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Stimulated orientational scattering and third-order nonlinear optical processes
in nematic liquid crystals
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We study two different effects intimately related to the existence of a third-order nonlinear optical suscep-
tibility x® in a nematic liquid crystal. We first present data and calculations on stimulated orientational
scattering and show that it can be accounted for by a four-wave mixing process in which noise is coherently
amplified to the extent that it can deplete the input pump wave almost completely. On the other hand, we show
the formal relation between four-wave mixitgs a laser-induced grating proceasd the theory of photonic
band structures, giving rise to a suitable formalism for the study of different experimental situations. It is
suggested that thphotonic crystalapproach to four-wave mixing can be used to evaluate the diffraction
efficiencies of the probe beam for different polarizations and scattering directions in a relatively easy manner.
Finally, we predict by using this formalism the existenceuaiklapp four-wave mixingvents in which the
phase matching of the waves is achieved by a reciprocal lattice vector of the grating itself.
[S1063-651%96)02112-5

PACS numbg(s): 61.30.Gd, 42.70.Df, 42.65.Hw, 42.65.Jx

[. INTRODUCTION AND OVERVIEW ceptibility is thereforey®, which is responsible for two- and
four-wave mixingd 1], self-focusing and self-phase modula-
The field of nonlinear optical properties of liquid crystals tions [4], stimulated Raman and Brillouin scatteri§],
is in a relatively mature stagd]. Liquid crystals are noto- third harmonic generatioft], etc. The microscopic origin of
rious for the large magnitude of their nonlinear optical sus-x*) in liquid crystals can vary according to the experimental
ceptibilities. Typically, a nematic liquid crystal will have a CGircumstances but, essentially, it may come from either elec-
third-order nonlinear optical susceptibiliy® of the order tronic transitions, moleculay reorientations, density and tem-
of ~10 22-10"28 Cm V2, which is about eight orders of perature gratings, or combinations of théf. In the trans-

: ; parency region, which for most nematic liquid crystals
magmtu.d(_a. [arger than that of @$1]‘. These large opuqal extends through the visible range, all mechanisms are impor-
susceptibilities allowed the observation of several nonlinear, .~ -, o appropriate circumstances, except the elec-
optical effects at r_elat|vely low powers by using CorIStanttronic contributions, which are small far f’rom the lowest
wave (CW) lasers instead of the high-power pulsed laser ighest-occupied-molecular-orbita(HOMO) to lowest-
normally needed for semiconductdr]. In this paper we

deal with two CW-nonlinear optical effects related to theun%ccupled-molecuIar-orb|t_z(1LUMO) transmon[l]: _
. @) ; : . L o far, we have established that the nematic state will
existence of a largg'*’ in nematics. A brief description of h

i ity (3) i -
the underlying concepts needed for the discussion and thaave a large nonlinearity™+0 and that different mecha

. : : nisms can contribute to it. On the other hand, tmear
general aims of the paper are given here in what follows. . . ; L
. N optical properties are characterized by a birefringent me-
The macroscopic order of a nematic liquid crystal at an

o >, i } -2 ) Ydium. Nematics are naturally birefringent due to the fact that
point in space is specified by the director(r) [2]. Nematic

liquid crystals are centrosymmetric in all their physical pro _the refractive indices for polarizatiof) or L to n(r)
q_ y . S _y ] p _y prop (ny,n,) are different, and large optical anisotropies in the
erties depending on(r), i.e., although the individual mol- \;siple An=n;—n, ~0.2 are commonly found. A key fea-

ecules(or mixtures of moleculgsmay not have inversion e of nematics is also the high efficiency with which they
symmetry, the nematic state is such that the macroscopigatter light elastically8,9] through fluctuations in the direc-
physical properties are not changed by the operatioRyr Ejastic light scattering is in fact smaller in the isotropic
n(r)— —n(r). The latter is one of the fundamental assump-phase of a liquid crystalwhere the molecules are randomly
tions of the theory of the nematic stgt&]. The centrosym- oriented than in the nematic stafd] and this is easily seen
metric character infers from the point of view of the nonlin- through a characteristidynamic laser speckle pattemb-
ear optical properties thgt(®=0, in other words, second served in lasers crossing a nematic cell. The drastic change
harmonic generation, up- and down-conversions, parametrifi the elastic scattering cross section between the isotropic
amplifications or oscillations, etc., are all forbidden in bulk and the nematic state is, in fact, the reason for calling the
nematics[3]. The lowest possible nonlinear optical sus-nematic-to-isotropic phase transition temperatui@earing
point
We now have all the tools needed to introduce the origin

“Permanent address: Centro Atiwo Bariloche and Instituto of stimulated orientational scatteringSOS. Suppose we
Balseiro, Comisia Nacional de Energi Atomica and Universidad have the following situation: an optical plane wave is sent
Nacional de Cuyo, 8400 San Carlos de Barlioche Regro, Ar-  though a nematic so that its polarization is either perpendicu-
gentina. lar (ordinary, or o ray) or parallel (extraordinary,
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or e ray) to the directom. We know the medium hag(®  The grating is created by two interfering pump beams nor-
#0 but, as we shall show in Sec. Il, unless additional wavegnally of higher intensity than the probe. Therefore, an obvi-

are introducedy(® can only produce self-phase modulation ©US guestion arises regarding the possible link between these

of the wave(or transverse phase modulation if the beam itwo distinct problems. The formal connection between the

: . four wave-mixing equations and the theory of photonic crys-
not a plane wavebut not change its polarization. On the o . . :
P ve 9 P als is given in Sec. IV. It is shown how the link can be used

other hand, we have a very large cross section for elas“%atckwards to predict, among other things, diffraction effi-

scattering through quctuatpns_ of the dlreptor which £an Protiancies of the four-wave mixing signals and the existence of
duce waves of any polarization. In a linear medium this

d simol iin | dd dati f th lari umklapp processes. In the latter, the phase-matching condi-
would simply resu.t In loss and degradation of the po alZa%ion of the four waves is achieved through a reciprocal lattice
tion state of the input pump wave and the generation o

- : ° ector of the laser-induced grating itself.
scatterechoisewaves. In this particular case, however, both |, order to develop the above-mentioned effects further, a

mechanism can cooperate to give rise to the appearance ofgief introduction to the nonlinear coupled Maxwell equa-
new phenomenon. A small portion of the input wagay, tions with y(®+0, to uniformize the notation and facilitate
o ray) scattered perpendicularlye(ray) can now couple the discussion, is unavoidable. This is done in Sec. II.
through y®® to the input wave again and actually grow co-

herently out of this interaction. Following the general prin- || coupPLED MAXWELL EQUATIONS WITH  x®#0

ciples of stimulated and spontaneous emis$idj, the new

wave may become stimulated if the pump power is high This section is a standard textbook example of coupled
enough to overcome the inevitable losses. This is the undeMaxwell equations in nonlinear optics. We therefore keep
lying principle of SOS. Essentially, a cross-polarized wavedetails to a bare minimum and refer the reader to some of the
with respect to the pump is monitored in transmissionbest known books in the field. We follow Closely Refs.
through a nematic liquid crystal and exponential growth is[1,16—18 in the presentation.

observed above a certain threshold. Thansfer of energy Consider a nonlinear optical material wif)=0 and
between the two polarizations has its roots in the interplay®# 0. Its polarizationP will be given by

between noise and nonlinearity. In a broader sense, SOS is

not the only known case of cooperation between noise and P=eoxE+4xPE3=eoxE+ Py, (1)
nonlinearity. The most celebrated example of this kind is . - . . .
probably the phenomena attochastic resonanced1] in whereE is the electric field of the lighty the linear optical

which a signal buried in noise in a nonlinear system is amSUSceptibility, and, the permittivity of free space. We drop
plified (and its signal-to-noise ratio improvedy actually indices in the vectors and tensors to facilitate the notation.

increasingthe noise amplitude; something completely con-Ve &lso assumg andx® to be dispersionless in the region

trary to the premises of linear systems. of m_terest[lg]. Maxwell equations for the electric field of
The transient aspects of the orientational scattering havie light becom¢16-18

been studied by Zel'doviclet al. [12] using pulsed lasers. n2 92 2P

More recently, Khoo, Liang, and Lil3] correctly predicted VE— — —2=M0—2”', (2)

with a coupled wave formalism the existence of SOS using ce dt at

low-power CW lasers and observed it experimentally in (33 e

nematics, together with self-starting phase conjugation. IfVith Pni=4x""E®, c the speed of light in a vacuum, the

Sec. Ill we give a slightly different treatment of SOS. We Permeability of free space, amd=1+ x the linear index of

show that SOS can be conceived as a degenerate four-wa{@raction. By assuming the field to be a linear combina-

mixing process coupling the ande rays(with both + k and tion of four waves

- IZ) and we show that the stimulated wave not only grows _

exponentially above a certain threshold but also may display E(h)= X RgE. ] (©)
saturation effects by depleting the pump. We show data for a=t.. 4

the various polarizations and demonstrate the existence
saturation phenomena. The experimefits particular, the
saturation effecjsare compared with the predictions of the
four-wave mixing treatment.

Aith Eq=Aqexp(—iKqy ), and collecting terms of the same
frequencies in2), four Helmholtz equations are obtained of
the form

Moreover, the second part of the pag8ec. I\V) presents N2> A o) 2
an analogy which may prove useful in studying wave mixing V2+ _2_q> Eq=Sq+ —a AxEq, 9=1,...,4 (4
phenomena in liquid crystals and beyond. In recent years, it ¢ ¢

has become increasingly apparent that the propagation of & 2.(3) . & 2. (3) .
electromagnetic waves in periodic dielectric structuresVith  S1=6uow1x VESE4E; ,  S;=6uowox VESE4ET
(PDS'9 is not only very interesting but also displays new Ss=6uow3xPELEESL . S;=6uowixPEE,ES,  and
wave phenomenfl4]. A great deal of work using different qu=(67/eo)x(3)(2l =1, where Iq=|Eq|2/2y,
methods has been done to calculate the so-cqllemtonic  (y=Jugl/eg/n) and I=1,+1,+13+1, the total and indi-
band structuresf the electromagnetic waves in a periodic vidual intensities of the waves, respectively. The four-wave
grating made of dielectrics. Likewise, the phenomenon ofmixing process can be interpreted as a photon interaction
four-wave mixing can, in some cases, be regarded as diffragiven by the Feynmam diagram of Fig. 1, where energy and
tion of a probe beam produced by a laser-induced gratingvave-vector conservation (phase matching require
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FIG. 1. Four-wave mixing process as a photon interaction. The
mixing is governed by the coupled nonlinear equatighsand the
requirement of energy conservation and phase matching of the
waves impliesw; + w,= w3+ w, and k;+k,=Ks+K,, Which are
schematically shown ia) and (b), respectively.

crystal

molecules

w1+ wy= wa+ w, andK; + Ko =Ks+k,. The contributions of (b)

Sy in (4) are responsible for the interference of the beams imput o ray

and grating formation, while the second terma x, repre-

sent arenormalizationof the linear optical constants due to ~ FIG. 2. (a) Basic experimental setup for the observation of SOS.

the intensities of the beams, and are therefore responsible férlinearly polarized Ar" laser is sent through a planar LC cell as an

phase modulations. 0 or e ray. The beam is directed by dielectric mirroké. The
The system of coupled nonlinear equati¢fscan sustain intensity of thg input beam is controlled by a filter WE{W and

solutions in which one, two, or four waves are involved. All focus with an input lens. onto the cell. The output is polarized

of them are of some importance in the forthcoming discusthroughP, attenuated with neutral density filteffs and focused by

sion and, accordingly, we summarize their characteristics. [€ collecting lend. onto the detectoD. In (b) we show the mi-
only one plane waveE; is present in(4) with E,= Eg= croscopic origin of the cross polarized SOS. The dynamic fluctua-
1 2= E3=

E,=0 then, the solution is a plane wave with constant am_tlons of the directofshown schematically on the Igfbroduce scat-

; . - tering from theo to thee ray and these new waves couple again to
plitude but an intensity-dependent phase= |E,|exp( ¢) the o ray by means of the nonlinearity of the medium. The process

with el4. This is self-phase modulation and can produc€,y resyit'in a stimulated wave at crossed polarization if the inten-
self-focusing if the beam is not a plane wave but rather &y, of the input beam is high enough. See Sec. Il for further

beam with an intensity profile perpendicular ko for ex-  details.
ample, a Gaussian beam. If two bealsandE, are differ-
ent from zero ande;=E,=0, then(4) can bear a direct

interaction between them without generating further wav polarized as either am or e ray. The schematic experimental
eraction between he out generating further wa eSSetup is given in Fig. @). A linearly polarized Ar laser

Direct gwo-photon interactions are impossible in materialsbearn is sent through a nematic liquid cry€taC) cell with

with x® only, where a third(dler) wave must be present. planar alignmengl]. The cell can be rotated so that the input
The system of equation) reduce, in this case, 10 WO oo s either am or ane ray. The transmitted signal is
coupled nonlinear equations  with$;=S,=0 but  ormally detected in crossed polarization but, as we shall
Axi(l1,12) and Ax,(I1,15)#0. The two waves phase ghow in this section, the parallel detection is also interesting
modulate each other. Finally, three waves cannot be the Sgmng shows the consequences of saturation of the pump beam.
lution of (4) without generating an additional fourth one, and Figure 2b) displays the basic microscopic mechanism for
the four-wave process is the most general of all sustained b¢s | this particular case, an inputay is sent through a
x® in (4). In Sec. Ill we will be interested in the self- planar nematic LC cell. The molecules, however, fluctuate
modulation of a single beam and in the four-wave process iryround their equilibrium positions and this leads to scattering

which |[Ey|>|E;|, |Es| and|E,|, being the field€, 3 ,com- . . . R .
ponents generated by noise. In Sec. IV, we shall deal witr?y director fluctuation$8] around its averagén). This is

the two-beam interaction forming a grating and the four-shown schematically in Fig.(8). If we call Z the direction of
wave process rendering the diffraction of a weak probe byn), x the direction of propagation arythe direction of the
the grating. Further details are given in the correspondingnput o ray, the polarizability tensor for a perfectly ordered
sections. LC cell without fluctuations is

Ill. STIMULATED ORIENTATIONAL SCATTERING

x. 0 O
As mentioned in the introduction, the basic experiment 0 0 ()
for the detection of SOS consists of monitoring a cross- XL '
polarized beam with respect to the pump which, in turn, is 0 0 ¥



5606 P. ETCHEGOIN AND R. T. PHILLIPS 55

wherey, andy are the polarizabilities for the ande rays,
respectively, which are related to the microscopic polariz-
abilities of the individual moleculeg0]. If the director fluc-

tuates by a small angl@ around(n) in the direction parallel

to the input polarizatiohas shown in Fig. @)] the polariz-
ability tensor(5) has to be rotated by the same amount and
its contribution toP for E=(0,E,,0) becomes

0.75 pump _ oray+k
r e ray +k s ]

o and e rays
0.25 with k

IN, [arb. units]

P~ x, E,ycos'® + (x|~ x,)EyZsin® cosd (6) 0 oz Tod s o5 o
where ® <1 is approximately given by- 5ny/|ﬁ| (ony is 4

the fluctuation in the directat to n). Using the standard distance [10 'm]
Ericksen-Leslie approacf21-24 for the dynamics of the

director, on, is governed by a differential equation account-  FIG. 3. Coupled waves crossing an LC cell. We use the typical
ing for the total balance of torques acting orand read§l]  parameters: d=thickness of the ce#100 um, n=1.75,
n,=1.55 (An=0.2), x®®¥=5%x10"2 Cm V=3, incident field ¢

ray) Eo(+K)=8.7x10* V/m, energy and wave vector of the input
wave w=23.7x 10" sec !, k=1.22x10° m~! (corresponding to
the 514.5 nm line of the Ar lase). The o ray with +Kk and both
with y andK the viscosity and effective elastic constants,o ande rays with —k are generated by noise %t 0 and taken to
respectively, and e= dielectric anisotropy of the LC. In the be fields with random phases and amplitudesi% of the input

steady state and assumirmy=|5ny|expGIZ~ r) we obtain Wave. As the waves propagate through the cell, there is an ampli-

from (7) |5ny|OCRe[EZEy]. By replacing this result back into fication of the noise which can tone down the pump wave. The
3 nonlinear coupled waveg}) are solved by means of the slowly

(6) with co®d~1 and si)~O~|on|<EE, we obtain aZ  \arying envelope approximation. Note that the total energy remains
component ofP=E,E7, i.e., a third-order nonlinear optical constant but there is an effective transfer of energy betweee the
interaction along the cross-polarized direction. Using thisynqq rays in the waves witht k. See text for further details.
formalism, Khoo, Liang, and Lj13] have predicted that a

stimulated cross polarized wave should appear of the forarameters given in the figure. As a function of the propa-
E,~[E lexp(gl,), with 1,><|E,|* andg a gain coefficient  gating distance, we plot in Fig. 3 the normalized intensities
[21]. The scattering process— o is expected to be equiva- of the four waves participating in the process.»#¢t0 (the

lent to theo— e and bestows the same gain coefficient. Thisjnn ¢ face of the cellthe e ray is the dominant one and the
solution is approximate in the sense that for high intensitieg,ther three wavegwhich model the effect of noise through
ly><|Ey|?, E, may grow exponentially and render a wave of gjastic scatteringare negligible. As the waves evolve inside
the same order of magnitude Bf, which has to wane, ac- the cell, the small amplitudes of the noise-induced rays start
cordingly, if energy is to be conserved. Indeed, once w&q grow out of their interactions among themselves and the
endorsed the fact that a third-order nonlinear interaction i\ ymp. If the input electric field is high enoudthis is the
responsible for the coupling of waves of the same energy bilase in Fig. B the noise-induced waves may grow drasti-
different polarizations, the most general process of this kinggly to the extent that they can appreciably use up the en-
can be set forth by means of the coupled wave equatins  ergy of the pump beam. Note that the total energy in Fig. 3
For a given energyo, there are four waves which can be of the four waves remains constant as required by energy
coupled elastically, to wit: twa rays with wave vectors conservation. On account of the interaction among the

Ko=2=nok, and twoe rays withke==nck, wherek is the  waves, the energy carried in thek direction is larger for the
wave vector of the light in vacuum ang , the correspond- ¢ ray than for thee ray at the end face of the cell, i.¢here

ing indices of refraction fore and o rays. In terms of the  has been an effective transfer of energy between the two
diagram in Fig. 1, these events are characterized by the d?)blarizations for the waves traveling in thek direction

generate four-wave mixing process; =w;=ws=w4=®,  This is seen experimentally, as we shall show in the next

andk, = —k;=nck, kg=—k;=nck. The interaction is auto- sybsection, by measuring both tbe and e-transmitted in-
matically phase matched and energy conserving. Let us showsnsities.

briefly the consequences @f) in the following situation: we
assume a polarized inpatray starting ak=0 and the other
three waves are selected at random to simulate the effect of
the noise by director fluctuations. The amplitudes of the We use the liquid crystaE; (Ref. [25]) in a planar
noise waves are negligible with respect to the pump. Giveraligned LC cell at room temperature for the experiments.
these initial conditions, we then study the propagation of thé=; is a nematogen mixture of 4-alkyl-¢yanobiphenyls and
four waves in a typical LC cell. We employ the slowly vary- terphenyls[1] with wide nematic range, a reasonably high
ing envelope approximatiofil6—18 (SVEA) to solve the nematic-to-isotropic phase transition temperature
nonlinear coupled wave proble@) and display the resultin (Ty-,~63°), and negligible residual absorption at the 514.5
Fig. 3. We assume the fields to be plane waves for simplichm line of the Ar" laser(less than 0.01 cm?). The negli-

ity. We study the propagation through a LC cell with typical gible absorption and higfiy_, prevent a possible jump to

2
(?5ny 0 5ny

Yot Ko

Ae R
ZE(EZEY +E; Ey), (7)

Experiment
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Iog10(ln0|dent power) [mW] FIG. 5. The four possible scattering configurations-e,

0—0, e—0, ande—e in the planar oriented liquid cryst&l;. The

FIG. 4. (a) Crossed polarized scatterirg—e for the liquid  cross polarized signals, as in Figa# show a flat region followed
crystalE; at room temperature as a function of input intensity. Noteby an increase at a certain threshold, a plateau, and a further in-
the presence of a sudden increase followed by a plateau and aiease at higher powers. The parallel polarized signals, on the con-
second sharp increase. The plateau is associated with the powertedry, increase almost linearly with the input pump up to a point
which the pump beam starts to be depleted, as we shall show in Figcoincident with the increase of the cross polarized scattering
5. In (b) we show the response of the detector to a diffuser placed awhere the signal starts to decrease. These features reveal the satu-
the cell position and, in addition, the leakage observed through amation of the pump by the cross-polarized wave as in Fig. 3. The
empty cell. The response is line@rote the logarithmic horizontal solid lines are theoretical curves with typical parametersHer
scalg and the leakage negligible within the experimental error.  using the degenerate four-wave mixing approach explained in the

text.

the isotropic phase by residual heating or related effects. The
alignment is achieved by the Chatelain mettad] of rub-  plateau, and a second increase at higher input powers. Con-
bing the cell windows along a fixed direction with Ou@n  versely, the parallel polarized cases show a constant linear
grain size diamond paste. A 1Q@m mica spacer is used increase with the input power up to a poibincident with
between the two scraped windows to form the cell. The plathe increase of the corresponding cross-polarized signal
nar alignment is checked by the conoscopic patterns in transvhich the signal starts to fade awdy increasing the input
mission through crossed polarizers under the microsf®pe power above this point we obtain less light polarized in the
The cell is mounted at the focal point of the first lens in Fig.same direction of the laser after transmissicrhere is a
2(a) in a rotating frame which allows a change frato o small difference between the thresholds for SOS when start-
rays with minimum effort. Figure @) shows a typical cross- ing with ane or o ray, as seen in Fig. 5. This disparity is,
polarized spectrum of SOS from tlee to thee ray as a however, attributed to small differences in the focal area
function of input power. A sudden increase in the intensity iswhen the cell is rotated and not to a fundamental physical
found above a certain threshold and this is followed by aphenomenon. Note that the experimental results are given as
plateau and a second sharp increase. This is telling us thatfunction of input power. In order to transform the incident
the cross-polarized stimulated scattering is a more complipower to an input electric field, the focal aré@am waist
cated process than a simple exponential growth. To test thigas to be known accurately. This is a source of uncertainty
performance of the setup in Fig(é?, and check that none of on which we shall comment later. If we replace the LC cell
these features are artificial, we show in FigoMthe result of in Fig. 2@ with an identical cell filled withE, in the nem-
replacing the LC cell with a diffuser and an empty cell, re-atic state but unorientetlinpolished windows we obtain
spectively. The diffuser produces a fairly isotropic distribu-the result displayed in Fig. 6 for the same input power range.
tion of polarizations and the signal is proportional to theThe result in Fig. 6 attests that a liquid crystal in the nematic
input power. The empty cell is observed in crossed polarizastate without orientation imposed by the boundaries is a very
tion and gives a measure of possible background signals areffective diffuser and none of the features observed in the
leakage. The detector response is linear and the leakage negligned sample in Fig. 5 are seen here. A possible source of
ligible within the experimental error. problems in the experiment is the presence of transverse

Figure 5 exhausts all possible combinations of input-phase modulation of the input bed@] which may change
output polarizations. The input wave is eithereor o ray  the far field beam profile and the amount of light gathered by
and the analysis is done for parallel or crossed polarization tthe collecting lens in Fig. (2). The collecting lens and de-
bring forth the four possible cases—e, e—0, 0—e and tector have a fixed numerical aperture and the amount of
0—0. As explained before, no essential difference is exdight detected will vary if the beam is divergent or has any
pected between the cases> 0, 0— e and the same holds for other variation in the far field as a function of the intensity.
e—e, 0—0. Figure 5 shows that the cross polarized case§he signal will not vary, however, if the main contribution
are delineated by a flat regidpf the same order of magni- comes from parallel paraxial rays. In order to check this, we
tude of a leakage signafollowed by a sudden increase, a measure the SOS signal for different distances be-
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The solid lines in Fig. 5 have been calculated assuming noise

- 1.00 ;'i;'otmpic N of negligible random amplitude<€1% of the input power
Z  0.75F cen ':’;,'f'/oggf ] and arbitrary phases, being coupled to the incoming wave.
_: ; & Using a sufficiently large set of initial conditiot$0* in this
= 050¢ (. case by means of random numbers and solvi@y in the
2 o5t f ] SVEA approximation for each of them, we obtain the aver-
[ B ] being transmitted through the cell by the different
£ L ﬂlsgﬁparallel ] age power being st g ! . y
- op—" pol. 4 waves. The calculation is performed with typical parameters
- b i for E; from the literaturg 1] and the cell thickness imposed
10 100 1000 in our experiment ofl=100 um. There are two adjustable
parameters in each theoretical curve shown in Fig. 5. The
log, (Incident power) [mW] first one is trivial and simply scales the vertical axis to adjust

the curves to the arbitrary units of the experiment. The sec-
ted | i f el and d polari ond one scales the horizontal axis and has a physical origin.
i FIG'hG' 'trrr]anslmutte I'.men;'ta’c or l‘l)‘?‘raF_e an crolsse | EO anza;f e knew the exact aread) of the waist at the focal point
tions when the planar aligned LC cell in Figa2is replaced by an ¢ o first Jens in Fig. @) we could transform the intensity
identical cell with no orientation imposed on the nematic. Both . . L 2
: . : o . . (1) into an incident electric field througg“=1/ce,A. We
signals increase linearl{note the logarithmic scalavith the input timate th t di t fthe | th le to be of
power and are the same within the experimental error. This plof:"S Imate the spot diameter of the laser on the .'s_amp_e 0 beo
the order of 0.1 mm, but a factor of 2 error in this value

shows not only the effectiveness as a diffuser of a nenfatised hich | f f4in th I i
on the elastic scattering mechanism explained in the text also (which leads to a factor of 4 in the ajeaould be easily

that none of the features of Fig. 5 appear in an unoriented sampl@dmitted. It is better to use an adjustable parameter to scale
the horizontal axis of the calculations in Fig. 5 to obtain
tween the cell and the collecting lens. This is shown in Figclosest agreement with the experiment. Although the cross-
7 where we use a fixed collecting lens of 10 cm focal lengthPolarized signals in Fig. 5 seem to increase faster than the
and 5 cm diameter and measure the cross-polarized scatté@lculations after the plateau, the general agreement between
ing for different distances between the cell and the lens. It i$heory and experiment is regarded as excellent. In particular,
quite clear that the features of the sigiii particular, the the decrease in the parallel polarized signals and the simul-
platea) come from parallel paraxial rays and not from varia- taneous presence of a plateau in the crossed ones is correctly
tions in the light collected by the fixed numerical aperture ofPredicted. Further improvement in the comparison with the
the detection stage. experiment can be achieved by introducing phenomenologi-
The depletion of the pump wave and the existence of #al losses in the nonlinear system of equatiohs
plateau in the cross-polarized signals can be well accounted Itis probably worth noting at this stage that the generation
for by the theoretical curves obtained from the four-waveand coupling of noise with the pump is a coherent process,

mixing formalism presented above and are shown in Fig. 5but two independent fluctuations occurring at different times
are of course incoherent with respect to each other. The total

transmitted intensity in the theoretical curves of Fig. 5 is

7 therefore calculated as an incoherent sum of the different
R D/ initial conditions imposed by the noise, due to the fact that
T d=0em // the signal is integrated over a long- (10 seg¢ interval. The
-y //’ characteristic time for fluctuationg,9] however, is fixed by
4 ose EEJV" the director dynamics and is typically in the millisecond
i) scattering \,ﬁg{'/ range. This is very long in comparison with the time it takes
£ W the light to travel to an external mirror and come back to the
$ cell for typical laboratory dimensions. In this manner, one
oo ogopgRaE can take the cross-polarized beam generated by noise and
UET S Y E—— amplified coherently with the pump by SOS, rotate it, reflect
5 10 20 50 100200 it on a mirror, and mix it again with the input beam inside

the cell. The beam will be coherent with respect to the pump
under these circumstances and this is the method for observ-
ing phase conjugatiofil3] using SOS. It is normally called
self-starting phase conjugatidrecause the noise triggers the

FIG. 7. A nonlinear film like an LC cell with an oriented nem- PrOCess.
atic can produce wave-front distortions in a beam and therefore
change the amount of light collected in the far transmitted field by IV. FOUR-WAVE MIXING
a detector with a fixed numerical aperture. No change is expected if AS A PHOTONIC CRYSTAL PROBLEM
the main contribution to the signal comes from parallel paraxial ) ) i
rays crossing the sample. Here we show three cross-polarized SOS We now turn to a different aspect af®) nonlinearities.
signals obtained by changing the distaacbetween the collecting The aim of this section is to show the equivalence between
lens(f=10 cm and the LC cell. All curves show the same featuresthe four-wave mixing equation@) and the problem of cal-
at the same input powers, in particular, the plateau describing theulating the electromagnetic bands in a multilayer or,
saturation of the pump is clearly reproduced in all of them. in other words, in a one-dimensionallD) photonic

log, (Incident power)
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crystal [15]. Toward this end, let us assume constant part of the interference grating (inl). Notwith-
|Eo|=|E4l=|Epumd>|Eal, |[E3| in (4), i.e., the amplitudes of standing, this renormalization is the same for both beams as
two of the beams are much larger than the other two, anéh (10), and we absorb it in an effective index The equa-

will be called pump beamsThe fieldsE; and E; will be  tions read

called probe and diffracted beams, respectively. We assume

=2 2
W= 4= Wpymp aNd w1 = w3=w. The wave vectors of the V24 )E s - - -

O, = cog (ko—Kk4)r]Esz, 12
pump beams form an angl@=k,-k,/|k,||k,| between | Ba=icod (ko —ka)r]Es (12
them. It is also considered that any change in the intensities
of the pump beams is so small, that they are to be considereahd
constant for computational purposes; in other words, there is — 5
negligible amplification or depletionof the beams, in con- 2 5 >z
trast to the preceding section. Under these circumstances we Ve c? Ea=w"{cog (ko —ka)r]Es, (13

can approximately decouple the four equati¢hsinto two
pairs, one for the pump beams and one for the probe angith {=6uox®|Eymd?. This is the essence of the four-

diffracted beams. The equations for the pumps read wave mixing problem as carried out in the majority of cases,
s 2 with a weak probe with respect to the pump reducing the
N“w ; i i i
2 pump| - _ 2 (3) 2 2 problem of four nonlinear differential equatiord) to two
Vit —z )EZ Buowpunp~'Eal [E2l*+2|E4l"] linear coupled differential equations for the probe and dif-

(8) fracted beams$12) and(13). We now define the trivial com-
binationsE*=E,+E; and E- =E;—E; which, according
and to (12) and (13) will satisfy

n2w?

= )E*= + w?zcod (K,—Ky)rE*.  (14)

2 2
nN“w
pump
Ve+ c—2u> E,= 3M0w§umpx(3)E4[|E4|2+ 2|E5|?].
9

Thence, there are nmterferenceterms S, 4 which are of
order ~ |Eopd? but both beams phase modulate each othe
This is the two-beam interaction throught® mentioned in
Sec. II. Since both beams have the same mod#lps,] the (
VZ

V24

Both equations(14) contain the same information, as we
rshaII show later, and therefore it suffices to consider only
one. Equation(14) for E* can be written as

amount of modulation is the same for both. The two equa-
tions (8) and(9) can be rewritten as

e(l’*)m2
+ 2 E*=0, (15

=2, 2
n @ pump

N2 2 C O\ [P
V24 . )Eq=0, q=2.4 (10) where €(r)=n“—c“{cog(k,—ky)r] is a position-dependent

dielectic functionrepresenting the 1D periodic modulation
— 2 (3.2 . _ with wave vectork,— Kk, induced by the pump beams. The
wheren™=n"—9wpumpy "' |Epumd” is therenormalized  reader will recognize immediatelyt5) as the Maxwell equa-
index of refraction due ty(®). Equation(10) implies that the  tion for the electric field of the light in a dielectric layered
interference pattern3 betwedfy andE, is slightly changed  system which has, in this case, a modulation proportional to
by the presence of(®) becaus? the iaffectlve wave vector for e(F)occoi(Izz—&)F]. The equation foE ~ is equal to(15) but
propagation is changed fromk to nk. This effect is never- it e(F)=ﬁ2+CZ§CO§t(|22—IZ4)F], which is the same grating
theless small and we can ignore it for the pumps. We there‘z

: . but displaced by a constant phage= = 7. Note that the
fore consider the interference pattern of the two pumps as | escription of both the probe and diffracted beams hinges on

they were a linear medium._We'assume the two beams to hpe problem of finding the bands in a grating for omige
polarized along the same direction. The two pumps will pro-a1q E+. The reason for this will soon be clear.
duce an intensity pattern of the form As in any standard band structure in a 1D layered system,
two cases can be easily distinguished: off- and on-axis
I E,+E4 ) (Es+Ep* i ) . :
pumg* (B2 Ea) (B2 Ea) propagation with respect to the axis of the grating alang
=2|Epumd 1+ cos(k,— kD], (1D [Z](k,—k4)]. We consider first on-axis propagation for sim-
plicity. The meaning of this in terms of the phase-matching
which comprises a constant term and an interference gratingondition shown in Fig. 1 is given in Fig. 8. Equati@tb) is
xcog(k,—Kk,)r]. The grating has planes of constant phasesolved by expanding the field into a Fourier series of the
perpendicular toK,—Kj). form
We now obtain the other two decoupled equations for the
probe E; and the diffractedE; beams. We assume both E(z)=2 A(G)e ket 0)z, (16)
fields E; 5 for the time being to be polarized in the same G
direction ofE; 4. The interesting part of the physics for these
beams comes from the interference te®ag which are now  with G=0, *|k,—k4|, £2|ko—k,], ..., etc. The photonic
#0 and of ordedEpumgz. There is a renormalization of the band structure along the axis of the grating is therefore trans-
index of refraction coming from the termsA x; 3 and the  formed into the eigenvalue problef4]
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grating
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FIG. 8. (a) Pump beams forming a grating alokg—k,. The kaln

beams are assumed to be copolarized perpendicular to the plane of
the page(b) On-axis propagation. Both the proke and diffracted
ks beams are alon,—k,, and satisfy the phase matching condi- ¢, 0 g by two interfering copolarized Arlaser beams. We used

tion Obeig'dl(ﬁ)' Both pslar(ijza_tion;l\ andioftfo th_e plane of_the 51-plane waves irf17) to solve the eigenvalue problem. Conver-
page, breed the same bands in this céseOff-axis propagation. §ence is achieved very easily due to the particular form of the

FIG. 9. Photonic bands for on-axis propagation in the grating

This case produces two differe.nt types of bands. according to th erturbed dielectric functiof20). Wave vectors are normalized by
polarization of the probe and diffracted beams with respect to th - - . o
a/m=2/lk,—k,| and energies by the incident pump frequency.

pumps. See text for further details. Note the existence of a gap for energies slightly abeyg,,. The
) problem is equivalent to the one of electrons in a weak periodic
- , , @ potential and the wave vectors in each band are well approximated
2, kK(G=G)(k+G')’A(G")= 7 AG), (17 py o,
G/
R _ . _ By substituting(20) into (17) (which is the equivalent of the
wherex(G—G’) is the Fourier transform of the inverse of nearly free electron model in a weak periodic potentiat
the position-dependent dielectric function for electromagnetic wavéshe band structure for on-axis
propagation can be solved.
1 _ 1 In Fig. 9 we show a band structure for propagation along
k(G)= —f dzd®z——, (18  the axis of the grating for typical parameters of a liquid crys-
ala €(2) tal. We taken 2=2.25, andc?¢=10 ! and use a basis of 51
planewaves in(17) to solve the bands. A relatively small
with a=27/| Ez_ IZ4|. number of plane waves are needed to achieve convergence in

Consider a typical example of grating formation through(l7) due FO the spepial form r?.%(g).WhiCh contains onlyl
@ in a liquid crystal. As explained in the introduction, one Fourier coefficient=0. This is in contrast to normal

several mechanism can contributeyd. Let us consider for photonic band structure calculations where the sharp dielec-
simplicity those situations in whick(® comes mainly from t“g]'n_ltﬁgacgstmreqi:';gkznbgs'sefozrggdfsgo t\?vlgnceo V;?;/reizse d
molecular reorientations. This is a case that has been extef-=3" 9 9 y P

o+ _ o H H
sively studied in the literaturg21,28—3Q and therefore we r laser beamsN=514.5 nm at 45° producing a lattice

do not repeat its derivation. The important point for our pur-With G=|k,—ky|~4x 10" m~*. The full four-wave mixing

poses is that the reorientation can form a grating with typicaProblem described by the nonlinear differential equati@s
parameters in the rangec?(~101-10"3, while has therefore been transformed into a trivial example of

h2~2.2-2.5. Accordingly, we expand bands in solid-state physics. Since the perturbation in refrac-
tive index(20) is small and has onlpne Fourier component
G, only one gap in first order at the edge of the Brillouin
1 1 N 2c%; 1Rp—Kalz - - ilkp—Kal2 19 zone in the first band is opened. The other crossings of the
€e(z) P2 [ (e © )s (19 bands ak=0 or k,= +=G/2 have only small splittings from
second or higher order perturbations. The bands can be la-
beled by a principal numbear and the leading term of the
eigenvectors according to perturbation theory will be

and obtain fork(G) in (18)

— al(k,¥nG)z
“(G)= 5G,0+202§[5 4] (20 E~e ' @)
I R T Re Lo lkemkel T 98 ekl Except at the Bragg plane in the gap, where degenerate per-
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turbation theory has to be applied, the eigenvectors will beion, as known from the theory of dielectric multilaygds5].
well described by a perturbation series(@1). For the low-  The largest efficiency for the on-axis four-wave mixing pro-

est band alonds,, for example, cess, given byc,|?/|co|?, will be for w slightly below or
. . , above the gap, where the eigenvector is a linear combination
E~coel@+ciele @24 gl 2824 o (22) o the form
where ¢co~O(1) and c;,<c, of order ¢, E~cy(e*#xeikz=0)7), (23

~|X(3)||EpumFJ2/G, c2~|X(3)|2|Epumd4/Gz, ..., etc.

The reason why we reduced the probe and diffractedis known from standard band theory.
beams to a single fiel&* moving in periodic dielectric is
now clearer from(22). E* contains all the information in V. CONCLUSIONS
itself. Since plane waves are not exact eigenvectors of the .
problem, each selected point in the band structure is neces- Several effects related to the presence of a large third-

. . ep epe (3) . . .
sarily a linear combination of plane waves lik?2). The first order nonlinear optical susceptibilit™ in liquid crystgls
: h 6 — k. while the dif have been analyzed. In Sec. Il we presented experimental
term in (22) represents the probe witq =k, while the dif- 4415 on stimulated orientational scattering and its interpreta-

fracted beam is given by the second leading term in the pekj,, 55 4 degenerate four-wave mixing effect producing a net
turbation withks=k,—G. Note that this satisfies automati- transfer of energy between tieeande rays. Saturation phe-
cally the phase-matching conditipsee Fig. 8)]. The third  nomena of the pump have been discussed in addition. In Sec.
and higher order terms i(22) are nothing butimklapp pro-  |v we showed how the four-wave mixing equations and the
cesse$31] as known from electronic bands and appear natutheory of photonic band structures are intimately related. The
rally in this formalism as a trivial consequence of the expanformalism of Sec. IV clearly surpasses the application to
sion (22). The ratios|c|%/|col?, [co|?/|col% ..., etc., give  Jiquid crystals. We feel, however, that it is in those materials
automatically the diffraction efficiencies for each processyherey(® is large, and CW experiments can be carried out,
Note that this information is condensed in a single calculathat the formalism is most relevant. In materials where four-
tion for any arbitrary probe energy with respect to the pumpwave mixing phenomena have to be studied with high-
In addition, off-axis propagation contains further informa- energy pulsed laserélike semiconductoisthe additional

tion on the diffraction efficiencies for different polarizations. complication of the time evolution of the grating exists. The
It is well known[15] from the calculation of band structures |atter is normally treated within the density-matrix formalism
for electromagnetic waves that off-axis propagation in a 1017] and would need a time-dependent band structure calcu-
grating implies a breaking of symmetry. If the axis of the |ation of debatable practical use. In Sec. IV we demonstrated

grating is alongz and the planes of constant phase inthrough a simple example how the photonic band structure

coi(lz —IZ4)F] are alon theZ-: lane. both olarization;i approach simultaneously contains data on the diffraction ef-
2 9 yp ’ P ficiencies of simple and umklapp four-wave mixing events

andy render the same bands for on-axis propagation. Conand the polarization dependencies for all possible directions

versely, off-axis propagation, for examplein the (x—z  ©Of propagation and incident energies of the probe beam, re-
| disti ishes b - q R larized sulting in a major compression of information within a very
plane, distinguishes betwegnand (X—z) polarized waves simple calculation.

[15] and each band contains the information on the different In Sec. IV the case of grating formation by copolarized

diffraction Ie_ff|C|_enC|es as in22) fol_rf_the_ dlffefrehnt _p?larlza_- beams was treated for simplicity. However, further interest-
tIOI’l(Sj, rde?u t'(??f na n}asswe simplification of the Information;, cases exist in laser-induced gratings. An example is the
heeded for different four-wave mixing processes. grating formation by cross-polarized beams which results in

. Finally, note thatﬁthe fgap in Fig. 9 predicts no pdossmlea continuous change from circular, to elliptical, to linearly
our-wave mixing effect for on-axis propagation and ener-y,|,i,04 waves inside the LC cell, producing a sinusoidal

gies slightly above that of the laser forming the grating. Th€yigtrihytion in terms of polarizatiofi]. These cases should

position of this gap can be changed by small amounts by eeq interesting ground tests for the photonic crystal ap-
changing the interference anglebetween the input beams, proach to wave mixing.

but will always exist arouna . Although of very limited
use, the sample behaves formally as a dielectric mirror for
strict on-axis propagation at these energies. There will be an
evanescent mode at the surface producing 100% refectivity Pablo Etchegoin wishes to thank the European Union for
of the probe beam but no propagation. This gap is not absdinancial support at the Cavendish Laboratory in Cambridge
lute and actually does not exist for off-axis propaga-(U.K.). This work has been supported by EPSRCK.).
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