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Resonant trapping: A failure mechanism in switch transitions
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Stochastic resonance in a time-modulated bistable system is shown to survive at modulation amplitudes
larger than the relevant dynamical bistability threshold. Residual stochastic resonance is related to a
synchronization-loss mechanism~resonant trapping!, which attains its maximum effect for noise-intensities
proportional to the excess modulation amplitude. Such a phenomenon provides an effective model of noise-
induced failures in switch devices.@S1063-651X~97!03401-6#

PACS number~s!: 05.40.1j, 85.40.Qx, 02.90.1p
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The notion of stochastic resonance~SR! was originally
introduced@1# to describe a property peculiar to bistable sy
tems subjected to aweak periodic modulation A(t)
5A0cos(Vt) embedded into a noise backgroundj(t): for a
certain value of the noise intensityD the fundamental peri-
odic component of the system response gets amplified t
optimal amplitude proportional toA0 @2#. Bistability is gen-
erally deemed to be a key ingredient of SR@2–4#. In the
present paper we explore the effects ofstrongmodulating
signalsA0.Ath , whereAth denotes the system bistabilit
threshold, which is the critical value ofA0 where one of the
two stable states disappears.

Bistable systems used as switches are a fundamental
ponent of electronic and optical devices@5,6#. A detailed
understanding of the role of spurious noises in the switch
dynamics of a bistable system is thus of great technolog
interest. Hysteretic devices~electronic triggers! have been
long employed to simulate standard SR@2#. However, in the
operating conditions investigated here, the switch devic
driven by an above-threshold sinusoidal signal w
A0.Ath and noise is fed in to mimic unspecified weak d
turbances, which are likely a cause of failure in the swi
performance.

We anticipate the main conclusions of our study.~a!
Resonant amplification of the periodic components of
system response at optimalD values may be observed fo
A0.Ath too ~residualSR!. ~b! The switch time distributions
show a peak structure with maxima located at the odd m
tiples of half the modulation periodTV52p/V. All peaks
but the first one attain their maximum forone value of the
noise intensity. This property may be attributed to a differ
synchronization-loss~or failure! mechanism induced by
noise ~resonant trapping!. ~c! The trapping phenomenon i
strongly enhanced by color, whereas standard SR is
pressed by increasing the noise correlation time. We c
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clude that a noisy bistable system operating in the hyster
regime is characterized by entirely different synchronizat
properties.

As in Refs. @1# and @2#, we simulated by means of a
analog circuit the quartic bistable process

ẋ52V8~x!1j~ t !1A0cos~Vt !, ~1!

with V(x)52ax2/21bx4/4. Here6xm5Aa/b denote the
potential minima,DV5a2/4b is the potential barrier, and
Ath52axm/3A3 is the static bistability threshold. Our nois
generator produces a random signalj(t) with zero mean
value, Gaussian distribution, and autocorrelation funct
^j(t)j(0)&5(D/tc)exp(2utu/tc). The correlation timetc can
be set so small (atc50.02) that^j(t)j(0)& approximates a
d function ~white noise limit!.

For vanishingly weak noise intensitiesD.0 and modula-
tion amplitudesA0 larger thanAth @5# the process~1! devel-
ops dynamical hysteresis. Namely, when the external sig
A(t) is periodically modulated, instead of being adiabatica
changed (V50), the system exhibits a delay in switchin
state; i.e., a switch event occurs for a value ofA(t) larger
than the static thresholdAth . Consequently, a dynamica
thresholdAc(V) may be defined as the criticalA0 value
above which deterministic switch events take place, driv
by the periodic signal alone. The dynamical thresho
Ac(V) depends on both the modulation frequency and
wave form ofA(t). For the sinusoidal input signal of Eq.~1!
we predict that

Ac~V!/Ath511b~V/a!, ~2!

whereb.(2A3/p)g1 and the smallest zerog1 of the Airy
function Ai8(2x) is order unity@7#. Prediction~2! follows
immediately the analytical treatment of Ref.@5#. Our analyti-
cal estimateb.1.10 compares very closely with the simul
tion fitting constantb.1.0560.10 @8#. Throughout our
36 © 1997 The American Physical Society
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55 37RESONANT TRAPPING: A FAILURE MECHANISM IN . . .
simulation work the modulation frequencynV5V/2p was
kept constant, well within the range of validity of Eq.~2!.

We started our investigation by plotting in Fig. 1 the am
plitude x̄(D) of the fundamental periodic component of th
processx(t) as a function of the noise intensity at increasi
A0 values. ForA0,Ac(V) the curvex̄(D) exhibits the well-
known SR profile with one absolute maximum. On raisi
A0 larger than the dynamical thresholdAc(V) and keeping
D very small, the switch events are mostly driven by t
external driving signal as testified by the overshoot
x̄(D) atD50. However, a residual SR mechanism is app
ently still at work: a SR peak~relative maximum! continues
to exist forA0 larger than but close toAc(V) and eventually
merges into the decaying background branch of driv
switches for even largerA0 values. On looking at the posi
tion and magnitude of the SR peaks one is led to concl
that SR and driven switching dynamics coexist in the regi
of dynamical hysteresis, at variance with common wisd
that bistability is a necessary SR ingredient. One might
terpret residual SR as due to the fact that over one forc
cycle the system alternates time intervals when dynam
bistability is preserved, i.e.,A(t),Ac(V), and shorter tem-
poral windows when, forA(t).Ac(V), switches are driven
deterministically by the forcing signal. In the former ca
random interwell switches can be activated by the no
j(t) alone, on an intrinsic time scaleTK(D) @whence comes
the synchronization condition of standard SR@9#
TK(D)5p/2V#. Such a naive explanation was disproved
replacing the sinusoidal signalA(t) of Eq. ~1! with a square
wave with equal amplitude and period. The relevantx̄(D)
curves generated by our analog simulator are indistingu
able from those reported in Fig. 1, the only difference be
a lowering of the dynamical thresholdAc(V) @with b50.3
in Eq. ~2!#.

Residual SR has nothing to do with the bistable dynam
of the undriven stochastic system~1!, but is rather the signa
ture of a failure mechanism in the driven switching dyna
ics. Chances are thatx(t) is retarded by noise with respect
its deterministic trajectory and that the relevant delay time
of the order ofTV/2: x(t) thus gets trapped in the unstab
potential well and the switch event is postponed, with ex

FIG. 1. x̄(D) ~arbitrary units! vs D for the process~1! with
a54.83103 s21, nV5102 Hz, and different values ofz(A0). Here
z(A0)5A0 /Ac(V)21 andAc(V)51.15Ath .
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nentially decreasing probability, by an integer multiple of t
forcing period. As a consequence, a failure occurs in
switching dynamics, resulting in the local minimum in th
x̄(D) curves. On further increasingD the trapping mecha-
nism becomes ineffective: the noise itself allowsx(t) to be
swept into the instantaneously stable potential well. Suc
desynchronization mechanism is termed hereresonant trap-
ping ~RT!. Trapping in a metastable potential well was a
vocated in Refs.@10–12# to explain why the relevant nonsta
tionary escape times attain a maximum for an optimal va
of D.

A deeper insight into RT was gained by monitoring t
switch time distributionsN(T). HereT denotes the time in-
terval between two subsequent switches~or barrier cross-
ings! in opposite directions@3,9#. All N(T) curves in Fig. 2
are characterized by a peak structure with maxima
Tn5(n21/2)TV . The peak heightsN(Tn) decrease to a
good approximation according to the exponential la
N(Tn11)/N(Tn)5exp(2aTV) with a a function ofD. More-
over, for A0 close to the dynamical thresholdAc(V) the
profile of each individualN(T) peak fits well a Gaussian
function with standard deviationd proportional toTVD

g, g
. 0.156 0.05. Thus thenormalizedswitch time distribution
N(T) is determined by the two phenomenological para
etersa and d, both D dependent@3#. The differences be-
tween residual and standard SR are remarkable indeed.~i! At
very low noises, only the firstN(T) peak is detectable fo
A0.Ac(V), as expected, since the system is driven by
~weakly noisy! above-threshold signal. Note that fo
A0,Ac(V) and low noise, a large number of peaks wou
be visible with envelope constanta proportional toAD @3#.
~ii ! On increasingD we reach a resonance condition when
peaks ofN(T) with n>2 ~Fig. 2! attain their maximum
height simultaneously or, equivalently,a(D) approaches a
lower bound. Due to the normalization constraint, such
condition corresponds to a minimum of the first peak. W
remember that standard SR requires that the firstN(T) peak
dominates over both the remaining peaks and the rand
switch background@9#. ~iii ! On further increasingD the

FIG. 2. Switch time distributionsN(T) for A051.03Ac(V) and
different values ofD. Other parameter values are the same as
Fig. 1. Inset: the fitting parametersa andd as a function ofD. The
envelope curve exp(2aT) is dotted for the reader’s convenience.
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peaks withn>2 disappear again. Correspondingly, and
odds with standard SR, the first peak in Fig. 1 recove
broadens, and overlaps with an exponential background
eventually washes out the entire peak structure.

Properties~i!–~iii ! are summarized in Fig. 3, where th
peak strengthPn(D) „i.e., the integral ofN(T) over the in-
terval @Tn2TV/4, Tn1TV/4#… is plotted as a function o
D for different values ofA0: the resonance condition for a
Pn(D) with n>2 is established atD5DRT, simultaneously,
in coincidence with a minimum ofP1(D). Most importantly,
the maxima ofP2(D) shift towards higherDRT values with
an increase in the modulation amplitude and a decreas
magnitude. On comparing Figs. 1 and 3 we notice thatDRT
closely locates the dips that separate the maxima atD50
from the residual SR peaks in thex̄(D) curves. The quanti-
tiesDRT andP2(DRT) are plotted versusA02Ac(V) in Fig.
4 for the purpose of a quantitative analysis.

Far from attempting to develop a full analytical theory f
the process under study, we limit ourselves to a qualita
interpretation of the simulation results of Figs. 3 and 4. F
of all, we derive a heuristic law for the dependence ofDRT
on A0. Since we are working just above the dynamic
thresholdAc(V) we can follow the approach of Ref.@5#. The
effective potentialV(x)2xA(t) develops a horizontal flex
ural point atxth52xm /A3 and the time evolution ofx(t)
around this point is approximated by

ẏ5~a/xth!y
21Āsin~Vt !1j~ t !, ~3!

wherey(t)5x(t)2xth , Ā
25A0

22Ac
2(V), andV is assumed

to be much smaller than the intrinsic rateuV9(0)u5a. An
estimate of the trapping timetT , i.e., the delay time of
y(t), can be obtained by equating thefree diffusioninduced
by noise in the vicinity of the horizontal flexural pointxth
and the squareballistic displacement driven by the effectiv
forcing term ~3! with amplitude Ā, that is,
2DtT5(Ā/V)2sin2(VtT). At resonance the total delay~in
both temporal directions! 2tT comes close to the half modu

FIG. 3. P2(D) for different values ofz(A0). Inset:Pn(D) with
1<n<4 for A051.03Ac(V). Other parameter values are the sam
as in Fig. 1.
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lation period; on imposingtT5p/V for A0*Ac(V), simple
algebraic manipulations yield our estimate ofDRT,

DRT

DV
5
1

p S 23D
3a

V
z~A0!, ~4!

with z(A0)[A0 /Ac(V)21. The slope of the linear fit in
Fig. 4 is thus reproduced within a 10% accuracy.

We know from Fig. 2 that forA0*Ac(V) the switch time
distribution N(T) can be modeled as a sum of Gauss
functions centered at Tn , that is, N(T)5(1
2m)(n51

` mn21G(T2Tn ,d), where m[exp(2aTV)
andG(x,d) denotes a normalized Gaussian distribution w
zero mean and varianced2. The experimental evidence tha
all N(T) peaks withn>2 hit their maximum for the same
value ofDRT of the noise intensity implies that with increa
ing D the envelope constanta decreases down to an optim
value a(DRT), such thata(DRT)TV.2 ln2, and then in-
creases again forD.DRT. Correspondingly, the strength o
the second peak readsP25m(12m) and P2(DRT),0.25
@13#.

Finally, we observed that RT is quite sensitive to t
noise correlation timetc . This conclusion is well supported
by theP2(D) curves for different color regimes~and fixed
modulation amplitude! @13#. The resonant behavior o
P2(D) is enhancedby increasingtc and the RT condition is
achieved at higher noise intensities. The shift of theP2 peaks
towards largerD values follows immediately the perturba
tion result@14# that color-induced dynamical effects in pro
cess ~1! are reproduced by simply rescalingD into
D/(11atc); hence estimate~4! for DRT must be corrected
by the multiplicative factor 11atc , in quantitative agree-
ment with the outcome of our analog simulation@13#. For the
sake of comparison, we mention here that, at odds with
present case, standard SR is depressed by color@15#. In con-
clusion, noise-induced failures of a switch device driven
an above-threshold signal are interpreted in terms of a re
nant mechanism, named here resonant trapping, whose p
erties, in many ways, are opposite to those of standard S

We wish to thank P. Jung for useful discussions on
subject of Ref.@5#.

FIG. 4. log10 P2(DRT) ~circles! andDRT ~lozenges! vs z(A0).
The straight line~with slope 0.6) is the least-squares fit of Eq.~4!
for DRT .



v
.

y
-

S

s.

ev.

ho,

ise,

ci,

55 39RESONANT TRAPPING: A FAILURE MECHANISM IN . . .
@1# R. Benzi, G. Parisi, A. Sutera, and A. Vulpiani, Tellus34, 10
~1982!; B. McNamara, K. Wiesenfeld, and R. Roy, Phys. Re
Lett. 60, 2626 ~1988!; L. Gammaitoni, F. Marchesoni, E
Menichella-Saetta, and S. Santucci,ibid. 62, 349 ~1989!; P.
Jung and P. Ha¨nggi, Europhys. Lett.8, 505 ~1989!.

@2# For a recent review see A. Bulsara and L. Gammaitoni, Ph
Today49, 39 ~1996!; Proceedings of the International Work
shop on Fluctuations in Physics and Biology@Nuovo Cimento
D 17, 653 ~1995!#.

@3# L. Gammaitoni, F. Marchesoni, E. Menichella-Saetta, and
Santucci, Phys. Rev. E51, 3799~1995!.

@4# M. C. Mahato and S. R. Shenoy, Phys. Rev. E50, 2503
~1994!.

@5# P. Jung, G. Gray, R. Roy, and P. Mandel, Phys. Rev. Lett.65,
1873 ~1990!.

@6# C. Boden, F. Mitschke, and P. Mandel, Opt. Commun.76, 178
~1990!; F. Mitschke, C. Boden, W. Lange, and P. Mandel,ibid.
71, 385~1989!; J. Y. Bigot, A. Daunois, and P. Mandel, Phy
Lett. A 123123 ~1987!.

@7# Handbook of Mathematical Functions, edited by M.
Abramowitz and I. A. Stegun~Dover, New York, 1965!.
.

s.

.

@8# Equation ~2! follows from Eq. ~6! of Ref. @5# on posing
F05Ath , A5Fdel5Ac(V), and solving with respect to
Ac(V) for Ac(V)*Ath . The extra factor 2/p in b accounts for
the sinusoidal time dependence ofA(t).

@9# L. Gammaitoni, F. Marchesoni, and S. Santucci, Phys. R
Lett. 74, 1052~1995!.

@10# P. Colet, M. San Miguel, J. Casademut, and J. M. Sanc
Phys. Rev. A39, 149 ~1989!.

@11# M. Gitterman and G. H. Weiss, J. Stat. Phys.70, 107~1993!; I.
Dayan, M. Gitterman, and G. H. Weiss, Phys. Rev. A46, 757
~1992!.

@12# R. Mantegna and B. Spagnolo, Phys. Rev. Lett.76, 563
~1996!.

@13# Our data suggest that in the presence of colored no
P2(DRT) too is proportional to 11atc .

@14# P. Hänggi, P. Jung, and F. Marchesoni, J. Stat. Phys.54, 1367
~1989!.

@15# P. Hänggi, P. Jung, Ch. Zerbe, and F. Moss, J. Stat. Phys.70,
25 ~1993!; L. Gammaitoni, E. Menichella-Saetta, S. Santuc
F. Marchesoni, and C. Presilla, Phys. Rev. A40, 2114~1989!.


