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Chaos and coherence in coupled lasers
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A fundamental chaotic instability in a system of two coupled lasers is investigated both experimentally and
theoretically. The amplitude instability and mutual coherence of the light emitted by the lasers is investigated
as a function of the detuning and coupling parameters. A quantitative comparison of the intensity fluctuations
is made with numerical simulations that include noise in the laser detuning.@S1063-651X~97!03904-4#

PACS number~s!: 05.45.1b, 42.50.Lc, 42.55.Rz
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Haken’s seminal analogy between fluid dynamics and
ser instabilities initiated extensive studies of the Lorenz-l
chaotic dynamics of the single mode far-infrared ammo
laser over the last two decades@1,2#. While this is conceptu-
ally the simplest chaotic laser system, it is also of great f
damental interest that two single-mode lasers that are st
individually can exhibit a chaotic instability when couple
@3,4#. Such a system provides a beautiful illustration of t
rich and complex dynamical behavior of two coupled no
linear oscillators. Pairs of neurons@5#, pacemaker cells@6#,
chemical oscillators@7#, and Josephson junctions@8# provide
other examples of coupled nonlinear oscillator systems
has been theoretically recognized that the amplitudes of
coupled oscillators can display a rich variety of unstable
haviors for certain regimes of coupling strength@9#. How-
ever, there are no experiments on physical systems that
quantitatively probed the relationship between the cha
amplitude instability and phase coherence of coupled non
ear oscillators. In this paper we report the results of prec
measurements of the amplitude dynamics and phase co
ence of coupled lasers and make quantitative comparis
with numerical models.

Many studies of coupled lasers have been motivated
the need for high power coherent sources. Coupled semi
ductor, solid state, and CO2 lasers have been studied@4,10–
12#, but it is the spatial properties of the output radiation th
have received the most attention, rather than the dynam
characteristics of the emitted light@13#. Here, we study the
chaotic dynamics and mutual coherence@14# of two coupled
single-mode Nd:YAG~neodymium doped yttrium aluminum
garnet! lasers that are detuned from each other by a v
small amount~roughly 1 part in 108 of the oscillator fre-
quency! and for which we can vary the coupling streng
over many orders of magnitude.
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The following equations describe the time evolution
the complex, slowly varying electric fieldE and gainG of a
pair of spatially coupled, single transverse and longitudi
mode class B lasers@15,16#

dE1
dt

5tc
21@~G12a!E12kE2#1 iv1E1 , ~1a!

dG1

dt
5t f

21~p12G12G1uE1u2!, ~1b!

dE2
dt

5tc
21@~G22a2!E22kE1#1 iv2E2 , ~1c!

dG2

dt
5t f

21~p22G22G2uE2u2!. ~1d!

In these equations,tc is the cavity round trip time
('450 ps for a cavity of length of 6 cm!, t f is the fluores-
cence time of the upper lasing level of the Nd31 ion
(240ms for the 1064 nm transition!, p1 andp2 are the pump
coefficients,a1 anda2 are the cavity loss coefficients, an
v1 and v2 ~angular frequencies! are the detunings of the
lasers from a common cavity mode, respectively. The las
are coupled linearly to each other with strengthk, assumed
to be small, and the sign of the coupling terms is chosen
account for the observed stale phase-locked state in w
the lasers have a phase difference of 180°. For laser be
of Gaussian intensity profile and 1/e2 beam radiusr the cou-
pling strength, as determined from the overlap integral of
two fields, is defined ask5exp(2d2/2r 2). Control param-
eters are the frequency detuning of the lasers (Dv
5v22v1) and the coupling coefficientk.

The dependence of the system dynamics on parame
can be numerically investigated by integrating Eqs.~1! using
different values ofk andDv. Figure 1 displays the predicte
amplitude instability of the two lasers and its relationship
the coherence of the laser light as a function of both the la
separationd and the detuningDv. The height of the graph
shows the largest intensity value of laser 1 recorded du
the 5 ms integration time. The color coding shows the deg
of mutual coherence between the two lasers, as measure
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FIG. 1. ~Color!. Numerically computed parameter space plot of the amplitude instability of two lasers as a function of both the se
d and detuningDv. Herep150.053,p250.051,a15a250.04, andr5225mm. We use pump parameters that differ by a few percen
the simulation to account for the fact that the two lasers may be nonidentical in the experiment. The height of the graph indicates t
intensity value recorded at a given value of separation and detuning, while the color of the graph denotes the degree of mutual
between the two lasers, as indicated by the fringe visibility. Blue colors indicate low visibilities, while red colors indicate visi
approaching unity, as shown in the legend.
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the fringe visibility. The visibility V of the fringe pattern
formed by the small angle interference of the laser beam
defined asV5(Imax2Imin)/(Imax1Imin) whereImax and Imin
are adjacent maxima and minima in the fringe profile. T
fringe visibility is directly proportional to the absolute valu
of the complex degree of mutual coherence@14#. Low vis-
ibilities, shown as blue colors in this figure, indicate states
low mutual coherence, while reds indicate visibilities a
proaching one and therefore high degrees of mutual co
ence. One can clearly see from Fig. 1 that the area where
intensity instabilities exist occurs just before the onset
phase locking and that significant intensity oscillations
pear only around a rather narrow band of detuning val
between 105 and 106 s21. A single positive Lyapunov ex-
ponent was computed in this regime with a typical value
is

e

f
-
r-
he
f
-
s

f

'104 s21, demonstrating the chaotic nature of the instab
ity.

Insight into the amplitude instability can be obtained
considering the special case of identical laser parameters
by assuming that the two laser amplitudes and gains
identical. Equations~1! then reduce to

dE
dt

5tc
21@G2a2k cos~F!#E, ~2a!

dG

dt
5t f

21~p2G2GE2!, ~2b!
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dF

dt
52tc

21k sin~F!1Dv ~2c!

for the laser amplitudesuE1u5uE2u5E, gainsG15G25G
and phase differenceF5f22f1, wheref1 is the phase of
the fieldEi .

Equations~2a!–~2c! are the rate equations describing
single mode class B laser with variable losses. The ph
equation can be integrated exactly, andF(t) is an un-
bounded function of time if the detuninguDvu exceeds a
critical detuningDvc , where

Dvc[2ktc
21 . ~3!

This is the critical condition for an amplitude instabilit
@4#; we also note that the lasers are phase locked for de
ings smaller thanDvc @16#. If condition ~3! is obeyed, then
the laser equations~2a! and ~2b! are periodically modulated
by the cos@F(t)# term. The frequency of these modulations
given by

vM[ADv22Dvc
2. ~4!

On the other hand, it is known that the laser relaxation
cillation frequencyvR (52pnR) for small tc /t f andk50
is given by

vR[S 2~p2a!

tct f
D 1/2. ~5!

This implies the possibility of subharmonic resonance
the ratio ofvM tovR is close to an integer. These resonanc
then produce branches of subharmonic solutions which
plain the destabilization of the laser system@17,18#.

We have tested the prediction of the amplitude instabi
with the experimental system of Fig. 2, which consists
two parallel, laterally separated lasers created by pumpin

FIG. 2. Experimental system for generating two latera
coupled lasers in a Nd:YAG crystal and observing the amplitu
instability. RP is a rectangular prism; translating this dev
changes the pump beam separation, and thus the infrared
separation. The Nd:YAG crystal is coated for high reflectivity~HR!
on one side and antireflection coated~AR! on the other. The outpu
coupler ~OC! is 2% transmissive; both mirrors at flat. FPI is
scanning Fabry-Pe´rot interferometer, and as used to measure
mode spectrum of both lasers.
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single Nd:YAG rod of 5 mm length and diameter in a pla
parallel cavity. The pump beams are generated from the
gon ion laser output (l5514.5 nm! by a system of beam
splitters and prisms that ensure parallel propagation at
adjustable separation symmetric with respect to the YAG
axis. The optical cavity consists of one high reflection coa
end face of the rod and of an external planar output cou
with 2% transmittance. A Brewster plate and thick etal
within the cavity ensure linear polarization and single lon
tudinal mode operation. The lasers were operated at appr
mately 33% above threshold pump power. For these par
eters, the relaxation oscillation frequency,nR , is of the order
of 100 kHz. The frequency detuning between the two las
can be adjusted by tilting the output coupler slightly, there
introducing a minute difference in cavity lengths.

Thermal lensing induced in the YAG crystal by the pum
beams of waist radius'20 mm is responsible for generatin
two stable, separate cavities@16#. The TEM00 infrared laser
beams have radii~at 1/e2 of the maximum intensity of the
Gaussian profile! of r'200mm and their overlap may be
continuously changed by varying the lateral separationd of
the pump beams over a range of 0.5 mm–3 mm. The pu
beam separation and profiles are measured directly by a
tating slit technique. In this range, there is no apprecia
overlap of the pump beams and coupling is entirely due
the spatial overlap of the infrared laser fields.

The individual output intensity time series are record
with fast photodetectors and a two channel digital oscil
scope. The optical frequency difference of the lasers is m
sured with a radio frequency spectrum analyzer after co
bining the two beams on a photodetector. A scanning Fab
Pérot interferometer was used to ensure that both las
oscillated only on a single longitudinal mode.

The change of dynamical behavior of the detune
coupled system can be seen as the separation of the p
beams is varied. For a large separation (d>1.20 mm! the
lasers were stable and incoherent. The visibility of t
fringes was low (V'0), and the heterodyne single was me
sured to be between 30 and 40 MHz. For a small separa
(d<0.8 mm!, the lasers are stable and phase locked. T
fringe visibility was high (V'1), and the heterodyne signa
was absent since the lasers were frequency locked. Fi
3~a! shows a typical intensity time trace characteristic of t
unstable regime. Large bursts of the intensity occur, se
rated by quiescent periods. Here the lasers were separate
1.03 mm, which impliesk'2.031025. Using Eq.~3!, we
find that the condition for an amplitude instability requir
uDvu.105 s21, which is verified in our experiments
(Dv'1 MHz!. The intermediate visibility ofV50.20 signi-
fies the onset of phase locking. The experimentally measu
visibilities are in excellent agreement we the numerica
computed values represented in Fig. 1.

In the experiment, a substantial amount of fluctuation
the detuning between the two lasers was observed; the
signal frequency in the unstable regime fluctuated betwee
and 10 MHz. In order to obtain quantitative comparison b
tween measured intensity time series and simulations,
numerically investigated the behavior of Eqs.~1! with a sto-
chastic detuning term, such thatDv(t)5v22v1, where
v i5v0,i1dv i(t). Here dv i(t) is a colored noise term o
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strengthD and correlation timel21, with the properties
^dv i(t)&50 and ^dv i(t)dv j (t1Dt)&5d i j Dl exp(2luDtu)
@19#.

We used three different statistical measures to comp
the numerically simulated and experimental traces—the n
malized standard deviation of the intensitys i / Ī , the average
interspike interval~ISI!, and the standard deviation of th
detuningsDv . The average ISI is determined by measuri

FIG. 3. Intensity time traces of~a! experiment and~b! numerical
simulation. The time trace in~a! was measured at a pump separati
of d51.03 mm, and illustrates the bursting nature of the amplitu
instability. The average interspike interval~ISI! is 1.9 ms, the nor-
malized standard deviations I / Ī50.10, and the standard deviatio
of the detuningsDv'106 s21. ~b! The numerically computed time
trace of the intensity of laser 1 with an exponentially correlat
stochastic detuning term of strengthD553109 s21 and correla-
tion time l2153 ms. The mean detuningDv0553105 s21, and
the standard deviation of the detuningsDv51.43106 s21. The av-
erage ISI was 1.7 ms, ands I / Ī50.12. The cavity losses were take
to be 4% and the lasers were pumped one-third above thres
with a 0.5% asymmetry.
v,
.

re
r-

the average time between adjacent bursts whose intens
are greater than some threshold, here defined to be 1.2 t
the average intensity. To avoid counting the same bu
twice, a ‘‘quiescence time’’tq of 0.8 ms was used such tha
a new spike would be detected no sooner thantq . The stan-
dard deviation of the detuning in the experiments was m
sured to be on the order of 10 MHz or less; numerica
sDv5ADl. Using these statistical measures, the parame
D and l were adjusted to give quantitative agreement
tween the observed experimental results and the nume
simulations. The range of parametersD and l that gave
quantitative agreement with experiment is very limite
D;O(109 s21) and l21;O(1023 s). Figure 3~b! shows a
good match with the experimental data.

In conclusion, we have demonstrated a fundamental
plitude instability of two coupled lasers and its relationsh
to the mutual coherence of the total field. Theoretical a
numerical predictions, using a dynamical model, of the ran
of coupling strengths where the instability is expected
occur agree very well with experimental observations. F
large separations, both the model and experiment re
stable intensities and no appreciable coherence. As the s
ration is decreased to just above the phase-locking po
large amplitude fluctuations are observed, in agreement w
numerical predictions. The laser fields exhibit a low deg
of mutual coherence for this range of coupling strength
was necessary to include stochastic detuning fluctuation
achieve quantitative agreement between experimental
simulation in the unstable regime. Finally, for even smal
separations, phase locking is achieved. The lasers are
found to be stable, mutually coherent, and frequency lock
These studies are directly relevant to the design of laser
rays; they also reveal a rich and complex dynamical scen
which should be systematically explored in the future fo
variety of different oscillator systems.
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