 are of type~c! above withD[0.75 andBc
1

[Bc
2 . Such fits were not made for rangesA andB, where

utumax5131023 and 331023, since the fitting procedure is
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very unstable when large correction terms are allowed
narrow utu ranges. Thexn

2 values and residuals~not shown!
for fits 11–13 are essentially the same as those for fits 8–
This is not surprising since the principal role of th
A6D1

6utu0.752aeff terms is to act as a mimic function gene
ating a rounded pseudostep. Atutumax, the average value o
A1D1

1utu0.752aeff2A2D1
2utu0.752aeff is 0.190 for rangesC–E

~the ‘‘step’’ values range from 0.209 forC to 0.196 forD to
0.165 forE!. The stepDBc5Bc

12Bc
2 in fits 8–10 averages

0.187~ranging from 0.218 forC to 0.185 forD to 0.157 for
E!. Furthermore, the value of the critical exponent (aeff
.0.64) for the fits 11–13 agrees well with the other fits. T
greatest source of uneasiness about fits of type~c! is the very
unstable behavior ofD1

1 andD1
2/D1

1 with range shrinking.
In our view, such fits merely appear to avoid violations
scaling and are not theoretically more appealing than
6–10, whereDBÞ0 violates scaling explicitly.

Log-log plots ofDCp2Bc versusutu are given for fits 5
and 10 in Fig. 6. Only points withutu*1.131024 were used
in the fits, but points withutu,1.131024 have been added
after a deconvolution correction was made as described
low. Since very many points were available in the wings,
data shown in Fig. 6 have been merged for clarity and
reduce the random scatter. For 1.531023,utu,431023

nine adjacent points are merged and forutu.431023 eleven
points were merged. For run 10c, theuTacu amplitude was
13.5 mK zero-to-peak far fromTc and ;9 mK at t562.5
31025 ~or Tc68.5 mK!, where Cp.18 J K21 g21. This
moderately large amplitude is desirable for improving t
overall signal-to-noise ratio, but close toTc it clearly causes

FIG. 5. ~a! Plot of the residuals versus the reduced tempera
t for fit 5, wheres is the estimated standard deviation. Note t
systematic trends: the residuals forT.Tc ~d! change from slightly
positive att51022 to slightly negative att51024 and the trends of
the residuals forT,Tc ~s! are opposite to this.~b! Plot of the
residuals versust for fit 10.
r

0.

f
ts

e-
e
o

the Cp values calculated with Eqs.~3! and~5! to be system-
atically too low. A deconvolution calculation was made u
ing the least-squares fitting form and the measureduTacu val-
ues at every point close toTc . The ac method yields an
averageCp over a temperature window of width 2uTacu. Far
from Tc , the Cp variation can be taken as linear over
narrow range and theuTacu amplitude has no effect on th
value of Cp . However, if DT5T2Tc is small ~possibly
even smaller than 2uTacu! and Cp varies strongly with tem-
perature, the method will yield a low value forCp . By com-
bining a trial fitting form, likeAutu2a1B, with the observed
uTacu value at a point one can ‘‘deconvolve’’ the data a
extract the underlying trueCp value that has been distorte
by the finiteuTacu used. The results of this deconvolution a
shown in Figs. 6 and 7. The data points used for the fits
run 10c were outside thet range where the finiteuTacu am-
plitude effect matters. In Fig. 7 such points are shown
filled circles, and open circles are the deconvolved poin
Two features of run 10c are immediately obvious:~a! decon-
volved points close toTc fall on the fit curve very well for
T.Tc and~b! there is a small ‘‘shoulder’’ belowTc that lies
between t522.831025 (DT529.5 mK) and t521.1
31024 (DT5237.5 mK). This shoulder has an integrate
area of;0.04 J g21 for run 10c. Also shown in Fig. 7 are
Cp data from an early run~run 4c, carried out atv0! and a
later run ~run 11c, carried out at 2v0!. Both of these runs
required small systematic corrections with Eqs.~1! and ~2!
for high-frequency rolloff due to finitevt int and F effects.
The run 4c and run 11c data points after high-frequen
rolloff corrections anduTacu deconvolution are shown in Fig
7 with the same fit-10 theory curve given for run 10c.

It should be stressed that theCp shoulder is present in the
raw data and is not an artifact related to the deconvolut
procedure. Other runs in addition to those shown have d

re

FIG. 6. Log-log plots ofDCp2Bc vs utu for 65OBC data at 10.4
mHz. The values ofBc are Bc

15Bc
2520.200 for fit 5 andBc

1

520.122,Bc
2520.279 for fit 10. Both fits are based only on da

where utu>1.131024. Deconvolved points forutu,1.131024 are
shown for completeness. A typical error bar for largeutu is shown
on the fit 5 plot; atutu<1024 the error bars are smaller than th
plotted points. See the text for further details.
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onstrated that the low-temperature shoulder feature is
sensitive to frequency but is time dependent. The size of
anomalous shoulder decreased monotonically with time
high temperatures~i.e., 337 K&T<347 K!. In parallel with
this decrease in the integrated area~enthalpy! of the shoul-
der, there was a slight but systematic increase in the m
mum value ofDCp observed atTc . Such changes were als
mirrored in the behavior of the phase shiftf. As time spent
at high temperatures increased, the anomalousCappsinf
2(1/vR) values belowTc decreased in size and in temper
ture range, while the peak values atTc slightly increased; see
Fig. 4. For runs 11c and a subsequent heating run 12h
Cp shoulder is almost gone, as shown in Fig. 7, and
Cappsinf2(1/vR) anomaly narrowed to an almost sym
metrical peak about 25–30 mK wide, as shown in Fig.
Note that essentially no changes occurred in the behavio
Cp or Cappsinf2(1/vR) for T.Tc . During the evolution of
theCp shoulder, its center position shifted very slightly fro
Tc20.026 K for early run 2c toTc20.018 K for later runs 8c
and 9h. The shoulder is too weak to allow an estimate o
position for runs 10c, 11c, and 12h. It should be noted t
freezing of the HexB phase into the CrK phase at the end o
run 10c did not cause the shoulder feature to increase in
subsequent runs 11c and 12h. We speculate that the shou
which was effectively annealed away by run 12h, would

FIG. 7. Cp data for 65OBC obtained in three cooling runs
different times. The total time spent at high temperaturesT
.335 K) was 2 d for run 4c, 9 d for run 10c, and 13 d for run 11
The run 10c data used for the fits in Table I are shown as fi
circles; open-circle points in the gaputu,1.131024 have been de-
convolved to correct for any systematic effects of a finiteuTacu
amplitude. Data for runs 4c and 11c have also been deconvo
where necessary~close toTc!. The smooth ‘‘theory’’ curves are the
same in all three boxes and represent fit 10 given in Table I.
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appear if the sample were heated again into the isotro
phase, but that was not tried.

IV. DISCUSSION

The most important issue to discuss is the values of
critical exponents at the SmA-HexB transition in 65OBC. It
has long been known@4,6,7# that the effectiveCp exponent
aeff.0.60– 0.64 and the effective order parameter expon
is beff.0.19 @3#. These values are far from the 3DXY uni-
versal values and the possible influence of short-range
ringbone orientational order@16# has been eliminated as
significant factor innmOBC compounds@17#. The same ef-
fective BO order parameter exponents have also been
served in systems with the phase sequence SmA-HexB-CrB,
where there is no indication of even short-range herringb
order: beff50.25 and 0.20 in PIR5 and PIR
~alkoxyphenylamino-methylpirydil-propenones! @18~a!# and
beff50.1560.03 for 1-48-~fluorphenylamino!-3~
49-hexyloxyphenyl!-1-propene- 3-one~RFL6! @18~b!#.

It is known from the multicritical scaling ofC6n order
parameter harmonics@19,20# that the sixfold bond-
orientation order parameterC in the tilted HexI phase of
supercritical methylbutyl phenyl octyloxybipheny
carboxylate~8OSI! conforms to the 3DXY universality class
andC6n data for the HexB phase of RFL6 seem to lie in
crossover region between mean field and 3DXY @18b#.
However, it is also clear that the SmA-HexB enthalpy be-
havior is very closely linked to the in-plane positional beha
ior @18,21,22# rather than the phase behavior ofC. There is
very little energy associated with fluctuations of BO ord
but changes in the lateral nearest-neighbor distances
have a definite effect on the energy. In particul
temperature-dependent changes in the in-plane wave ve
q052p/ l , wherel is the lateral distance between molecule
and in the in-plane positional inverse correlation lengthk are
given by a theoretical model@21# as Dq0[q0(T)2q0(Tc)
5uDu^uCu2&;7A6utu12a, which is proportional to the
negative of the excess critical enthalpyH(T)2H(Tc) and
Dk25uBu^uCu2&1/21C^uCu2&. Fits to positional powder
x-ray data on 46OBC with this model are good and are
ported @22# to yield aeff50.49 and aDq0 amplitude ratio
consistent with the heat capacity amplitude ratioA2/A1

51.3, in agreement with results from Huang’s group@23#.
The theoretical coefficientsB, C, and D arise from aC
density coupling term FC2r5@BquCucos6(u2c)
1CquCu2#urqu2 in the free energy withBq taken as a con-
stantB,0 andCq taken asC12D(q2q0) with D,0 and
C unspecified. Furthermore,uCu is replaced bŷ uCu2&1/2, so
that amplitude fluctuation effects are not included. Near
transition, whereBq

2^uCu2&/@k0
21(q2q0)21Cq^uCu2&#!1,

the sixfold modulation would not appear as a significant f
ture in the structure factorSq and the main effects of the
coupling term are~a! a renormalization ofTc , ~b! a ‘‘mag-
netothermomechanics’’ type effect from theuCu2(q2q0)
strain coupling that links anomalous thermal contraction
the critical energy, analogous to that observed for ord
disorder phenomena in NH4Cl @24#, and~c! an increase in the
in-plane correlation lengthj i51/k. The connection between
enthalpy and in-plane positional behavior is supported
work on pentyl-pentanoyloxybiphenyl-carboxyla
~54COOBC!, which exhibits the sequence SmA-HexB-CrB
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and a weakly first-order bulk transition with SmA1HexB
coexistence over;90 mK @25~a!#. In two-layer films of
54COOBC theCp peak is related to a dramatic increase inj i

without any sixfold modulation and noCp peak occurs at the
temperature~;3 K lower! where electron diffraction show
the onset of sixfold BO order modulation@25#. It should be
noted that sharpening of the diffraction ring~indicating a
substantial increase inj i! occurs at a temperature above th
where sixfold modulation first appears in many materials t
exhibit a HexB phase@25~c!#. Further evidence of the cou
pling of C and positional variables is provided by the ultr
sonic in-plane longitudinal sound velocity of 65OBC@26#,
which exhibits just the kind of dip atTc that is seen in
NH4Cl, a prototypical compressible Ising system.

Our view is that one should focus on the in-plane po
tional aspects of theC-r or C-strain coupling and ignore fo
present purposes the behavior of the BO order phasec that
gives rise to the sixfold fundamental modulation and its h
monics C6n . It is physically reasonable thatCp depends
more on the average lateral distance between molecules~van
der Waals forces! than on the ‘‘bond angles.’’ This view is
supported by suggestions made by Mahmoodet al. @7#. Thus
the problem becomes a compressibleXY analog of the 3D
compressible Ising problem that was solved by Bergman
Halperin@27#. For the compressible Ising lattice, fluctuatio
in strain driven by the fluctuations in the spin order para
eter causequasitricritical behavior~a very weak first-order
instability but almost tricritical behavior! rather than the
Ising behavior that would occur for a rigid lattice. This in
stability occurs for any compressible Ising lattice with a
nite coupling coefficient~i.e., dTc /dpÞ0! sinceCp for the
bare Ising model goes to infinity atTc (a.0), but a com-
parable instability should occur for anXY model withabare
,0 if the finite maximum in the bareCp at Tc is large
enough and the material is soft enough. The present w
suggests that any underlyingXY peak would be very large
Furthermore, it is known thatdTc /dp is large
(;30 K/kbar) for the 65OBC SmA-HexB transition @28#.
The only elastic difference between the HexB phase and a
crystalline phase such as CrB is the absence of a static in
plane shear stiffness@29#. However, since the in-plane co
relation length can be fairly large in a HexB phase there
should be high-frequency phonon modes associated with
small ‘‘crystallike’’ rafts and thus local elastic shear stif
ness.

In the case of a compressible strain-coupled model,
expects Gaussian behavior where the susceptibility expo
g is 1, as seen in NH4Cl @30#. The data in Ref.@3# indicate
that 2b512a for 65OBC within moderate error bounds o
60.05. If this result is valid, the scaling relationa12b
1g52 yields g.1, which would indicate a Gaussia
SmA-HexB transition in 65OBC. Another general theoretic
treatment ofuCu2~strain! coupling betweenn-vector order
parametersC and elastic strain@31# includes an analysis o
three-dimensionaln52 (XY) systems and indeed the liquid
crystal SmA-SmC transition. In the latter case, the releva
coupling is between anXY order parameter and theuniaxial
strain normalto the smectic layer and such coupling is pr
dicted to have no effect on the constant pressure critical
havior at a SmA-SmC transition. For coupling of anXY
order parameter to a 3D elastic continuum, the theory in R
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@31# predicts that there are marginally relevant correct
terms whose effect on the critical behavior is unknown b
presumed to lead only to logarithmic corrections to scali
However, a detailed treatment in the spirit of Bergman a
Halperin has not been carried out foruCu2~strain! coupling
whereuCu is theXY order parameter amplitude and the stra
is explicitly in-plane rather than isotropic. If SmA-HexB
transitions have positional quasitricritical character, t
would explain why a wide range of hexatic materials exhi
almost the same SmA-HexB heat capacity exponents sinc
the key factor is the in-plane elastic stiffness not some fi
variable that tunes the free-energy coefficient ofuCu2 to zero
at a single point where the transition changes over from s
ond order to first order in the usual way. Another comme
about the role of elastic~or density! degrees of freedom in
the SmA-HexB problem is to note that if the bare syste
were to be controlled by a new fixed point witha.0 ~in-
stead of theXY fixed point with aXY520.007!, then uCu2
~strain! coupling should create instabilities and weak fir
order behavior even more easily.

Let us now review the evidence that the SmA-HexB tran-
sition in 65OBC is very weakly first order.First, there is a
tiny hysteresis of;1 mK seen in bothCp and f data on
heating and cooling.Second, there is anomalous behavior i
Cappsinf2(1/vR) that is characteristic of two-phase coexis
ence over a~25–30!-mK-wide region aboutTc . Third, the
power-law fits are significantly improved ifBc

1.Bc
2 is al-

lowed as in our fits 6–10, which breaks scaling in a w
compatible with a first-order transition. Note that fits
65OBC data withBc

1.Bc
2 are also reported in Refs.@4~a!,

4~b!# and @7#. Fourth, an apparently discontinuous jump i
the in-plane correlation lengthj i of ;11 Å was observed in
Ref. @2#. The statement that the first-order character mus
very weak is supported by the lack of a latent heat la
enough to be detected within our resolution~see Sec. II! and
the fact that quite good power-law fits can be achieved
Bc

1ÞBc
2 is allowed. Furthermore, a weak first-order chara

ter at SmA-HexB transitions in nmOBC homologs is sup
ported by recent calorimetric work showing that 3~10!OBC
definitely has a two-phase coexistence region, but the
transitional Cp wings can be fit with a critical exponen
aeff50.6860.10 @32#.

The important question is why the observedaeff and
beff values differ from the tricritical values of 0.5 and 0.2
respectively. One possibility for weakly first-order trans
tions in which the material contracts on ordering~smaller
lateral nearest-neighbor distances in hexatic 65OBC! is strain
smearing of the transition. The smearing makes it very d
ficult to see small first-order discontinuities and the round
jump in the order parameter will be mimicked by a pow
law with a lowbeff value@30#. In the case of the ammonium
chlorides NH4Cl and ND4Cl, the first-order character is
greater for NH4Cl. The quantityDL/(DL1dL).0.27 and
the hysteresis was;0.3 K for NH4Cl, whereasDL/(DL
1dL).0.15 and the hysteresis was;0.03 K for ND4Cl,
whereDL is the first-order discontinuity in crystal length an
DL1dL is the total change in length on ordering includin
pretransitional contributions above and belowTc @33#. The
effective critical exponents werebeff50.1360.006 @33# for
both chlorides,aeff50.5760.07 for NH4Cl, and aeff50.52
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1816 56H. HAGA et al.
60.07 for ND4Cl @30,34#. In Ref. @30# it is shown that these
effective experimental values are compatible with the tricr
cal valuesa50.5 andb50.25 when inhomogeneous strain
are present.

Our ‘‘best’’ values for 65OBC,aeff50.6560.05 and
2beff50.3560.05 @3#, are not very different from the
NH4Cl and ND4Cl values cited above and seem margina
consistent with quasitricriticality in the Bergman-Halper
sense. Another possibility that should be mentioned is
the underlying critical point might be a Gaussian tetracriti
point for whichg51, a5 2

3 , andb5 1
6 . In this scenario, the

SmA-HexB transition would be a quasitetracritical point, b
there is no clear theoretical reason for such a point to
scribe the SmA-HexB strain-coupled transition.

Models that generate an isolated SmA-HexB tricritical
point have already been proposed by Aharonyet al. @19#,
who consideredCr2 coupling between the phase ofC and
positional density, and Selinger@35#, who coupled the phas
of C to the smectic layer fluctuationsu. However, it appears
that a compressibleXY model, i.e., an improved version o
the Aeppli-Bruinsma model couplingC to in-plane posi-
tional order @21# with fluctuations in theamplitude of C
taken into account and fluctuations allowed in the late
strain in the spirit of the compressiblen-vector model
@27,31#, is the most attractive direction for new theory. T
deconvolvedCp data in Figs. 6 and 7 suggest that smear
due to strain inhomogeneties is limited toT,Tc , which
seems natural sincej i is quite small ~20–44 Å! in the
SmA phase and becomes large (55–;160 Å) in the HexB
phase @2,22#. It should be noted in passing tha
DCp(SmA-HexB);utu20.3 for two-layer films @6,24# and
this DCp behavior is in agreement with the behavior of t
two-layer in-plane thermal expansion@36#, both of which are
completely incompatible with the theoretical expectations
a 2D XY system. However, taking in-plane strain coupli
into account might be of significant importance.

The smallCp shoulder at aboutTc20.02 K visible in Fig.
7 may well be related to a depressed transition occurrin
disordered regions that are under an effective negative
plane ‘‘pressure’’ due to the contraction associated with
increase in the in-planeq0 and j i as T is lowered below
Tc . The slow annealing of this strain feature with time a
with cycling through the transition, described in Sec. I
seems very reasonable for the picture of in-plane short-ra
but well-correlated regions (j i.150– 200 Å) combined with
regions that are more disordered. Comparable annealin
surface-induced strains with cycling has been observed
65OBC@2~b!#. Note that the narrow and almost symmetric
peak inCappsinf2(1/vR) achieved in late runs 11c and 12
has been interpreted as a region of two-phase coexist
due to the very weak first-order character to the 65O
SmA-HexB transition.

In view of the absence of low-frequency dynamics for t
SmA-HexB transition in 65OBC, the issue of the reporte
dynamics at the SmC-SmI critical point in a 8SI18OSI mix-
ture ~methylbutyl phenyl octylbiphenyl-carboxylate and i
octyloxybiphenyl analog! @8# should be reevaluated. Initia
65OBC experiments using a cell design like that employed
Ref. @8# yielded apparent dynamics for 65OBC that aro
from thermal gradient effects at the standard operating
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quencyv050.196 s21 and above. A reanalysis@37# of the
static limiting valueCp(v50) for the critical 8SI18OSI
mixture indicates crossover behavior with data forutu.7
31024 reasonably well described by Eq.~8! with D1

6[0,
aeff.0.68, DBc.0.175, andA2/A1.1.5. The fitting pa-
rametersaeff and DBc are quite similar to those given fo
65OBC in Table I, although the amplitude ratio differs. F
8SI18OSI data in the range;731025,utu,531024, the
empirical critical exponent is about 0.93, theA2/A1 ratio is
about 2.5, andDBc is very close to zero.

It seems that the thermal conductivityKs of hexatic liquid
crystals must be quite low compared to typical thermotro
materials. Recent studies of two other systems, a blue p
III–isotropic critical point @12# and a second-order nemat
(N)-SmA transition@38#, were carried out on the same cal
rimeter in cells like those used in Ref.@8# and in the initial
65OBC runs~1-mm-thick cell with gold wire!. In both cases,
Cp(v) values agreed very well for all frequenciesv<v0 .
Many other smectic liquid crystals have shown no hig
frequency rolloff effects atv0 in similar cells@9,39#.

The singular behavior ofKs reported for 65OBC@4~c!,6#
is surprisingly different from the behavior observed
N-SmA transitions, which are also in the 3DXY universality
class@40#. Studies by Marinelliet al. @41# of 8CB and 8̄S5
have shown thatKs is nonsingular and essentially indepe
dent of T near Tc(N-SmA), i.e., the observed dip in the
thermal diffusivity DT5Ks /rCp is completely due to the
peak inCp for N-SmA transitions.

V. SUMMARY

A high-resolution calorimetric study of the SmA-HexB
transition in bulk 65OBC has revealed a very weak fir
order character with a latent heat too small to measure w
our techniques. The excess heat capacityDCp(SmA-HexB)
can be well described byA6utu2aeff1Bc with the critical ex-
ponentaeff50.6560.05 and amplitude ratioA2/A151.09
60.09, but there are small systematic deviations unlessBc

1

ÞBc
2 is allowed. This is just one of several indications

weak first-order behavior. Such a heat capacity exponen
dramatically different from the predicted 3DXY valueaXY
520.007, and the effective order-parameter exponentbeff
50.17– 0.19 obtained from birefringence studies@3# also dis-
agrees withbXY50.345.

The limited available data suggest that the underly
critical behavior could be Gaussian, and it is proposed t
this transition can be understood asquasitricritical or qua-
sitetracritical where quasicritical is used in the same sense
Bergman and Halperin’s result for a compressible Is
model @27#. Thus an appropriate theory would involve
compressibleXY model @31# like the Aeppli-Bruinsma
model@21# couplingC to the in-plane positional short-rang
order but with fluctuations in the amplitudeuCu and the
strains explicitly taken into account in the spirit of Bergm
and Halperin. Such a theoretical model would allow quasi
criticality ~or perhaps quasitetracriticality! over a range of
composition or a range of pressure for pure materials ra
than an isolated tricritical point between first- and seco
order regimes. This possibility of a range of quasicritic
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behavior would conform to extensive experimental data
many hexatic materials@6#.
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