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Fluid theory of the boundary of a dusty plasma
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The motion and distribution of charged dust grains under the action of electrostatic and gravitational forces
near the boundary of a dusty plasma are investigated. It is shown that when gravity is negligible, a spatial
localization of the dust can occur. For heavier grains, gravity enhances this localization, and causes a stratifi-
cation of the dust density. For even heavier grains, the stratification disappears since the grains are pulled to the
wall by gravity. @S1063-651X~97!01804-7#

PACS number~s!: 52.40.Hf, 52.25.Vy, 52.35.Sb, 52.55.Dy
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I. INTRODUCTION

Dust particles are frequently observed in space@1–4# and
laboratory@5–11# plasmas. In the past several years, mu
attention has been paid to collective effects in dusty plas
@12–20#. Dust grains are often found to be localized near
plasma boundary where the electrostatic~ES! force balances
the gravitational and other forces@21#. They can also coagu
late @22,23# or form Coulomb crystals@24–26#. Heavily
charged dust particles can thus significantly modify
structure of the boundary plasma.

The wall region of two-component plasmas has be
qualitatively understood for many years@27#. Recently, the
ES sheath of dusty plasmas was studied for dynamic
grains with constant charge@28#, as well as for stationary
dust grains with variable charge@29#. In both cases, the
gravitational force on the dust is ignored, so that the exis
results are applicable only for very light grains or at wa
which are in the vertical~parallel to gravity! direction. How-
ever, in many realistic situations the dust grains are hea
and the region of interest is perpendicular to gravity, so t
the latter can play a significant role on the dynamics of
grains. In the present paper, we study the dust dynamic
the wall region by taking into consideration both the ES a
gravitational forces on the variable-charge grains. It is fou
that gravity can cause a strong stratification as well as lo
ization of the dusts near the plasma boundary. Furtherm
if the sheath size is sufficiently large, the region immediat
adjacent to the wall can be completely depleted of electro
and the dust grains can eventually become positively cha
there.

We use the standard fluid model@27# for the sheath, treat
ing the plasma electrons as hot Boltzmann particles, and
ions and dusts as cold fluids. The variable dust charg
determined self-consistently by the plasma currents colle
at the grain. In Sec. II, the formulation of the boundary pro
lem is presented. In Sec. III, we study the case of sm
~light! grains, for which gravity can be neglected. The effe
of gravity on the sheath structure is investigated in Sec.
Our results are summarized and discussed in Sec. V.
551063-651X/97/55~4!/4627~7!/$10.00
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II. FORMULATION

We consider the wall region of a one-dimensional statio
ary (] t50) plasma. The electrons are assumed to be hot
in thermal equilibrium. The ions and dust grains, whose te
peratures are usually much lower than that of the electro
are assumed to be cold. The variable dust charge is de
mined by the electron and ion currents entering the grain
governed by the potential difference between the grain s
face and the local plasma. Other effects, such as second
electron and photoelectron currents associated with poss
high-energy electrons and intense UV radiation, will not
considered.

The bulk plasma, which includes both the presheath
source regions, is located inx<0, and is assumed to b
quasineutral. The details of this region, including sourc
particle acceleration by a weak presheath electric field,
the gravitational action on the dusts, are not considered h
The region of interest lies betweenx50, where the potentia
is taken to be zero, and the wall. The location of the wall c
be anywhere in the regionx.0, and is determined by the
wall potential or other boundary conditions.

The density of the thermal electrons is

ne5ne0exp~ef/Te!, ~1!

wheref is the ES potential,e the electron charge,Te the
electron temperature, andne0 the electron density at the
sheath edgex50. In the following, the subscript 0 sha
denote quantities evaluated atx50.

The ions, treated as a cold fluid, are accelerated in
presheath region to a mean velocityv i0 at x50 by a weak
presheath electric field. In the absence of dusts, it is w
known that v i0 must exceed the ion acoustic spe
cis5(Te /mi)

1/2 in order for the sheath solution to exist@27#.
Using the continuity and the momentum conservation eq
tions, the ion density can be expressed as@27#

ni5ni0S 12
2ef

miv i0
2 D 21/2

, ~2!

wheremi is the ion mass.
4627 © 1997 The American Physical Society
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The dust grains are collectively treated as a cold flu
Possible forces on a dust grain are electrostatic, gravitatio
as well as ion and neutral particle drag@21#. The ES force is
proportional to the grain radius in the probe model beca
of the linear dependence of the grain charge on radius.
gravitational force is proportional to the cube of the radi
The ion and neutral particle drag forces are proportiona
the square of the grain radius as well as the ion and neu
fluxes. Thus the ES force is dominant for small grains, wh
for heavier grains, gravity can have an appreciable effec
the dust dynamics. The ion and neutral drag forces could
effective for large grains and high plasma densities, but t
shall not be considered here. We assume that the dust g
are accelerated to a velocityvd0 at x50 by the electric and
gravitational forces in a presheath region. Thus the con
vation equations for the dust are

ndvd5nd0vd0 , ~3!

mdvddxvd52qddxf1mdg, ~4!

whereg is the gravitational acceleration, andmd andvd are
the mass and mean velocity of the dusts, respectively. In
above, we assumed that gravity is toward the wall, altho
for the opposite case one only needs to change the sig
g.

The dust chargeqd is determined by equation

vddxqd5I e1I i , ~5!

which describes charge conservation. The charging curr
originate from electrons and ions hitting the grain surfa
According to the orbit-limited probe model@21,30#, the elec-
tron and ion currentsI e and I i flowing into the grains are
determined by local electron and ion densities, as well as
potential difference between the grain surface and the lo
plasma. The grain current from the Boltzmann electrons
@1,21#

I e52pr 2eS 8Tepme
D 1/2neWe~qd!, ~6!

and that from the cold ions is@21#

I i5pr 2eniv i S 12
2eqd
rmiv i

2D , ~7!

where r is the grain radius,We(qd)5exp(eqd /rTe) when
qd,0, andWe(qd)511eqd /rTe whenqd.0. We note that
the characteristic time for dust motion is of the order of te
of milliseconds for micrometer-sized grains@18#, while the
dust charging time, or that for the grain to be charged fr
zero to the~relative to the ambient plasma! floating potential,
is typically of the order of 1028 s @31#. Within the time of
charging, the displacement of the grain is thus negligi
compared to the spatial scale of the problem. It follows t
the charging process can be treated as a local phenome
and the convective term on the left-hand side of Eq.~5! can
be neglected. That is, we haveI e1I i50, and the grains are
always at the floating potential.

The system is completed by the Poisson equation
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dx
2f524p@e~ni2ne!1ndqd#, ~8!

and the neutrality condition

e~ni02ne0!1nd0qd050 ~9!

for the unperturbed plasma atx50.
For simplicity, we introduce the dimensionless quantit

F52ef/Te andQd5eqd /rTe , and normalize thex coor-
dinateX5x/le with respect to the electron Debye leng
le5(Te/4pe2ne0)

1/2. We also define the ion and dust Mac
numbersM j5v j0 /cjs , where j5 i ,d. cds5(zTe /md)

1/2 is
the dust acoustic speed@12#, and z5rTe /e

2 is the dust
charge number atQd51 ~i.e., when the floating potential on
the grain surface isTe /e). In addition, we define the dimen
sionless ‘‘potential energy’’ of the grain in the ES field,

C5E
0

F

QddF,

which leads to a considerable simplification of the formu
tion. Accordingly, the densities can be written as

Ne5
ne
ne0

5exp~2F!, ~10!

Ni5
ni
ni0

5S 11
2F

Mi
2D 21/2

, ~11!

Nd5
nd
nd0

5S 11
2C

Md
21

2m

Md
2XD 21/2

, ~12!

wherem5gle /cds
2 is a measure of the gravitational effec

The Poisson equation becomes

dX
2F52Ne1 fNi2~ f21!NdQd /Qd0 , ~13!

wheref5ni0 /ne0 is the ratio of ion-to-electron density at th
sheath edge.

As mentioned, the dust charge is determined by equa
the electron and ion grain currents~6! and~7!. With the help
of Eqs.~10! and~11!, the relation between the potential an
dust charge can be written as

F52 1
2Mi@Mi2a f ~Mi

222Qd8!exp~2Qd8!# ~14!

for Qd,0, and

Qd5
~2f1Mi

2!@a fM i2exp~2F!#

2a fM i1~2F1Mi
2!exp~2F!

~15!

for Qd.0, whereQd8[Qd2F, and a5(pme/8mi)
1/2 is a

coefficient which is approximately 0.0146 for a hydrog
plasma.

The functionC for Qd,0 can be obtained analyticall
with the help of Eq.~14!, yielding

C5 1
2 $F21a fM i@G~Qd8!2G~Qd0!#%, ~16!

whereG(y)[@(Mi
222y)(11y)22#exp(2y), and we used

the conditionF50 andQd5Qd0 at X50. ForQd.0, C
can be obtained by numerically integrating Eq.~15!. The
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55 4629FLUID THEORY OF THE BOUNDARY OF A DUSTY PLASMA
variation ofQd andC vsF is given in Fig. 1, which shows
that Qd increases monotonically withF.0, while C de-
creases monotonically withF, until Qd becomes positive
and the electron density vanishes.

Equations~10!–~13! form a complete set of ordinary dif-
ferential equations for the sheath problem. They are high
nonlinear, and are exact within the basic assumptions. How
ever, because of the explicit dependence ofNd on the coor-
dinateX, one cannot in general obtain a quadrature. A roug
estimate of relative importance of the ES and gravitationa
forces can nevertheless be made by looking atC and the
coefficientm in Eq. ~12!. For an argon plasma, the magni-
tude of the dimensionless dust chargeQd0 is around 3.9.
Since the dimensionless ES potentialF is of the order of 1,
the functionC is of the order of 4. On the other hand, the
magnitude ofm is given bym52.743103r 2rdTe

23/2ne0
21/2,

whererd is the mass density of a grain in units of g cm23,
andr andTe are in units ofmm and eV, respectively. If we
takerd;3 gcm23, Te;1 eV, andne0;109 cm23, we have
m50.26r 2. Thus, for micrometer-sized grains, gravity is
comparable to the ES force at a distance ofX510, and will
dominates over the ES force ifX is a few decades further
toward the wall. Sincem is proportional to r 2, gravity
quickly becomes the dominant effect in determining the dus
dynamics when the grain radius exceeds a few micromete
In the following, we shall consider the sheath structures wit
and without gravity separately.

III. SMALL PARTICLES

In this section, the dust particles are assumed to be sm
~light!, such that the gravitational force is negligible~i.e.,
mX!C for the region of interest!. In this case, Eqs.~10!–
~13! can easily be integrated to the quadrature,

~dXF!212V~F!5E0
2 , ~17!

whereE0 is a possible small presheath electric field and i
taken to be effectively zero here. The pseudopotential~or
Sagdeev potential! V[Ve1Vi1Vd consists of

FIG. 1. Variation of the normalized chargeQd and ES energy
C of the dust with respect to the normalized ES potentialF for
f51.5 andMi51.5.
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Ve512exp~2F!, ~18!

Vi52 fM i
2@~112F/Mi

2!1/221#, ~19!

Vd5
~ f21!

Qd0
Md

2F S 11
2C

Md
2 D 1/221G , ~20!

which represent the contributions from the electrons, ions
and dust particles, respectively.

The potentialF is obtained by integrating Eq.~17! from
F50 to the~floating! wall potential, which determines the
location of the wall. Prior to the numerical solution it is
instructive to look at the properties of the sheath structure b
analyzing the Sagdeev potential. We first note that bound
for F exist. The lower bound isF52Mi

2/2, at which the
ion density becomes infinity. The upper bound is determine
by C52Md

2/2, which corresponds to an infinite dust den-
sity. Using a small-amplitude analysis, the condition
dF
2 V<0 atF50 for the existence of a solution requires the
ion and dust Mach numbers to satisfy

Mi
2>Mi ,cr

2 [@2B1~B224AC!1/2#/2A ~21!

and

Md
2>Md,cr

2 [~ f21!Qd0
2 /~ f212Qd0!, ~22!

where A511( f21)Qd0(Md
222Qd0

22), B52A(12Qd0)
2 f12( f21)/Qd0, andC522 f (12Qd0)24( f21). Note
that for f51, corresponding to the dust-free case, one ob
tains Md,cr50 andMi ,cr51, which is consistent with the
Bohm criteria for a two-component plasma@27#. Figure 2
gives the ion and dust critical Mach numbers as functions o
the ion-to-electron density ratiof . We see that bothMi ,cr and
Md,cr first increase and then decrease withf . The fact that
Mi ,cr.1 means that there must exist a larger acceleratin
field in the presheath region than that in the dust-free case
order for the ions to acquire the energies needed to overcom
the ES dragging of the slow dust particles.

FIG. 2. The critical ion and dust Mach numbers vs the ion-to-
electron density ratiof5ni0 /ne0. HereMd52.5 for theMi curve,
andMi51.5 for theMd curve.
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4630 55J. X. MA, JIN-YUAN LIU, AND M. Y. YU
Figure 3 shows two typical Sagdeev potentials fo
f51.5,Md52.7, andMi51.3 and 1.5. The critical ion Mach
number here is about 1.4. For the caseMi51.3 (,Mi ,cr), it
is clear that no solution can exist~for E050). For Mi
51.5 (.Mi ,cr), a double well structure appears. It is we
known @27#, and is obvious from Eqs.~18!–~20! that, with-
out the dust contribution (Vd50) the Sagdeev potential for
F.0 is monotonically decreasing. Thus, we see that t
well structure on the right side of Fig. 3 is caused by th
dusts.

The solution is obtained by integrating Eq.~17!. To start
the numerical integration, a small edge electric fie
dXF(0)50.001 associated with the presheath is assum
The ES potentialF and the densitiesNe , Ni , andNd are
given in Fig. 4, which exhibits a spatially localized~soliton-
like! structure, as is evident from the well structure of th
Sagdeev potential in Fig. 3. The peak value ofF corre-
sponds to the right zero ofV(F) in Fig. 3. Note the particu-
larly strong localization of the dust. A similar behavior of th

FIG. 3. The Sagdeev potentialV(F) vs F for f51.5 and
Md52.7, at two differentMi values.

FIG. 4. The normalized ES potentialF, and the electron, ion,
and dust densitiesNe , Ni , andNd vs X5x/le for the case of no
gravitation. The parameters aref51.5, Mi51.5, andMd52.7.
r

e
e

d.

particles is observed for other parameter values. The lo
ization is caused by a balance of the ES forces on the gra
Since near the sheath edge (X50) the force is directed to-
ward the unperturbed plasma or presheath region, it tend
decelerate the grains~which are moving toward the wall!,
and cause their accumulation within the sheath. The accu
lated grains in turn contribute to a negative ES field wh
eventually offsets the positive field, leading to a dust dens
maximum. The localized dust grains act as a virtual wall
the electrons and ions. In the absence of field-aligned gr
tational forces or particle drag, this virtual wall is symmetr
on both sides, so that the solution exhibits a solitonlike s
tial profile @32#.

IV. EFFECT OF GRAVITATION

When gravitation is included in Eq.~12!, the method in
Sec. III fails, since the corresponding Sagdeev potential c
not be obtained. However, for not too large grains near
sheath edge such thatmX!1, we can still use a similar
analysis to understand the qualitative behavior of theF
variation nearX50. Accordingly, in this limit the dust con-
tribution ~20! to the Sagdeev potential can be approxima
by

Vd'
~ f21!Md

2

Qd0
F S 11

2~C1mX!

Md
2 D 1/221G , ~23!

which depends explicitly onX, and is analogous to a time
dependent Hamiltonian system. SinceQd0,0 and C,0
~Fig. 1!, we conclude that except when the electrons are
pleted gravitation tends to decrease the value ofVd . Thus
the right potential well would be deepened asX increases,
and steeper profiles~stronger localization! of F and Nd
would appear.

We have numerically integrated Eq.~13!, assuming an
argon plasma withTe51eV, ne05109 cm23, and dust
grains of mass densityr53 g/cm3. The results are presente
in Figs. 5–7. The sheath profiles depend on the grain siz
well as the parametersf , Mi , andMd . In addition to the
stronger localization of the dust, asymmetric oscillato
structures are observed for medium-sized grains and a w
range of parameter values. Figure 5, in whichr51mm,
f51.5, Mi51.5, andMd51.8, shows that a strong multi
peak structure ofNd appears, with the maximum value of th
last peak atNd;20. The corresponding ES potentialF in-
creases in an oscillatory manner, while the electron and
densities decrease in a similar manner@Fig. 5~b!#. We ob-
serve that the electron density is depleted after some
tance. The dust charge can also become locally posi
when the correspondingF becomes sufficiently large~see
Fig. 1!. After the last peak, the dust density rapidly drops
zero, leaving a pure ion sheath. Similar profiles are obtai
for other parameter values and grain radii, with either str
ger or weaker multipeaks. Figure 6, for smaller gra
r50.5mm and with f51.4, Mi51, andMd52.5, shows a
case of oscillatory behavior with weaker peaks. It is of int
est to point out that these dust profiles resemble those
served experimentally in Refs.@5# and @6#.

The multilayer structure, corresponding to a stratificati
of the dust fluid, is the result of competition between the
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55 4631FLUID THEORY OF THE BOUNDARY OF A DUSTY PLASMA
and gravitational forces. Physically, the phenomena can
understood as follows. The variation of the dust density wit
respect toX is given by

dNd /dX52Nd
3Md

22~QddXF1m!, ~24!

where the last two terms represent the ES and gravitation
effects, respectively. For a given grain size, the gravitation
force is a constant, but the ES force varies according to t
~self-consistent! sheath potential and the dust charge. Th
two effects balance (QddXF1m50) at the density minima
and maxima. Near the sheath edgeX50, the ES force is

FIG. 5. The distributions of~a! dust density and~b! the ES
potential and electron and ion densities vsX for the case including
gravitational effects. The grain radius isr51mm and the other
parameters are the same as Fig. 4 exceptMd51.8.

FIG. 6. The profile of the dust density vsX for a case with grain
radiusr50.5mm, f51.4,Mi51, andMd52.5.
e
h

al
al
e
e

small and the grains are accelerated by gravity toward t
wall. This is in contrast to the gravity-free case, and leads
a local decrease ofNd nearX50. Away from the edge, the
~negatively charged! grains experience an increasing ES
force which is in the opposite direction, thus reducing th
acceleration. Still further into the sheath the two forces eve
tually balance, leading to a minimum inNd . After this point,
the ES force exceeds that of gravity and decelerates
grains, leading to accumulation of the latter. However, th
accumulation of the negatively charged dusts reduces the
cal ES field~consisting of a positive part arising from the
charge separation of electrons and ions, and a negative
from the dusts!, which in turn causes a reduction of the ac
cumulation. Thus anNd maximum occurs. After that,Nd
again decreases because of the gravity and the ES force~the
local ES field can even become negative! until it reaches the
next minimum. This process repeats until the wall~deter-
mined by conditions there! is reached or electrons become
depleted. Since gravity is unidirectional, the system cann
resume the initial state after each peak despite the absenc
friction. Because of the rapid reduction of electrons asX
increases, a more negative ES field~thus more dust accumu-
lation! is required to counter the positive field from the ion
in the sheath. Therefore, each succeeding peak is higher t
the previous one. Clearly, the fact that the chargeQd be-
comes less~more! negative asF increases~decreases! con-
tributes to the sharpness of the peaks.

With an increase of the grain radius, the number of pea
in the sheath decreases until only one peak remains, follow
by a rapid decrease of the dust density. Such a structure
shown in Fig. 7, wherer52.5mm. Note that in this case the
electron density is quickly depleted, leaving an ion and du
sheath. Furthermore, as a result of strong charge separa
very large electric fields appear. This causes the grain cha
to increase and eventually become positive. Thus the
force decreases, and can eventually change its direction~so
that it is the same as that of gravity!. In this case, both forces
pull the grains toward the wall, leading to the abrupt drop
the dust density~see Fig. 7!. At even larger grain radii, the
single peak is eventually smoothed out. Furthermore, t
dust density rapidly drops to zero, so that a pure ion she
appears. The latter phenomenon occurs because for la

FIG. 7. Same as Fig. 5, except herer52.5mm.



5
er
a

e
th
an
fo

ed
s
til
E
a
ls

u
ot

om

du
th
tio
he

on

ou
ar
t

f the

for
.e.,
is
his

fy

odel
een

on
ole
e-
rag
the
ol-
and
x.

k
cy

nce
da-
e
.

4632 55J. X. MA, JIN-YUAN LIU, AND M. Y. YU
grains~or for sufficiently largeX as in the cases of Figs.
and 6!, the gravitational force, which now dominates ov
the ES force, rapidly accelerates the dust grains to the w

V. SUMMARY AND DISCUSSION

In this paper, we investigated the ES sheath structur
the boundary of a typical dusty plasma by considering
hydrodynamic motion of heavy dust grains under the ES
gravitational forces. It was shown that for small grains,
which gravity is negligible, the sheath profile resembles
soliton with highly localized dust density. For medium-siz
grains, an interplay of the ES and gravitational forces cau
a multilayer structure, or stratification of the dust. For s
larger grains, due to the dominance of gravity over the
force, the stratification disappears and the localization we
ens, as the grains are rapidly pulled to the wall. It should a
be noted that, although away fromx50 the ion density is
larger than the dust density, because of the large charge n
ber the dust charge can still dominate in determining the t
electric field. It is therefore appropriate to refer to such
region as a dust sheath. However, if the wall is very far fr
x50 ~as determined by the wall conditions!, the dusts can
vanish. In this case the usual ion sheath remains. The
distributions found here are in qualitative agreement with
experimentally observed phenomenon of dust localiza
@5,6,33#. The results here may also be relevant to the p
nomena of dust-particle growth@34,35# and dust-crystal for-
mation@25,26#, since the regions of intense dust localizati
provide favorable conditions for the latter.

Our analysis of dust dynamics is based on the continu
medium model which requires sufficiently many dust p
ticles within the characteristic length. Our results indica
s
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that the characteristic spatial scale of the dust sheath is o
order of a few electron Debye lengthsle . Roughly, the con-
tinuous medium model holds ifd,le , whered5nd

21/3 is
the intergrain distance. Thus, the present analysis is valid
nd.le

23 . On the other hand, the dust charging model, i
the orbit-limited probe model for the charging currents,
restricted to at most one grain in the Debye sphere. T
requiresd to be larger than the ion Debye lengthl i . There-
fore, the present study is applicable forle

23,nd,l i
23 . For

example, for a plasma withne'ni5109 cm23, Te51 eV,
and Ti50.1 eV, the dust density must satis
7.73104,nd,2.43106 ~in cm23). In general, if the dusts
are too rarefied or too dense, one has to use a discrete m
for the dusts, or take into account charge correlation betw
neighboring grains, respectively.

We have not included ion drag and neutral collisi
forces on the dust grains, both of which can play a r
@21,36#, especially in the regions of dust enhancement. D
pending on the ion density and grain radius, the ion d
force may be comparable to gravity. Thus, we expect that
ion drag can enhance the effect of gravity. The neutral c
lision force, on the other hand, depends on the gas flow
pressure, and can be significant if there is a large gas flu
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