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Soliton and electromagnetic wave propagation in a ferromagnetic medium

M. Daniel, V. Veerakumar, and R. Amuda
Centre for Nonlinear Dynamics, Department of Physics, Bharathidasan University, Tiruchirapalli 620 024, Tamil Nadu, India

~Received 10 July 1996!

We find that when an electromagnetic wave propagates in an isotropic ferromagnetic medium, an effective
field, equivalent to the anisotropic and constant external field, is created. The magnetic induction lies in a plane
normal to the direction of propagation. Also, the excitation of magnetization of the ferromagnetic medium is
restricted to the normal plane at the lowest order of perturbation, and goes out of plane at higher orders. The
excitations of the magnetization and magnetic induction, and hence also the magnetic field, are governed by
soliton modes.@S1063-651X~97!10103-9#

PACS number~s!: 41.20.2q, 11.10.Lm, 75.60.Ej
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I. INTRODUCTION

The soliton, a concept introduced by Zabusky a
Kruskal @1# three decades ago has acquired a unique plac
the realm of nonlinear physics. Over the years, the sol
has been identified in many branches of physics includ
plasma, fluids, molecular systems, condensed matter, etc@2#.
Very recently, the soliton has started playing an import
role in technological applications as well. Notable amo
these is the lossless propagation of the optical sol
through a fiber~dielectric! medium @3#. In a different con-
text, one-dimensional classical continuum Heisenberg fe
magnetic spin systems with different kinds of magnetic
teractions act as interesting nonlinear dynamical mod
exhibiting magnetic solitons to represent the elementary s
excitations. The above models are constituted by the inhe
magnetic interactions of the materials, such as exchange
isotropy, and weak interaction, and also interaction with c
stant external magnetic fields@4–11#. At the present time, the
concept of magneto-optical recording has become tech
logically very important for the purpose of higher stora
and fast reading@12#. In this context, in the present paper, w
investigate the effect of propagation of electromagne
waves~EMW! in an isotropic ferromagnetic medium and th
nature of the excitations of the magnetization. In Sec. II,
study the effect of EMW propagation on the dynamics
magnetization of the medium. The effect of interaction b
tween the magnetic induction and the magnetization of
medium is investigated in Sec. III. The results are conclu
in Sec. IV.

II. MAGNETIC SOLITON DUE TO ELECTROMAGNETIC
WAVE PROPAGATION

In the absence of static and moving electric charges,
Maxwell’s equations of electromagnetics@13# can be written
as

“3H5«0
]E

]t
, ~1a!
551063-651X/97/55~3!/3619~5!/$10.00
d
in
n
g

t
g
n

o-
-
ls
in
nt
n-
-

o-

c

e
f
-
e
d

e

“3E52
]B

]t
, ~1b!

“•B50, ~1c!

“•E50. ~1d!

Here the fields H5(Hx,Hy,Hz), E5(Ex,Ey,Ez), and
B5(Bx,By,Bz) have the usual meaning of magnetic field
electric fields, and magnetic induction, respectively.«0 is the
dielectric constant of the medium.

The change in orientation of the magnetizationM ~r ,t) in
an isotropic ferromagnet in the classical continuum limit
the presence of an external magnetic fieldH(r ,t) can be
expressed in terms of the Landau-Lifshitz equation@14#,

]M

]t
~r ,t !5M3@¹2M12AH#,

~2!
M5~Mx,My,Mz!, M251,

where 2A5gmB , g is the gyromagnetic ratio andmB is the
Bohr magneton. The set of coupled Eqs.~1! and~2! describe
the propagation of EMW in an isotropic ferromagnetic m
dium in which the dynamics of magnetization is governed
Eq. ~2!. Now taking curl on Eq.~1a!, and using Eq.~1b!,
and with little algebra we can write

“~“•H!2¹2H52«0
]2B

]t2
. ~3!

In the case of untreated ferromagnetic materials, the m
netic induction, the magnetic field, and the magnetization
connected by the linear relation@13#

H5
B

m0
2M , ~4!

wherem0 is the permeability of the medium. Substituting E
~4! into Eq. ~3! and using Eq.~1c!, we obtain
3619 © 1997 The American Physical Society
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c2¹2B2
]2B

]t2
5

1

«0
@¹2M2“~“•M !#, ~5!

wherec51/~m0«0!
1/2 is the velocity of the EMW. Assuming

the direction of propagation of the EMW along thez direc-
tion, Eq. ~5! can be written as

c2
]2B

]z2
2

]2B

]t2
5
1

«0
F]2M]z2

2
]2Mz

]z
kG , k5~0,0,1!.

~6!

Treating Eq.~6! as an inhomogeneous linear wave equat
in B, it can be solved to give

B~z,t !52
1

2c«0
E dtF]M]z2

]Mz

]z
k1 f ~ t !G , ~7!

where f (t) is an arbitrary function of time.
Treating the external magnetic fieldH(z,t) in Eq. ~2! as

the magnetic-field componentH(z,t) of the EMW, and upon
using Eqs.~4! and~7!, Eq. ~2! can be written~in one dimen-
sion! as

]M

]t
~z,t !5M3F]2M]z2

1AcBG , ~8a!

]B

]t
~z,t !5

]Mz

]t
k2

]M

]z
1 f ~ t !. ~8b!

Introducing the wave variablej5z2ct in Eq. ~8b!, integrat-
ing once, and substituting the resultant expression forB into
Eq. ~8a!, we obtain

]M

]t
~z,t !5M3F]2M]z2

1AMzk1GG , M251, ~9!

whereG5(Gx,Gy,Gz) is a constant vector. It is interestin
to note that the second and third terms in the right-hand
of Eq. ~9! represent effective fields similar to fields due
uniaxial single ion anisotropy along thez direction and Zee-
man energy due to a constant external magnetic fieldG,
respectively. The corresponding energy density will
2A(Mz)22M•G. Thus we find that when EMW propagate
along thez direction in an isotropic ferromagnetic medium
effective fields similar to the anisotropic field due to t
presence of an easy axis of magnetization along thez direc-
tion and a constant magnetic field have been created.

Equation~9! is an important nonlinear dynamical mod
system exhibiting an interesting class of nonlinear exc
tions of the magnetization. For example in the isotropic lim
~A50!, Eq. ~9! is an integrable model possessingN-soliton
solutions@4,15#. WhenG is aligned parallel to the direction
of propagation~k!, Eq. ~9! takes the form

]M

]t
~z,t !5M3F]2M]z2

2AMzk1GzkG . ~10!

In Eq. ~10!, the constant field term can be transformed aw
by a simple transformationM65M6exp(iGzt), where
M65Mx6 iM y, and we obtain

]M

]t
~z,t !5M3F]2M]z2

2AMzkG . ~11!
n

e

e

-
t
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Equation~11! is also a completely integrable nonlinear d
namical model possessing soliton solution@5#. Further, Eq.
~11! can be made gauge equivalent to the soliton posses
nonlinear Schro¨dinger equation@16#. Thus the soliton exci-
tations of magnetization of the isotropic ferromagnetic m
dium when an EMW propagates along the direction of
magnetic chain can be expressed again in terms of solit
On the other hand, when the constant vectorG points in a
direction normal to the direction of propagation, say alo
the x direction, then the magnetic excitations of the ferr
magnet is governed by chaotic structures@17#.

III. SOLITON AND MODULATION
OF ELECTROMAGNETIC WAVES
IN A FERROMAGNETIC MEDIUM

Having analyzed the effect of EMW propagation on t
dynamics of the magnetization of the ferromagnetic mediu
we now investigate the nature of excitations of the magn
induction and hence the modulation that takes place in
magnetic field component of the EMW due to the interact
between the magnetic induction and magnetization of
medium. For this, we stretch the wave variablej and the
time t by introducing the variables

j5«j[«~z2ct!, t5«3t, ~12!

where« is a very small parameter.
In order to understand the effect, we make a perturba

@18–20# by expanding the magnetization and magnetic
duction vectors as

M5M01«M11«2M21••• , ~13a!

B5B01«B11«2B21••• . ~13b!

We substitute Eqs.~12! and ~13! into Eqs.~8a! and ~8b! in
component forms, and collect the coefficients of differe
powers of«, and try to solve the resultant equations at d
ferent orders of«. For example, on solving the equations
the order of«0, we obtain

M0
x5cB0

x , ~14a!

M0
y5cB0

y , ~14b!

M0
z50, ~14c!

B0
z50. ~14d!

Similarly on solving the equations at 0~«! and using Eq.~14!,
we obtain

M1
x5cB1

x , ~15a!

M1
y5cB1

y , ~15b!

B1
z50, ~15c!

and
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]M0
x

]j
5AB0

yM1
z , ~16a!

]M0
y

]j
52AB0

xM1
z . ~16b!

Finally at 0~«2!, after using Eqs.~14!, we obtain the follow-
ing set of equations:

]

]j FB2
x2

1

c
M2

xG52
1

c2
]M0

x

]t
, ~17a!

]

]j FB2
y2

1

c
M2

yG52
1

c2
]M0

y

]t
, ~17b!

B2
z50 ~17c!

and

2c
]M1

x

]j
5M0

y
]2M0

z

]j2
2M0

z
]2M0

y

]j2
1Ac$M0

yB2
z1M1

yB1
z

1M2
yB0

z2M0
zB2

y2M1
zB1

y2M2
zB0

y%, ~18a!

2c
]M1

y

]j
5M0

z
]2M0

x

]j2
2M0

x
]2M0

z

]j2
1Ac$M0

zB2
x1M1

zB1
x

1M2
zB0

x2M0
xB2

z2M1
xB1

z2M2
xB0

z%, ~18b!

2c
]M1

z

]j
5M0

x
]2M0

y

]j2
2M0

y
]2M0

x

]j2
1Ac$M0

xB2
y1M1

xB1
y

1M2
xB0

y2M0
yB2

x2M1
yB1

x2M2
yB0

x%. ~18c!

Using Eqs.~15a!, ~15b!, ~17a!, and ~17b! in Eq. ~18c!, we
obtain

2c
]M1

z

]j
5M0

x
]2M0

y

]j2
2M0

y
]2M0

x

]j2
2
A

c HM0
y2

]

]t E M0
xdj

1M0
x ]

]t E M0
ydjJ . ~19!

Now, we writeM0 in the polar coordinate representatio
asM5~sinu cosf,sinu sinf,cosu!, and fixu asp/2, i.e.,

M0
x5cosf, M0

y5sin f. ~20!

Using Eq.~14b! and Eq.~20! in Eq. ~16b!, we obtain

M1
z52

c

A

]f

]j
. ~21!

Substituting Eqs.~20! and ~21! into Eq. ~19!, we obtain
c2

A

]2f

]j2
5
A

c H sin f
]

]t E cosfdj

2cosf
]

]t E sin fdjJ . ~22!

Differentiating Eq.~22! with respect toj, we obtain

m
]3f

]j3
1

]f

]t
5S sin f

]

]t E sin fdj

1cosf
]

]t E cosfdj D ]f

]j
, ~23!

wherem5A22c3. After some lengthy calculations, Eq.~23!
can be made equivalent to the modified Korteweg de Vr
~MKdV ! equation in the form

] f

]t
1
3

2
m f 2

] f

]j
1m

]3f

]j3
50, ~24!

where f5]f/]j. The MKdV equation is known to be an
integrable equation possessingN-soliton solutions@21#. Thus
the excitation of magnetization, magnetic induction, a
hence the magnetic-field component of the EMW, are g
erned by soliton modes. For instance, the one soliton solu
of Eq. ~24! can be written as

f52a sechaz, ~25!

wherez5j2lt, a25l/m, andl5const. Knowingf , f can
be obtained, and hence from Eqs.~20! and ~21!, we obtain
the components of the magnetization as

M0
x5122 sech2 az, ~26a!

M0
y52 tanhaz sechaz, ~26b!

M1
z52

2ac

A
sechaz. ~26c!

Using Eqs.~26! in Eqs.~14a! and~14b!, we obtain the com-
ponents of the magnetic induction as

B0
x5

1

c
~122 sech2 az!, ~27a!

B0
y5

2

c
tanhaz sechaz. ~27b!

Knowing B andM , the magnetic fieldH can be obtained
using the relation~4!. From Eqs.~26! and ~27!, we see that
the excitation of the magnetization, the magnetic inducti
and hence the magnetic field are spatially localized. To e
cidate this we have plotted the components of magnetiza
@Eq. ~26!# in Figs. ~1a!–~1c! by choosing a5l51 and
A52c. We have already found thatM 0

z50 and
B 0

z5B 1
z5B 2

z5•••50. The above solutions indicate that th
magnetic induction of the EMW is restricted to the pla
(Bx-By) normal to the direction of propagation of the EMW
However, the magnetic field of the EMW is restricted to t
normal (Hx-Hy) plane only at the leading order of perturb
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FIG. 1. ~a! Evolution of magnetization componentM0
x. ~b! Evolution of magnetization componentM0

y. ~c! Evolution of magnetization
componentM1
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tion, and comes out of it at higher orders. This is because
the leading order of perturbation, the magnetization of
medium is restricted to theMx-My plane, and comes out o
it at higher orders.

IV. CONCLUSION

In this paper, we considered the propagation of an e
tromagnetic wave in an untreated ferromagnetic mediu
and attempted to find answers to the following two qu
tions.~i! What happens to the dynamics of the magnetizat
of the ferromagnet when an electromagnetic wave pro
gates through it?~ii ! What is the nature of excitations due
the interaction between the magnetic induction of the EM
and the magnetization of the medium, and hence the na
of the modulation that takes place on the magnetic field co
ponent of the EMW? We find that when the electromagne
wave propagates in an isotropic ferromagnetic medium
which the magnetization excitation is governed by solit
modes, the magnetic field component of the EMW int
duces effective fields similar to the anisotropic field due
at
e

c-
,
-
n
a-

re
-
c
n

-

single ion uniaxial anisotropy with the easy axis of magn
tization along the direction of propagation~i.e., thez axis!,
and a constant magnetic field which can have either solito
or chaotic excitation of the magnetization depending on
orientation of the constant field. A perturbation analysis c
ried out to understand the nature of excitations due to in
action between the magnetization of the medium and
magnetic induction of the EMW~treated as more dominan!
reveals that the magnetic induction is modulated, and
oscillations are restricted to a plane normal to the direct
of propagation. In addition, the excitation of the magnetiz
tion of the medium and the magnetic-field component of
EMW are now restricted to the normal plane only at t
lowest order of perturbation and come out of it at high
orders. Further, the above excitations take place in the f
of solitons.
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