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Bjerknes force threshold for stable single bubble sonoluminescence

I. Akhatov,* R. Mettin, C. D. Ohl,† U. Parlitz, and W. Lauterborn
Drittes Physikalisches Institut, Universita¨t Göttingen, Bürgerstrabe 42-44, D-37073 Go¨ttingen, Germany

~Received 8 August 1996!

An investigation of the primary Bjerknes force acting on a bubble in a strong acoustic field is presented. The
approach takes into account the nonlinear resonancelike response of small bubbles to strong acoustic pressure
amplitudes. It is shown that for high pressure amplitudes even very small bubbles are repelled from the
pressure antinode. This result is in contrast to predictions using Bjerknes forces based on harmonic bubble
oscillations. The relevance of this high pressure instability for single bubble sonoluminescence experiments is
discussed.@S1063-651X~97!07203-6#

PACS number~s!: 47.20.Ky, 43.25.1y, 43.35.1d, 78.60.Mq
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The light emission associated with strong bubble colla
in an external sound field is calledsonoluminescence~SL!.
Since the work of Marinesco and Trillat@1#, it has been
investigated by many authors~see the review by Walton an
Reynolds@2#!. This type of sonoluminescence is now call
multibubble sonoluminescence~MBSL! and generically oc-
curs in acoustic cavitation@3–5# and sonochemistry@6–8#.
The interest in SL was restimulated by the elaborate exp
ments of Gaitanet al. @9#, who investigated SL of a single
bubble in water trapped by a strong acoustic standing-w
field. This phenomenon is calledsingle bubble sonolumines
cence~SBSL! and was subsequently studied in a number
papers@10#.

A prerequisite for SBSL are oscillating bubbles that
main stable in the presence of strong sound fields. Stab
theories have been presented~taking into account rectified
diffusion! that provide explanations for the existence
small, stably oscillating bubbles that have been observe
experiments on SBSL@11#. However, the source of the in
stability of SBSL occurring at even larger pressure am
tudes has not been totally clarified yet. The most popu
idea presented until now considers the onset of surface
cillations to be the main mechanism leading to an instabi
of the bubble at the pressure antinode@12,13#. However, no
theory exists connecting surface oscillation instability w
trapping instability. Trapping is caused by the prima
Bjerknes force and is a combined effect of the sound fi
and~nonlinear! bubble oscillations. In this paper we inves
gate the influence of the primary Bjerknes force on the
sitional stability of a single nonlinearly oscillating bubble
the vicinity of the pressure antinode of the levitating a
driving sound field.

A body of volumeV in a liquid under a pressure gradie
¹p experiences a forceF52V¹p. If these quantities vary
periodically in time or are fluctuating fast, the net force
the body is the time average ofF. The net radiation force
acting on a spherical bubble in a standing-wave sound fi
is called theprimary Bjerknes forceFB @3,14# and equals
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FB52 4
3p^R3~ t !¹p~ t !&, ~1!

where^•••& denotes the time averaging over a period of t
acoustic field.

For a quantitative investigation of the primary Bjerkn
force acting on a bubble in a strong acoustic field we c
sider the problem in spherically symmetric geometry in
compressible liquid with forced radial excitation, i.e.,
spherical bubble trap. The pressure distribution of the fi
radial mode, as a solution of the linear wave equation
spherical geometry, may be written in the following way:

p~r ,t !5p01
sinkr

kr
pa~ t !. ~2!

Here p0 is the initial uniform ~atmospheric! pressure,
pa(t)52Pasinvt is the acoustic pressure in the center of t
spherical volume with amplitudePa , r is the radial coordi-
nate,v andk5v/Cl are the frequency and the wave numb
of the acoustic field, andCl is the speed of sound in th
liquid. We will consider the behavior of a bubble in the clo
vicinity of the pressure antinode where the following a
proximation of the pressure distribution Eq.~2! may be used:

p~r ,t !5p01F12
~kr !2

6 Gpa~ t !. ~3!

Computing the pressure gradient from Eq.~3! results in

¹p52 1
3k

2pa~ t !r , ~4!

and the primary Bjerknes force Eq.~1! equals

FB5 f Br , f B5 4
9pk2^R3~ t !pa~ t !&. ~5!

Close to the vicinity of the pressure antinode the prima
Bjerknes force acts as a linear spring, and the ‘‘stiffne
coefficient’’ f B of this spring may change its sign. I
^R3(t)pa(t)& is negative then the coefficientf B,0, the
Bjerknes force is directed towards the center of the spher
flask, and the bubble is trapped. If^R3(t)pa(t)& is positive
then f B.0, the bubble is repelled, and the position of t
bubble in the pressure antinode is unstable.
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For Pa!p0 the bubble radiusR(t) oscillates as a har
monic oscillator. When plotting the ratioRmax/R0 vs the
equilibrium radiusR0 a maximum occurs at the Minnae
resonance radius

RM5
1

v
A3kp0

r
~6!

for a given frequencyv, density of the liquidr, and poly-
tropic exponentk @15#. It may be shown analytically@2,3#
that a bubble of less than this linear resonance size oscil
out of phase with the sound field~that means during the
positive driving pressure a reduction of the bubble volu
occurs! and bubbles larger than resonance size oscillate
phase. Therefore bubbles of equilibrium radiusR0,RM ex-
perience a negative Bjerknes force (f B,0) and move to-
wards the pressure antinode, and bubbles withR0.RM ex-
perience positiveFB and drift in direction to the pressur
node.

The theory for weakly nonlinear oscillations gives a go
description of the motion of bubbles in a weak stationa
sound field due to the primary Bjerknes force@2,3,14,16–
20#. Generally speaking the change of the sign of the prim
Bjerknes force is closely correlated with the response cur
that describe the dependence of the maximum size and
phase of bubble oscillations on the equilibrium radius of
bubble. Near the resonance radius the phase of the bu
oscillation changes rapidly yielding a change of the sign

FIG. 1. ~a! Response curveRmax/R0 vsR0 and~b! the coefficient
f B of the primary Bjerknes force Eq.~5! vsR0 for different pressure
amplitudesPa51.6 bar toPa51.9 bar. In~c!, the phases of the
maximum and the minimum value ofR are shown for the same
pressure values.
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the primary Bjerknes force. Because of this change in ph
linear theory predicts that all bubbles withR0,RM are al-
ways trapped at the pressure antinode. However, in exp
ments on acoustic cavitation and SBSL only bubbles that
much smallerthan linear resonance size have been obser
(R0'1 mm,RM'100mm,v'2p320 kHz!. Recently@11#
it was shown that for very small bubbles in very stro
sound fields a nonlinear resonancelike behavior of
bubbles occurs that is based on the strong influence of
surface tension on the dynamics of small bubbles. In part
lar, it was found that this nonlinear resonance is respons
for the strongly nonmonotonous dependence of the recti
diffusion growth rate on the equilibrium bubble radius. As
consequence, these results have provided an explanatio
the existence of small stably oscillating bubbles that ha
been observed in experiments on SL. In the following,
investigate the primary Bjerknes force acting on a sm
strongly nonlinear oscillating bubble in the case of this re
nance, which occurs forR0 far less thanRM .

The results given in the following figures have been co
puted using the Keller-Miksis model@21#:

S 12
Ṙ

Cl
DRR̈1

3

2
Ṙ2S 12

Ṙ

3Cl
D 5S 11

Ṙ

Cl
D pl

r
1

R

rCl

dpl
dt

,

with

pl5S p01 2s

R0
D SR0

R D 3k

2p02
2s

R
2
4m

R
Ṙ2pa~ t !

for air bubbles in water at 20 °C withk51.4,s
50.0725N/m, r5998 kg/m3, m50.001 Ns/m2,p051 bar,

FIG. 2. Bubble oscillations for different equilibrium radiiR0.
Plotted is one periodT52p/v of the oscillation for a pressure
amplitude ofPa51.8 bar. Sound field pressurepa(t) vs t/T ~a! and
normalized bubble radiusR(t)/R0 vs normalized timet/T for
R050.5mm ~b!, R051 mm ~c!, andR055 mm ~d!. For ~b! and
~c! the primary Bjerknes force is attracting and for~d! repulsive.
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Cl51500 m/s, and a driving frequency ofv52p320 kHz.
Qualitatively the same results have been obtained for
Gilmore model@22#.

Figure 1~a! shows response curves for different values
the pressure amplitudePa . The ‘‘stiffness coefficient’’f B of
the primary Bjerknes force, Eq.~5!, was calculated numeri
cally for different equilibrium radiiR0 and different pressure
amplitudesPa . The results are shown in Fig. 1~b!. For very
smallR0 ~before the resonance response occurs! the Bjerknes
force is very small and negative@ f B,0, see inset in Fig.
1~b!#. When increasing the equilibrium radius the respon
of the bubble increases rapidly leading to a strong amp
cation of the Bjerknes force. For mediumPa the coefficient
of the Bjerknes forcef B depends onR0 monotonically, but
for Pa.1.65 bars the quantityf B starts to depend onR0

nonmonotonically and for certain values ofR05R0
crit(Pa) the

Bjerknes force changes sign and becomes repulsive.
means that for very strong amplitudes of the acoustic fi
only very small bubbles@R0,R0

crit(Pa)# are trapped in the
pressure antinode. The larger bubbles will be repelled
cause their position in the center of the flask becomes
stable.This positional instability cannot be predicted by th
analysis of linear bubble oscillations, because the equi
rium radius R0 is smaller than RM .

To understand the reason for this change in sign of
Bjerknes force, in Figs. 2~b!–2~d! a single cycle of a typica
bubble oscillation is presented for different equilibrium ra
R0. Figure 2~a! shows the driving pressure of the extern
sound field,pa(t)52Pasin(vt), at the center of the bubbl
trap for Pa51.8 bars. It can be seen that for very sm
bubbles@Fig. 2~b!# the surface tension pressurePs52s/R0
is very high and the bubbles behave like flexible partic
oscillating nearly sinusoidally out of phase with the drivin
pressure. Therefore~as mentioned above! it follows from
linear theory that the sign of the Bjerknes force is negat
(R050.5 mm, f B52631025mN/m!. For larger bubbles
they start to oscillate differently: the expansion grows en
mously. By that, the magnitude of the Bjerknes force
creases 106 times ~becauseRmax increases 100 times!, but it
is still attractive to the center of the flask. This case is sho
in Fig. 2~c! (R051mm, f B5216 mN/m!. By further in-
creasingR0 the magnitude and sign of the Bjerknes for
depend on the phase of the bubble collapse relative to
phase of the driving pressure. It can be seen in Fig. 2~d!
(R055mm, f B59.6mN/m! that, when increasing the equ
librium radius, the instant of the bubble collapse moves c
stantly deeper into the compression part of the driving per
@see Fig. 2~c!#. This leads to a change in sign of the Bjerkn
force at some threshold value of the equilibrium radi
R0
crit .
In Fig. 3 this threshold valueR0

crit of the equilibrium
bubble radius is shown versus the pressure amplitudePa .
For sufficiently low pressure amplitude all small bubbles
trapped in the pressure antinode. At higher pressuresPa a
~small! critical equilibrium radiusR0

crit(Pa) exists such that
all bubbles withR0.R0

crit(Pa) will be repelled from the cen-
ter of the flask.

For lower pressure amplitudesPa than given in Fig. 3 the
curve R0

crit(Pa) no longer stays monotonous but attains
very complicated shape with bends and folds according
e

f

e
-

is
d

e-
n-

-

e

i
l

l

s

e

-
-

n

he

-
d

,

e

to

the nonlinear resonances of the different bubbles. In this
gion of the parameter space the dependence ofR0

crit on Pa

cannot be described anymore by a single curve due to
occurrence of coexisting attractors governing the driv
bubble oscillations that even may become chaotic@23#. A
detailed account of this complex stability structure is beyo
the scope of this paper and will be given elsewhere.

The investigations presented in this Brief Report ha
shown that the critical radius where the Bjerknes for
changes its sign is shifted towards smaller radii in the cas
strongly nonlinear oscillations due to very high sound fie
amplitudes. In the context of SBSL this effect may lead to
selection mechanism where only sufficiently small bubb
can be trapped at the pressure antinode of the experime
setup~flask!. On the other hand, such small bubbles eith
dissolve or become unstable due to rectified diffusion if
amplitude of the sound field is sufficiently high. The bubbl
grow to a new larger value where they are stable from
diffusion point of view@11# but are repelled from the cente
due to the primary Bjerknes force.

Therefore, no bubbles can be trapped stably by the ac
of the primary Bjerknes force alone, when a certain thresh
of the pressure amplitude is exceeded regardless of o
effects that may lead to separate thresholds, e.g., surfac
cillations. An upper pressure threshold indeed is observe
experiments on SBSL@9# and is usually interpreted in term
of unstable surface oscillations@12,13#. However, it should
be noted that the stability threshold for surface oscillatio
obviously is not synonymous with a trapping threshold. E
periments show that bubbles stay trapped at pressure va
abovethe theoretically predicted ones for the onset of s
face oscillations. This is to be expected because a bu
destroyed by surface oscillations necessarily ends up
number of smaller bubbles that, individually looked a
should either dissolve or grow again due to rectified dif
sion, but stay trapped. Only a very involved theory cons
ering the interaction of small bubble clusters could give
real estimate of a trapping threshold due to surface osc
tions.

The trapping threshold due to primary Bjerknes forces
presented here is, to our knowledge, larger than observe
far in experiments. Besides the idea of surface oscillati
~where there exists no final theory yet! a number of other
reasons can be put forward to account for a lower thresh
than given by the primary Bjerknes force for nonlinear
oscillating bubbles. The bubble emits shock waves that

FIG. 3. Critical equilibrium radiusR0
crit vs pressure amplitude

Pa . The curve separates the stable parameter region where bu
are trapped from the unstable one.
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reflected from the walls of the container. Experiments
done in cylindrical and spherical flasks that exhibit differe
focusing properties after reflection at the walls. Thus
driving is not purely sinusoidal as assumed in the theoret
model. And it may not be spherically symmetric either. Th
the threshold may be increased by careful experimentat
But according to our theory, it cannot be increased bey
the absolute limit given in Fig. 3.

The nonlinear features of the primary Bjerknes force p
sented in this Brief Report are not only significant for und
standing experiments on sonoluminescence. They are
important for structure formation processes that occur
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strong acoustic fields and lead to complex filamentary bub
clusters@24#.

Note added. Recently we became aware through L.
Crum of the work of S.M. Cordry addressing the same pr
lem: Bjerknes Forces and Temperature Effects in Sin
Bubble Sonoluminescence, Ph.D. thesis, University of M
sissippi, 1995
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