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Liquid crystal phases of dipolar discotic particles
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Fluids of dipolar oblate ellipsoids of revolution are investigated in detail employing molecular dynamics
simulations. For aspect ratios~height-to-breadth! between;1.2 and;3, it is shown that these systems may
form two liquid crystal phases. These are a ferroelectric phase which is stable at higher temperatures and an
antiferroelectric columnar phase which is stable at lower temperatures. A partial phase diagram is given and the
important structural features of these phases are determined and discussed.@S1063-651X~96!12412-0#

PACS number~s!: 64.70.Md, 77.80.2e, 82.20.Wt
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I. INTRODUCTION

It is known both from experiment@1,2# and computer
simulations@3–6# that disk-shaped or discotic particles for
liquid crystal phases. In particular, nematic and colum
phases have been observed. The nematic director,d̂, is asso-
ciated with the alignment of the symmetry axes of the p
ticles. In the columnar phase the particles are arrange
columns creating long-range spatial order.

Fluids of discotic particles with a point dipole embedd
along the symmetry axis have also been investigated w
computer simulations@7,8#. In these simulations the particle
were modeled as cut spheres with lengthL and diameterD
chosen such thatD/L510. Two columnar phases were o
served. At low dipole moments unpolarized columns w
found. At higher dipole moments, completely polarized c
umns were observed but equal numbers were polarize
opposite directions such that the total polarization of the s
tem was zero. The columns were arranged with hexago
symmetry but the ‘‘up’’ and ‘‘down’’ columns were not ar
ranged in any well defined manner. No ferroelectric pha
were observed for this model. This behavior is consist
with that of fluids of dipolar prolate ellipsoids@9# and
spherocylinders@7,10# which also do not form any ferroelec
tric liquid phase. However, it contrasts with that of strong
interacting dipolar spheres which have a well defined fer
electric nematic phase@11,12#.

It is evident that particle shape has a significant role
determining the stability of ferroelectric liquid phases. Ho
ever, the influence of particle shape has not been system
cally investigated and understood. The present paper is a
in that direction. We use molecular dynamics~MD! simula-
tions to investigate the phase behavior of fluids of dipo
oblate ellipsoids of varying aspect ratio. A partial phase d
gram is presented and discussed. It is shown that interes
ferroelectric behavior exists at intermediate aspect ratios

II. MODEL AND SIMULATION DETAILS

We consider oblate ellipsoids of revolution with point d
poles embedded at the center as shown in Fig. 1~note that
s15s2 in the present application!. The pair potential is of
the form
551063-651X/97/55~1!/447~8!/$10.00
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u~12!5urep~12!1uDD~12!, ~1!

whereurep(12) represents a repulsive~rep! Gaussian ellip-
soid interaction and

uDD~12!523~m1•r !~m2•r !/r
51m1•m2 /r

3 ~2!

is the dipole-dipole~DD! potential. In Eq.~2!, mi is the di-
pole associated with particlei , r5r22r1, and r5ur u. The
Gaussian ellipsoid interaction or Gaussian overlap poten
was introduced by Berne and Pechukas@13# for ellipsoids of
revolution and we have since extended the method to
general case@14#. In the notation of@14#, urep(12) can be
expressed in the general form

urep~12!54«8expFsS 12
r 2

s82D G , ~3a!

where

«85«
Aub11b2u

AuT11T2u
, ~3b!

r 2

s82
52~BB/4A2C!:rr ~3c!

FIG. 1. A sketch of the dipolar ellipsoid model. All relevan
labels are explained in the text.
447 © 1997 The American Physical Society
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448 55G. AYTON, D. Q. WEI, AND G. N. PATEY
and explicit expressions for the matricesb, T, C, as well as
the vectorB and the scalarA are given in the appendix. In
Eq. ~3a!, s can be regarded as a ‘‘hardness’’ parameter wh
determines the strength and range of the repulsive poten
As s becomes larger the potential becomes sharper and
particles behave essentially as hard ellipsoids. In this c
s8 is approximately the distance of closest approach for
particles at their respective orientations. In the present ca
lationss520 was used. This gives a very sharp and rapi
decaying potential. Calculations with larger values ofs gave
very similar results.

The properties of the system were explored by carry
out constant temperature MD simulations@15# employing pe-
riodic boundary conditions and the Ewald summati
method @16#. Most calculations were carried out with 25
particles but some runs withN5500 were done to ensur
that the results obtained were not significantly dependen
system size. The dielectric constant of the surrounding c
tinuum @16# e8 was taken to bè in most simulations. Tests
with e851 gave similar results in isotropic systems and
expected domain structure was observed in ferroelec
phases@11#. All simulations were carried out using the re
duced time step,dt*5dtAma2/«50.0012 (m is the mass,
a[2s3 is the particle ‘‘height’’!. All simulations were ini-
tiated with oblate particles on a face-centered-cubic latt
The system was then equilibrated for 20 000 time steps w
no dipolar interactions at the density and temperature of
terest. A configuration was then chosen from the equilibra
isotropic system~note that without dipolar forces all system
considered here would be isotropic! and the dipolar forces
were switched on. Equilibration runs of 100 000 time ste
were then followed with production runs of 200 000 tim
steps over which the averages of interest were taken. S
dard deviations were estimated by dividing the product
runs into ten equal blocks and assuming that the block a
ages were independent measurements.

We are mainly interested in orientational order and t
was detected by calculating the first- and second-rank o
parameters,̂P1& and ^P2&, respectively. In our model the
dipole is along the molecular symmetry axis. Therefore,
instantaneous value ofP2 is taken to be the largest eigen
value of the ordering matrix,Q, with elements defined by
@15#

Qab5
1

N(
i51

n
1

2
~3ma

i mb
i 2dab!, ~4!

where ma
i is the a component of the unit vecto

m̂i5(m)21mi . The eigenvector corresponding to the larg
eigenvalue is the instantaneous directord̂. Again, since the
dipole moment is along the symmetry axis of the particle,
can define the instantaneous first-rank order paramete
@11,17#

P15
1

NU(
i51

N

m̂i•d̂U. ~5!

If the system considered is isotropic, both order parame
will have small, near-zero values~near zero rather than zer
because we are considering systems of finite size!. If the
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system is ferroelectric, both order parameters will be n
zero. It is also possible to have systems which are orde
but antiferroelectric~e.g., polarized columns with equa
numbers up and down!. In this casê P1& will be near zero
but ^P2& will be nonzero.

In order to investigate the development of spatial str
ture, it is useful to calculate parallel (uu) and perpendicular
(') correlation functions,guu(r uu) andg'(r'), respectively.
If the instantaneous director is given byd̂, thenr uu andr' are
the vectorsr uu5(r•d̂)d̂ andr'5r2r uu . The correlation func-
tions are defined as

guu~r uu!5
^n~r uu ,r uu1dr uu!&

^n0~r uu ,r uu1dr uu!&
, ~6!

g'~r'!5
^n~r' ,r'1dr'!&

^n0~r' ,r'1dr'!&
. ~7!

In the parallel case,̂n& is the average number of particles
a disk-shape shell perpendicular tod̂ at r uu of width dr uu and
radius@(L/2)22r uu

2#1/2, whereL is the length of the simula-
tion cell. In the perpendicular case,^n& is the average num
ber of particles in a cylindrical shell aboutd̂ of radiusr' ,
width dr' , and height 2@(L/2)22r'

2 #1/2. In both caseŝn0&
is the average number of particles one would expect in
relevant shell calculated using the angle-averaged pair di
bution function. In an isotropic or nematic fluid, bot
guu(r uu) andg'(r') will be one everywhere. Positional orde
parallel and/or perpendicular to the director will appear
peaks in these correlation functions. For example, colum
ordering results in a large peak ing'(r') at r'50 and in
peaks inguu(r uu) at multiples of the particle height. Som
structural and orientational information can also be obtain
by calculating projections of the pair correlation functio
@11# and this was also done in the present simulations.

In addition to collecting structural information, we als
checked for solidification by monitoring the mean squa
displacement̂ ur i(t)2r i(0)u2&, wherer i is the position vec-
tor of particle i at time t. Of course, in fluids this function
will increase linearly in time at long times in accord with th
Einstein relationship@15#; for solids it will rapidly become
constant ast increases.

III. RESULTS AND DISCUSSION

It is usual to characterize hard oblate ellipsoids of revo
tion by specifying the breadth-to-height ratiob/a. For the
present ‘‘soft’’ repulsive model we follow the same conve
tion and setb/a[2s1/2s3 ~see Fig. 1; note thats15s2 in
the present case!. The thermodynamic state of a system
dipolar oblate ellipsoids is then completely determined
fixing b/a, the reduced dipole momentm*5(m2/«a3)1/2, the
reduced temperatureT*5kT/« (k is the Boltzmann constan
andT is the absolute temperature!, and the reduced densit
r*5rab2. In the present paper we examine systems of
polar oblate particles with aspect ratios ranging fro
1.2<b/a<3 at various reduced temperatures and densit
A partial phase diagram is obtained and the phase beha
observed is rationalized by examining the local structure
the fluid.
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A. Dipolar lattice calculations

As a preliminary investigation, it is interesting to calc
late the energy of two dipolar lattices chosen to be consis
with the observedlocal structure in ferroelectric nematic an
antiferroelectric columnar phases. For dipolar spheres in
ferroelectric nematic phase the local structure resemble
tetragonal I crystal@11#. The tetragonal I structure is also th
ground state of solids composed of dipolar spheres@18#. The
antiferroelectric columnar phase has polarized columns
ranged with hexagonal symmetry. The up or down arran
ment of polarized columns is completely random and the
polarization of the system is zero@7,8#. Both lattices can be
constructed by arranging columns of dipoles in an appro
ate manner. In the antiferroelectric case the columns w
first arranged on a hexagonal lattice and then equal num
of columns were randomly oriented up or down. The dipo
dipole distance in the column was fixed ata and the reduced
density atr*51. Lattices corresponding to different value
of b/a were then generated by expanding the system in
rections perpendicular to the dipoles. The total dipole-dip
energy was calculated by employing the Ewald method.

The dimensionless dipole-dipole energy per partic
UDDa

3/Nm2, obtained for both lattices is shown in Fig.
For reference, it is useful to note that for a single, isolat
infinite column of dipolar particlesUDDa

3/Nm2522.40.
From Fig. 2 we see that for spherical particles the ferroe
tric lattice has the lowest energy. This is consistent with
observed local structure in ferroelectric fluids of dipo
spheres. As the aspect ratio is increased, the energies of
lattices approach the single infinite chain result and, in fa
for values ofb/a*1.5 the differences are insignificant. Thu
the antiferroelectric behavior observed in fluids of dipo
cut spheres withD/L510 @7,8# can be explained simply in
terms of entropy. The column-column interactions in t
fluid are so weak that entropy ensures that equal num
will be polarized in different directions. Finally, for small t
intermediate aspect ratios~i.e., &1.5) the suggested groun
state is a ferroelectric tetragonal I lattice. However, the
havior of the finite temperature fluids is not obvious fro
these lattice considerations and detailed simulations are
quired.

FIG. 2. The reduced dipolar energy per particle,UDDa
3/Nm2,

for different lattices of oblate dipolar particles. The triangles are
the antiferroelectric columnar lattice and the squares are for
ferroelectric tetragonal I lattice.
nt

e
a

r-
e-
et

i-
re
rs
-

i-
e

,

,

c-
e

oth
t,

r

rs

-

e-

B. MD simulations

It is useful to begin by considering some MD results
T*51.9 andm*53.0. The average order parameters o
tained forb/a51.2, 1.3, and 1.5 are shown as a function
density in Fig. 3. It must be emphasized that in the abse
of dipolar interactions all three systems would be isotrop
Indeed, it is well known@3,4# that hard oblate ellipsoids do
not have a liquid crystal phase for aspect ratios,3. There-
fore any orientational order observed here arises mainly fr
the dipolar interactions. From Fig. 3, we see that all th
systems undergo an orientational ordering transition n
r*'0.78. Furthermore, the ordered phase is ferroelec
Also, one notes that the transition becomes sharper and
ordering more pronounced asb/a is increased. This behavio
is apparent both in̂P1& @Fig. 3~a!# and ^P2& @Fig. 3~b!#.
Thus based on these particular simulations one might c
clude that, at least for intermediate values, increasingb/a
favors ferroelectric ordering. However, the situation is not
simple. If, for b/a51.5, the density scan is repeated at
lower temperature, one again finds orientational ordering
indicated by^P2& but no ferroelectric ordering is observe
For example, forr*50.792,^P1&'0.15 atT*51.35 com-
pared with;0.75 atT*51.9.

This effect is clearly shown in Fig. 4 where the ord
parameters are plotted as a function ofT* for a system with
b/a51.45 andr*50.792. There is nothing special abo
these values ofb/a andr* and other systems exhibit simila
behavior. From the plot we see that the system is polari
~i.e., ^P1& is not zero! for a narrow temperature range aroun
T*'1.9. Both above and below this temperature ran
^P1& is near zero. At higher temperatures^P2& is also;0

r
e

FIG. 3. The order parameters^P1& ~a! and^P2& ~b! as functions
of reduced density atT*51.9. The squares, circles, and triangl
are forb/a51.5, 1.3, and 1.2, respectively.
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indicating that the system is simply isotropic. However, b
low T*'1.9,^P2& remains large despite the fact that^P1& is
near zero. This indicates that at lower temperatures the
tem is orientationally ordered but unpolarized. This stron
suggests that at the lower temperatures strong columnar
relations develop resulting in an antiferroelectric column
phase similar to that previously observed@7,8# for fluids of
dipolar cut spheres with a much larger aspect ratio.

Evidence for this conclusion is provided in Fig. 5 whe
we show configurational ‘‘snapshots’’ for systems wi
b/a51.45,r*50.792 atT*51.35, 1.9, and 2.5. We see th
at T*51.35 @Fig. 5~a!# there is antiferroelectric columna
order. The columns are not very rigid and there is no obvi
hexagonal order as one finds for larger aspect ratios. Ne
theless, the columns are polarized and approximately e
numbers are oriented in opposite directions such that the
no net polarization. As the temperature is increased
T*51.9 @Fig. 5~b!#, the columnar structure weakens furth
and a ferroelectric phase is formed. AtT*52.5 @Fig. 5~c!#
the system is clearly isotropic and there is no orientatio
order of any kind.

The mean square displacements obtained for all three
tems are shown as functions of the reduced time,t* , in Fig.
6. We note that for all three phases^ur i(t)2r i(0)u2& in-
creases continually witht* indicating that all three are fluid
The diffusion becomes slower at lower temperatures~i.e., in
the liquid crystal phases! but certainly remains finite.

It is interesting to considerguu(r uu) and g'(r') for the
same systems. These functions are plotted in Fig. 7. We
that they exhibit no structural features atT*52.5, indicating
that as expected the isotropic system has no long-range
tial correlations. AtT*51.9 and 1.35, the peaks inguu(r uu)
andg'(r') indicate that columnar correlations are prese
The strong peak ing'(r') @Fig. 7~a!# at r'*50 arises from
particles in the same column. The peaks atr'*;1.5 and 3
result from near-neighbor and next-near-neighbor colum
~recall thatb/a51.45). The sharp peaks inguu(r uu) @Fig. 7~b!#
at r uu*51, 2, and 3 result from particles in the same colum
The absence of peaks at;1.5 and;2.5 indicates that there
is no signification interdigition of the columns as one wou
expect with tetragonal-I-like correlations. As the temperat
is decreased and the system passes from the ferroele
phase (T*51.9) to the antiferroelectric phase (T*51.35)
the columnar correlations become stronger but there is
sudden qualitative change. This suggests that as the fe

FIG. 4. The order parameters^P1& ~triangles! and^P2& ~circles!
as functions ofT* at b/a51.45 andr*50.792.
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FIG. 5. Configurational snapshots of systems withb/a51.45
andr*50.792 atT*51.35 ~a!, T*51.9 ~b! andT*52.5 ~c!. The
light and dark particles are oriented in opposite directions.



i
e
i
tly
at
tly
th
sy
tr

to
is

. I

er,

ove.

t
ase,

t at
or-

tly
at
der.
d
-
is,

mns
no

ge
,

t

c
fo

d

for

s a
per

55 451LIQUID CRYSTAL PHASES OF DIPOLAR DISCOTIC . . .
electric phase is cooled the columnar correlations grow
length and strength until some critical condition is reach
and the ferroelectric-antiferroelectric transition occurs. It
likely that this occurs when the columns are sufficien
‘‘firm’’ and well enough defined to be regarded as separ
entities which can be moved or inverted without significan
increasing the energy of the system. In other words, in
ferroelectric phase the fluid still behaves essentially as a
tem of independent particles; whereas, in the antiferroelec
phase it behaves more as a collection of columns.

It is also instructive to examineg110(r ), which is the pro-
jection of the pair correlation function proportional
^m̂1•m̂2& r , where the subscriptr indicates that the average
evaluated at the separationr @11#. It is obvious thatg110(r ) is
a direct measure of the tendency of the dipoles to align

FIG. 6. Mean square displacements as functions of the redu
time t* . The solid, dashed, and long-dashed lines are
T*51.35, 1.9, and 2.5, respectively.

FIG. 7. The functionsg'(r') ~a! and guu(r uu) ~b! for systems
with b/a51.45 and r*50.792. The solid, dotted, and dashe
curves are forT*51.35, 1.9, and 2.5, respectively.
n
d
s

e

e
s-
ic

n

fact, in a ferroelectric phase without long-range spatial ord
g110(r ) becomes constant and proportional to^P1& as
r→` @11#. In Fig. 8, g110(r ) is plotted for the isotropic,
ferroelectric, and antiferroelectric systems discussed ab
It can be seen that in the isotropic phase,g110(r ) has a rela-
tively weak peak atr *51 and decays rapidly to zero a
larger separations as expected. In the ferroelectric ph
g110(r ) is more strongly peaked atr *51 and peaks also
occur atr *;1.5, 2, and 3. The peak at;1.5 is associated
with particles in neighboring ‘‘columns.’’ The peak at;2 is
due to next-near neighbors in the same column and tha
;3 includes contributions from both the same and neighb
ing columns. Also in the ferroelectric phase,g110(r ) ap-
proaches a nonzero constant at larger and we have verified
that the value of this constant is consistent with the direc
measured̂ P1&. In the antiferroelectric phase the peaks
r *'1 and 2 are sharper indicating increased columnar or
Furthermore, the peak atr *'1.5 has essentially vanishe
indicating that it is equally likely to find the dipoles in neigh
boring columns in parallel or antiparallel orientations. Th
together with the fact thatg110(r ) decays rapidly to zero, is
strong evidence that in the low temperature phase colu
polarized up or down occur more or less randomly and
domain structure exists.

It is also useful to consider the behavior of the avera
reduced energy,^U* &/N[^U&/N«, and heat capacity
CV* /N[CV /Nk, as functions of T* and results for
b/a51.45 andr*50.792 are shown in Fig. 9. The hea

ed
r

FIG. 8. The projectiong110(r ) for systems withb/a51.45 and
r*50.792. The solid, dotted, and dashed curves are
T*51.35, 1.9, and 2.5, respectively.

FIG. 9. The reduced configurational energy per particle a
function of T* . The inset is the reduced excess heat capacity
particle.
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capacity~inset! was obtained by numerical differentiation o
the average energy. The sudden drop in energy and the
respondingly sharp peak in heat capacity indicate
isotropic-ferroelectric transition atT*'1.9. There is also a
small bump in the heat capacity atT*'1.65 which appears
to be associated with the ferroelectric-antiferroelectric tr
sition evident in the order parameter plot~Fig. 4!.

The influence of particle anisotropy on ferroelectric ord
at fixed temperature and density is shown in Fig. 10. Here
have plotted the order parameters as a function ofb/a at
T*51.9 andr*50.792. We see that̂P2& increases with
increasingb/a, reaches a maximum atb/a'1.6, and then
decreases slightly for larger aspect ratios. The polariza
increases withb/a for values&1.45; atb/a51.45 the sys-
tem is strongly ferroelectric. For larger values ofb/a, the
polarization declines quite rapidly as columnar correlatio
grow and the antiferroelectric behavior discussed above
comes established.

C. Simple phase diagram

We have carried out a number of further simulations
different systems and the results are conveniently sum
rized in the partial ‘‘phase diagram’’ given in Fig. 11. He
we have plotted phase boundaries on a (b/a, T* ) diagram
and the stable phase in each region is indicated. The re

FIG. 10. The order parameterŝP1& ~triangles! and ^P2&
~circles! as functions of the aspect ratio atT*51.9 and
r*50.792.

FIG. 11. An approximate phase diagram for dipolar oblate
lipsoids withm*53 andr*50.792. The phases indicated are is
tropic ~I!, ferroelectric liquid~FE L!, antiferroelectric liquid~AFE
L!, ferroelectric solid~FE S! and antiferroelectric solid~AFE S!.
or-
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shown are form*53 andr*50.792. This reduced densit
was chosen to emphasize the ferroelectric liquid region.
lower densities the isotropic phase would be stable at lo
temperatures, while at higher densities the solid would
cupy a larger region of the phase diagram. The phase bo
ary lines were obtained by examining the order parame
and the mean square displacement for selected systems
emphasize that these lines were not obtained from rigor
thermodynamic calculations and are therefore approxim
Also, it must be noted that we do not know the ground st
~zero temperature! crystal structures. The solids we refer
are those obtained simply by cooling the liquid until the
was no significant diffusion. However, for larger aspect
tios where the particles do not freeze into a well defin
lattice, it is not really possible to determine if a system h
truly frozen or merely become a very viscous glass. For th
systems the diffusion constant decreases essentially con
ously as the system is cooled and does not provide a dis
transition temperature. To emphasize this uncertainty the
timated solid-liquid boundary in Fig. 11 is shown as a dash
line for b/a.1.2. We make no estimate at all of the solid
fication temperature forb/a.1.5.

In the near spherical regime~i.e., b/a&1.2) we see be-
havior familiar from earlier work@11#. Upon cooling the
isotropic phase a ferroelectric fluid is obtained which up
further cooling freezes to a ferroelectric solid. The structu
of the solid is tetragonal I and the ferroelectric liquid crys
has local structure reminiscent of this.

At some aspect ratio aboveb/a'1.2 two liquid crystal
phases exist. When the isotropic system is cooled a ferroe
tric phase is formed. In this phase the local structure is
tetragonal-I-like as in the spherical case, but there are sh
range columnar correlations. Upon further cooling, the
lumnar order increases and what we may loosely call
antiferroelectric columnar fluid phase is formed. Thus t
ferroelectric fluid is stable in a rather narrow temperatu
range between the isotropic and antiferroelectric fluids.
b/a is increased, the isotropic-ferroelectric and ferroelectr
antiferroelectric transition temperatures increase and m
closer together. Thus, asb/a increases the temperature ran
of the ferroelectric phase decreases and eventually vanis
For example, forb/a52 the ferroelectric-antiferroelectric
transition is atT*'2.3 and the reduced temperature range
the ferroelectric is;0.2. Forb/a53 we find no ferroelectric
phase at all. These observations are not surprising. Part
with larger aspect ratios have a stronger tendency to fo
columns and eventually the system transforms directly fr
the isotropic to the antiferroelectric columnar phase with
passing through a ferroelectric state.

IV. CONCLUSIONS

The purpose of this paper has been to explore the in
ence of particle shape upon the existence of ferroelectric
uid phases. It is shown that dipolar oblate particles exh
rather interesting phase behavior. For aspect ra
b/a&1.2 these systems form a single ferroelectric liqu
crystal phase similar to that previously observed for dipo
spheres@11,12#. However, for larger aspect ratios two liqui
crystal phases are found. Cooling of the isotropic ph
yields a ferroelectric liquid with short-range columnar corr

l-
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55 453LIQUID CRYSTAL PHASES OF DIPOLAR DISCOTIC . . .
lations but no long-range spatial order. Upon further cool
the polarization vanishes and an antiferroelectric colum
liquid is formed. Thus the ferroelectric liquid exists over
temperature range between the isotropic and antiferroele
columnar phases. As the aspect ratio is increased the
perature range for which the ferroelectric phase is stable
comes progressively narrower and eventually vanishes
values ofb/a*3. For aspect ratios*3, the isotropic fluid
transforms directly to the antiferroelectric columnar st
without passing through the ferroelectric phase. This is c
sistent with earlier observations for dipolar cut spheres w
large aspect ratios@7,8#.
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APPENDIX: REPULSIVE GAUSSIAN
OVERLAP POTENTIAL

The Gaussian overlap model provides a continuous re
sive pair potential that is particularly suited for MD simul
tions of ellipsoidal particles.
th
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g
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e-
or
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Employing the notation of Ref.@14#, the orientation and
shape of a three dimensional Gaussian ellipsoid can be
scribed by the tensorT defined as

T5RtbR. ~A1a!

Hereb is the tensor

S 1/2s1
2 0 0

0 1/2s2
2 0

0 0 1/2s3
2
D , ~A1b!

wheres1, s2, ands3 are the principle radii of the ellipsoid
cast in standard form~see Fig. 1!. R is a rotation matrix~its
transpose is denotedRt) which expressed in quaternions h
the form @15#
S q0
21q1

22q2
22q3

2 2~q1q21q0q3! 2~q1q32q0q2!

2~q1q22q0q3! q0
22q1

21q2
22q3

2 2~q2q31q0q1!

2~q1q31q0q2! 2~q2q32q0q1! q0
22q1

22q2
21q3

2D , ~A1c!
where

q05cos12u cos12 ~f1c!, ~A1d!

q15sin12u cos12 ~f2c!, ~A1e!

q25sin12u sin12 ~f2c!, ~A1f!

q35cos12u sin12 ~f1c!, ~A1g!

andu, f, andc are the Euler angles@15#.
The pair interaction is assumed to be proportional to

overlap integral of two Gaussian ellipsoids. For two identi
ellipsoids at separationr and with orientations defined by th
quaternion setsqi andqj , the interaction energyu(r ,qi ,qj )
is given by@14#

u~r ,qi ,qj !5
4«Aubi1bj u

AuT i1T j u
es[11~BB/4A2C!:rr ] . ~A2!

If we define the tensorS as

S5T i1T j , ~A3!

then
e
l

A5
uT i1T j u

SyySzz2Syz
2 , ~A4!

and the components of the vectorB are

Bx5
22

SyySzz2Syz
2 UTjxx

Tj xy
Tj xz

Syx Syy Syz

Szx Szy Szz
U , ~A5a!

By5
22

SyySzz2Syz
2 UTjxy

Tj yy
Tj zy

Syx Syy Syz

Szx Szy Szz
U , ~A5b!

Bz5
22

SyySzz2Syz
2 UTjxz

Tj yz
Tj zz

Syx Syy Syz

Szx Szy Szz
U . ~A5c!

The elements of the symmetric tensorC are
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Cxx5Tjxx
2

~SyzTj xz
2SzzTj xy

!2

Szz~SyySzz2Syz
2 !

2
Tjxz
2

Szz
, ~A6a!

Cyy5Tj yy
2

~SyzTj yz
2SzzTj yy

!2

Szz~SyySzz2Syz
2 !

2
Tj yz
2

Szz
, ~A6b!

Czz5Tjzz
2

~SyzTj zz
2SzzTjzy!

2

Szz~SyySzz2Syz
2 !

2
Tjzz

2

Szz
, ~A6c!
a

tt

R

hy

hy

R

Cxy5Tjxy
2

~SyzTj xz
2SzzTj xy

!~SyzTj yz
2SzzTj yy

!

Szz~SyySzz2Syz
2 !

2
Tjxz

Tj yz

Szz
,

~A6d!

Cxz5Tjxz
2

~SyzTj xz
2SzzTj xy

!~SyzTj zz
2SzzTj zy

!

Szz~SyySzz2Syz
2 !

2
Tjxz

Tj zz

Szz
,

~A6e!

Cyz5Tj yz
2

~SyzTj yz
2SzzTj yy

!~SyzTj zz
2SzzTj zy

!

Szz~SyySzz2Syz
2 !

2
Tj yz

Tj zz

Szz
.

~A6f!
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