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Granular dynamics simulations of two-dimensional heap formation
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Department of Chemical and Process Engineering, University of Surrey, Guildford, Surrey, GU2 5XH, United Kingdom

D. M. Heyes
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~Received 12 August 1996!

Granular dynamics simulations have been carried out of vertical feed two-dimensional heap formation by a
freefall method using a more realistic granule interaction law than has been employed in previous studies to
permit prolonged contacts between adjacent granules. Stable heaps are found to form only on a geometrically
rough base comprised of discrete particles, and heap formation is only weakly sensitive to the value of the
contact friction coefficient. The appearance of avalanches, the pressure distribution on the base, and the
voidage distribution are sensitive to the analytic form of the elastic component of the normal interaction, with
a soft-spherer236 potential giving more realistic behavior than an equivalent Hooke law interaction with the
same apparent spring constant. Ther236 interaction gives more realistic assembly dynamics as it introduces
medium range collective motion caused by particle roughness and shape found in typical granular materials,
without having to model anisotropic particles.@S1063-651X~97!02402-1#

PACS number~s!: 46.10.1z, 62.20.2x, 83.70.Fn
ck
-
e
th
a
or
ee
ic
o
a
o

th
y
h-
m
b
lie
as

th
t
-
o
r
ue
en
rin
ic
s

ary
er
er-
re
ass
per
the

d to
dom
r-
ics
las-
ing
e
eld
ent
the
to
the
mal
ver-
tic
dy-
e a
and

rce
nter

es
re.Re

ew
I. INTRODUCTION

The storage and conveying of granular materials in sto
piles ~‘‘heaps’’! are common industrial practice in, for ex
ample, the agricultural, food, coal, cement, and pharmac
tical industries. Product quality, which depends on
dynamics of formation and internal stresses within the he
is difficult to determine experimentally. Design criteria f
the storage and handling of industrial bulk solids have b
addressed traditionally using empirical approaches, wh
have limited predictive capacity beyond a narrow range
external parameters as they are not sufficiently discrimin
ing at a microstructural level. An improved understanding
the formation mechanism and internal state of a heap
therefore a desirable aim. This requires a description of
system at the level of the individual particles. Granular d
namics ~GD! is an appropriate computer simulation tec
nique to consider these fundamental issues, as the asse
properties are generated from the specific interactions
tween the individual grains. The technique has been app
to a wide range of granular unit operations, such as qu
static flow in hoppers@1,2# and flow down inclined chutes
@3–5#. These simulations have shown that specific forces
represent the mechanics of the assembly are importan
accounting for observed behavior~e.g., rupture zones in hop
pers!. Although cellular automata lattice treatments
‘‘sandpile’’ formation have become popular in recent yea
@6#, they are of limited use in addressing the above iss
because the length scale is indeterminate and consequ
the approach is too generic to account for the enginee
physics of real sandpiles. As will be revealed, the dynam
of granules in a heap spans a wide range of different clas

*Permanent address: New Zealand Institute for Industrial
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from lean-phase highly agitated dynamics in the bound
region to slow highly cooperative quasistatic flow furth
inside the pile, in which contacts between the granules p
sist for considerable lengths of time. It is important therefo
to use equations of motion that can realistically encomp
the transition between these various regimes. In this pa
we use discrete particle simulation to explore some of
issues relating to stable and realistic heap formation.

II. THEORY

Discrete particle computer simulations have been use
make free-standing heaps by a process of continuous ran
vertical pouring of up to about 1000 two-dimensional pa
ticles onto a horizontal substrate. The molecular-dynam
simulation procedure we used involves integrating the c
sical equations of motion of the disks by a time stepp
algorithm due to Verlet@7#. The main difference between th
dynamics of granules and molecules is that the force fi
between the particles has frictional- and velocity-depend
components. Body gravitational forces largely determine
dynamical and rest state of the system. It is important
choose functional forms of the interactions that capture
physics at the assembly level. There is also an elastic nor
or excluded-volume interaction that prevents excessive o
lap of the model granules. As will be shown, the analy
form of this interaction has a pronounced effect on the
namics of granular systems and it is important to choos
form that captures the physics of heaps on the length
time scale of the assembly as a whole.

Our previous simulations on hoppers suggest that a fo
between two model granules separated by center-to-ce
distancer with the analytic formF e

N(r )5mg(s/r )2(n11),
wheren536 andg is the gravitational acceleration, produc
realistic realizations of hopper flow and internal structu
The corresponding interaction potential isf(r )
5mg(s/r )2n/n. Beyond a separation ofs ~the nominal par-

-
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55 3547GRANULAR DYNAMICS SIMULATIONS OF TWO- . . .
ticle diameter! the force decays slowly to zero. This forc
law has the useful feature that two particles vertically se
rated under gravity come to equilibrium at a separation
r5s. The force is truncated at a separation ofr 0.s and is
continuously varying with overlap in a way that accounts
the engagement of rough and shaped particles in the no
direction ~it can be considered to be equivalent to
r -dependent Hooke law spring constant!. Also the slow de-
cay of the force beyondr5s also allows for a correspondin
gradual tangential~‘‘frictional’’ ! interaction. It is clear that
assembly frictional interactions extend far beyond the in
action of two surfaces at the nominal physical boundaries
the particles. Such assembly frictional work is required
dilate the assembly around each particle to sustain b
shear. This is believed to be the physical mechanism
gives rise to the clear long-range connectivity of bulk sh
phenomena in granular media~e.g., rupture zones!. It has
been shown previously that such shear banding was con
erably enhanced by increasingr 0 from 1.034s to 1.2s @1#. In
contrast, interactions that have an abrupt cutoff atr5s ~e.g.,
the Hooke law form! are found to yield largely isolated pair
wise interactions between the assembly particles with li
apparent long-range connectivity.

It is important to emphasize that no attempt is being m
in the present study to represent so-called microcontact
tion, which operates between asperities on the microm
distance scale, which could be represented by a Hert
interaction~the solution for two ideal elastic spherical bodi
pressed together!. While this might perhaps be appropria
for idealized near-spherical elastic particles under la
loads, as is the situation in compaction, the poorly defin

FIG. 1. Snapshot of a heap of 1334 monodisperse particle
near rest after 2.153103 time units. Key:~a! open circles and~b!
closed circles to highlight better the dislocations. We have u
n536 andr 051.2s for F e
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surface roughness of typical granules, the relatively l
loads encountered in hoppers and heaps, and the ab
mentioned importance of assembly-scale interactions inv
date such a model. This strategy is supported by the exp
mentally observed fact that the physical behavior in th
situations is insensitive to the material constants characte
ing the granules: the material constants~e.g., elastic moduli!
do not enter design criteria for hoppers, for example. Pre
ous simulations of granular dynamics have adopted a f
tional interaction based on the tangential component of
instantaneous relative velocityṙ i j of the two particlesi and j
@4,8#. However, this prescription inadequately represents
endurance of contacts. In such a model two particles
physical contact will experience a change in thedirectionof
the frictional force when the tangential component of t
relative velocity changes sign, as it will do many times in
real system, while still maintaining physical contact.~This
phenomenon is called microslip@9#.! This does not reflect
adequately the duration and buildup of contact deformati
Rather, in our model the frictional force is based on t
accumulation of a separate contact displacementdF , which is
incremented for eachcontactas the assembly evolves. Th

at

d

FIG. 2. Density distribution of an evolving heap of monodi
perse particles, indicated by center-to-center vectors. Key:~a! be-
fore an avalanche at 1.403103 time units, when 869 particles ha
been deposited;~b! during an avalanche at 1.453103 time units,
when 900 particles had been deposited;~c! after avalanche at
1.503103 time units, when 931 particles had been deposited;
~d! for a near-stable state at 2.153103 time units, when 1334 par-
ticles had been deposited~same configuration as for Fig. 1!. In the
interaction,n536 andr 051.2s.
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FIG. 3. ~a! Normal force vectors for the configuration shown in Figs. 1 and 2~d! and~b! the normal force distribution on the baseFB/mg.
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total force between granulesi and j , denoted byFi j , is the
sum of normalF i j

N and tangentialF i j
T components

Fi j5Fi j
N1Fi j

T . ~1!

The total force on granulei is

Fi5 (
k51

nc

Fik1Fi
g , ~2!

where the sum is over all the contactsnc . F i
g is the gravi-

tational force acting on granulei . Both the normal and the
tangential force consist of a term that depends on positio
accumulated displacement and a velocity-dependent f
representing contact damping. For the normal direction
have
or
ce
e

Fi j
N~r i j , ṙ i j !5@Fe

N~r i j !2CN~r i j ! ṙ i j •n̂#n̂, ~3!

wheren̂5~r i j •xi j ,r i j •yi j !/r i j is the normal unit vector for the
contact. There is also a velocity-dependent dissipative fo
~to reflect the inelastic nature of real contact interactio
when in relative motion! that is based on the solution of
classical damped harmonic oscillator, with force constank.
For the normal interaction, the damping force is the prod
of a damping coefficientCN(r ) times the instantaneous rela
tive velocity component in the normal direction.CN(r ) was
chosen to be an arbitrary fraction~50%! of the critical
damping coefficient Cc52[mk(r )] 1/2, where k(r )
52dF e

N(r )/dr.
Similarly, in the sliding or ‘‘tangential’’ direction, defined

for each contact in terms of the current center-to-center v
tor r i j , we have
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55 3549GRANULAR DYNAMICS SIMULATIONS OF TWO- . . .
Fi j
T ~dF , ṙ i j !5Fe

T~dF!2CT~dF!~ ṙ i j • t̂! t̂ ~4!

and

Fe
T~dF!5mFe

NF12S 12
udFu
dmax

D 3/2G t̂, ~5!

wherem is the friction coefficient~typically m;0.4–0.6! and
t̂5~r i j •yi j ,2r i j •xi j !/r i j

2 is the tangential unit vector. Th
contact displacementdF is a cumulative scalar quantity rep
resenting the distortion of the contact zone arising from
relative movement of two disks in contact caused by a co
bination of rolling and sliding, with the form

dF5E
0

t

$ ṙ i j ~s!• t̂~s!2@ u̇ i~s!1 u̇ j~s!#r i j ~s!%ds, ~6!

where the time variables50 is when the two particles firs
come into contact or ‘‘engage’’ at a separationr i j5r 0 and
subsequently gives rise to a normal deformat
dN5r 02r.0 as the particles come closer together. We h
chosen the valuer 051.2s, which corresponds to a cutof
force of 1023 mg for the n537 force law. This extended
region of low load engagement is a crucial element of
model, reflecting the significance~as discussed above! of the
‘‘assembly deformation’’ element of the true physics.

Note thatdF arises from thesumof the angular velocities
of the two disks in contact. Two disks rotating in the opp
site sense with the same angular velocity do not give ris
a relative displacement of the two surfaces in the con
zone. Also hysteresis in the tangential displacement resu
from different loading and unloading paths is ignored. T
analytic form of the tangential frictional interaction is not y
known, but the expression in Eq.~5! has reasonable limiting
values. It has a resistance force that is linear indF for
dF/dmax!1, i.e., an elastic response region. AsdF→dmax the
compliance increases and the frictional force tends to Am
ton’s law, i.e.,F e

T5mFN . If the mechanism of surface de
formation in the normal and tangential directions is simil
it is reasonable to assume proportionality between the a
age normal and tangential moduli, i.e., the value of the
erage tangential modulus up to gross slidi

FIG. 4. Comparison between the continuous interaction fo
law and the equivalent Hooke law form, which gives rise to eq
work done in a contact up tor i . Key: H, Hooke’s law; CI, continu-
ous interaction withn536 andr i50.915.
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^dF e
T/ddF&;F e

N/dN . From this follows a proportionality re-
lationship between normal and maximum tangential d
placements of the formdmax5amdN , wherea is a constant
that depends on the analytic form ofF e

T(dF). ~It is interesting
to note that a Hertzian analysis for normal interactio
coupled with Mindlin’s frictional analysis also gives th
same linear relationship@1#.! To be consistent with our pre
vious studies we have useda51.214, which is based on
material property considerations for typical elastic conta
@1#. The general result thatdmax5amdN does not rely upon
the use of a constant compliance; it follows from consid
ation of the average contact stiffness in the tangential dir
tion ^dF e

T/ddF&. Provided thatFT reaches a maximum, con
stant valueFT5mFN at dF5dmax, andFT50 whendF50,
the result holds for any functional form ofdF . The typical
values ofdmax observed in our simulations are;~0.1–0.2!s,
which are several orders of magnitude larger than would
the case for a single point contact between elastic sphere
realistic elastic contacts~e.g., for seeds or sand!.

Although the analytic form of the relationships betwe
normal and tangential displacements might be construe
coming from the classical theory of surface interactions, i
Mindlin and Hertz theory, the interactions used in this mod
represent quite different physics on a much larger len
scale. In modeling surface displacements of single parti
particle contacts, a load-independent contact stiffness
used, e.g., Hooke’s law constant, which arises from the m
terial’s Young modulus and Poisson ratio. In contrast, wh
modeling relative displacements of individual particles in
evolving assembly, the stiffness of the particle matrix is
strong function of the local voidage~i.e., the assembly de
formation!, which in turn is related to the separation betwe
particle centers. Hence we require a displacement-depen
matrix stiffness, which is offered by the continuou
interaction model. The incorporation of assembly aspe
into the pair interaction gives rise to effective bulk modu
which are much softer than that of the solid material, a
typical maximum tangential displacements, which are mu
larger @1#.

The tangential stiffnesskT is found by differentiating Eq.
~5!, giving

kT~dF!5
dFe

T~dF!

ddF
5
3mFN

2dmax
S 12

udFu
dmax

D 1/2, ~7!

and as for the normal direction, we adopt a damping coe
cient that is 50% of the critical damping valu
Ccr52[mkT(dF)]

1/2. Thus the tangential damping coefficie
in Eq. ~4! is given by

CT~dF!5@mkT~dF!#1/25F3mmFN

2dmax
S 12

udFu
dmax

D 1/2G1/2. ~8!

This is reasonable as maximum damping is likely to be a
maximum just after contact formation, i.e.,dF!dmax.

The position and angular velocity update schemes are

r i~ t1Dt !5r i~ t !1 ṙ i~ t1Dt/2!Dt, ~9!

u i~ t1Dt !5u i~ t !1 u̇ i~ t1Dt/2!Dt, ~10!

where

e
l
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FIG. 5. ~a! Density distribution of a stable heap of 1000 monodisperse particles represented by a linear spring normal interac
force constantk5500. ~b! Corresponding normal force distribution on the base from the structure.
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ṙ i~ t1Dt/2!5 ṙ i~ t2Dt/2!1Fi~ t !Dt/m, ~11!

u̇ i~ t1Dt/2!5 u̇ i~ t2Dt/2!1Ti~ t !Dt/I , ~12!

where Ti is the torque on granulei and I5ms2/8 is the
moment of inertia of the disk,

Ti~ t !5 (
k51

nc

r i j3Fi j . ~13!

The simulation time step was typically 0.001s1/2g21/2. All
quantities are reported in reduced units ofs for distance,
(sg)1/2 for velocity,g for acceleration, andmg for force. In
some of the simulations presented in this work, the di
were all the same size. In others, the disks were polydispe
i.e., there was a distribution of disk sizes. In the latter ca
the samples were fully polydisperse in that there was a c
tinuous distribution of particle sizes. Percentage polydisp
s
e,
e,
n-
r-

sity was defined such that, for ad% polydisperse sample, th
size of each disk was randomly chosen from a uniform d
tribution in the range~12d!s→s. Thus the mean particle
size was approximately~1–0.5d!s with an approximate stan
dard deviation of 0.25ds. Simulation results ford50%
~monodisperse!, d55%, andd510% are presented in thi
paper.

The simulation procedure was to allow the grains to f
under gravity in they direction onto the substrate from a
initial height of;100s with initial lateralx coordinates cho-
sen from a uniform random distribution in an interval63s.
In the preliminary stages of this work attempts were made
deposit the grains onto a flat smooth structureless sur
interacting with the particles with anmg(s/y)37 force. How-
ever, owing to the low vertical forces and high kinetic ener
of the grains on contact, a stable heap could not be form
Stable heaps were formed on a static substrate consisting
row of equally spaced particles, interacting with the dynam
grains with the same interaction laws.
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III. RESULTS AND DISCUSSION

Figure 1 shows the final rest state of 1334 monodispe
disks deposited on the structured substrate. The growt
the heap took place by a series of avalanches in a boun
layer ;3–4 particles thick on the surface, with the inn
particles largely static during this process; this behavio
consistent with experimental observation~e.g., @10#!. The
angle of repose~the angle between the inclined surface a
the base! is 35°65°. The angle of repose was found to d
crease with increasing substrate particle spacingS, with a
local plateau in the rangeS*1.1s, where the angle was in
sensitive to the spacing. This value ofS corresponds to loose
random packing in two dimensions with a surface cover
of 0.76. The figure shows two vacancy defects, dislocatio
and some semicrystalline ordering for several layers near
base.@This is more clearly illustrated in Fig. 1~b! for filled in
disks.# The mechanical stability of 60° pyramidal hea
formed by placing the particles in a triangular lattice on t
base was investigated. These were found to be unstable
partially collapsed at the boundaries to form buttress
which stabilized the remaining core of the original structu

The heap evolves by means of a series of discrete
lanches. In Fig. 2 we show the evolution of this heap, c
turing the formation of a mechanically unstable surfa
structure@Fig. 2~a!# and the resulting avalanche@Fig. 2~b!#.
The method of presentation is different from Fig. 1, in th
we show vectors between the disk centers, which illustr
the network structure and the density distribution more
fectively. Lighter regions on the figure indicate high voidag
An avalanche is apparent as an open framework on the ri
hand side of Fig. 2~b!, indicating that the density at the su
faces of the heap during an avalanche is much lower tha
other places. The interior of the heap is largely unaffec
during an avalanche; the avalanche is confined to a boun
layer near the surface. The effect of a series of avalanch
to reduce irregularities in the local angle of repose on
heap surface. For example, the right-hand surface in Fig.~a!
shows considerable variation in the local angle of repo
whereas after the avalanche there is an almost uniform s
along the whole length of the surface. The central region
the heap, around halfway between the apex and the base

FIG. 6. Density distribution for stable heap of 1000 monod
perse particles for ann5144 simulation with the interaction trun
cation point~a! r 051.047s and ~b! r 051.2s.
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a low density~lighter shading!, indicating a higher voidage
with a patchwork of compacted regions formed close to
base. The packing density is highly nonuniform througho
the heap. In general, regions near the base of the heap
most densely packed, with looser packing towards the ed
and apex.

The contact force distribution on the base reflects the
ternal structure of the heap. It might be expected that
highest normal force on the base would appear below
apex, but this is not the case, as a result of the relatively
internal contact forces in the central region of the heap. T
M profile of base force has been found in simple block mo
els of heaps@11,12# and in experimental measurements@13#
of the normal stress across the base of the midplane
three-dimensional~3D! heap. Although we are considering
2D system and the experiments were performed on
heaps, the results are qualitatively very similar. We belie
the axial symmetry conferred by the conical shape of
experimental heap to be significant. Previous work@1,2# in-
dicates that 2D results largely agree with those from the m
plane of an axially symmetric 3D arrangement.

The weight of the heap in the model system studied h
is to some extent transmitted away from the part of the b
below the apex, as seen in Fig. 3~b!, which shows the norma
force vectors within the heap. The normal forces form lin
of principal stress extending outward from points on the u
per surface of the heap towards the base, with a higher a
of inclination to the base than the heap itself. Component
normal force in other directions are very small. Lines
principal stress intersect at a point below the apex to form
arch, immediately beneath which the internal stresses
somewhat smaller. Figure 3~a! shows that the internal force
distribution is reflected in a local minimum of base norm
force on the portion below the arch, with a maximum
each side. The maximum force is some 20–30 % greater
that in the center of the base. The maxima in base nor
force correspond with the intersection with the base of
longest lines of principal stress.

In order to assess the effect of the analytic form for t
excluded-volume component of the normal forceF e

N, we
have performed simulations with a simple Hooke law spr
interaction: F e

N5k(s2r ) for r,s and F e
N50 for r.s.

The value of the spring constantk was an average, appare
Hooke law constant derived from the continuous interact
on an equivalent work performed basis over the typical ra
of overlap observed in a simulation. The minimum sepa
tion r i was found from the simulation data, and the equiv
lent Hooke law constant was calculated by equating ar
below the two analytic forms as indicated in Fig. 4. T
formula is

kequiv5
2* r0

r i Fe
N~r !dr

~s2r i !
2 . ~14!

The density distribution map for a Hooke law simulatio
using a monodisperse system is given in Fig. 5~a!. The dis-
tribution of voidage is quite different from the comparab
continuous interaction case@Fig. 2~d!#. There is a large re-
gion of low voidage below the apex that is surrounded on
wings of the heap by moderately dense material. There
small area of high compaction just near the base below

-
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FIG. 7. Normal force distribution on the baseFB/mg, from the structure shown in~a! Fig. 6~a! and ~b! Fig. 6~b!.
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apex. The corresponding base stress distribution show
Fig. 5~b! has lost the bimodal feature. In this simulatio
heap evolution in response to continual feeding appear
take place by small numbers of grains rolling down the si
of the growing structure; large-scale avalanches are not
served. Therefore, the matrix shows little evidence of ass
bly cohesion and collective dynamics with this short-ran
interaction.

Many of the results presented in this paper are fromn536
simulations. The evidence shows that simulations using
value of the index are particularly useful in highlightin
in

to
s
b-
-

e

is

long-range bulk shear phenomena. However, it was fo
that particle overlaps under the highest normal loads in
heaps were rather large~several percent of the particle diam
eter!. Thus it is necessary to consider stiffer particle-parti
interactions. The effect of the continuous interaction inden
has been assessed by performing simulations of mono
perse particle samples using a considerably steeper inte
tion with n5144. The interaction fornÞ36 was truncated
such that the force at the cutoff point was equal; for t
n5144 simulations, this wasr 051.047s. The density distri-
bution for such a simulation is shown in Fig. 6~a!. Varying
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the indexn appears not to affect greatly the shape of
heap; the angle of repose was 35° as opposed to 31° fo
n536 case. However, there are clear differences in the d
sity distribution; the ‘‘shear banding’’ seen inn536 simula-
tions ~e.g., Fig. 2! largely disappears. The distribution show
in Fig. 6~a! more closely resembles that for the equivale
Hooke law model shown in Fig. 5~a!. This is unsurprising
given that as the indexn increases, the continuous intera
tion model closely resembles a Hooke law form; in the lim
of infinite steepness in both cases the two are identical.

As discussed above, we consider assembly deformatio
be crucial in understanding the mechanics of many-b
granular systems. The significance of assembly deforma
is manifest in the length of the tapered region of the inter
tion, i.e., the portion of the interaction beyondr5s. We have
assessed the importance of this by performing a simula
maintainingn5144, but extending the interaction tail by u
ing the original truncation pointr 051.2s. The effect is quite
significant, despite the fact that the normal interaction fo
F e

N is very low in the region 1.047s,r,1.2s. The density
distribution for this simulation is shown in Fig. 6~b!, and
shows shear banding. The base normal force distributions
the twon5144 simulations are shown in Figs. 7~a! and 7~b!.
The distribution for the short-tail simulation closely r
sembles that for the equivalent Hooke law simulation@Fig.
5~b!#, and while neither distribution displays a clearM pro-
file as does then536 simulation@Fig. 3~b!#, the distribution
for the extended tail simulation is closer to experiment.

Small levels of polydispersity have pronounced effects
the voidage and force distributions. Figure 8 shows the
configurations for 1000 particle systems containing 5%@Fig.
8~a!# and 10%@Fig. 8~b!# polydispersity. These are to b
compared with Fig. 2~d!, the analogous 0% polydispers
case. The heaps are flatter and show much higher leve
compaction~the dark patches!. The lighter low compaction
regions are now more randomly distributed within the he

FIG. 8. Density distributions for stable heaps of 1000 polyd
perse particles with~a! 5% uniform polydispersity at 2.353103 time
units and~b! 10% uniform polydispersity at 1.753103 time units.
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there is little shear banding. The degree of compaction
creases with polydispersity. There appear to be clear bou
aries between low-density areas of the heap~mostly near the
surface! and the compacted regions in the interior. This is
contrast with the distributions for monodisperse hea
which in general show more gradual transitions between
gions of differing density. The force distribution on the ba
shows greater fluctuation than in the monodisperse c
peaks in the force correspond to the intersection with
base of the high-stress compacted regions in the heap.
though such small levels of polydispersity are sufficient
affect the macrostructure of the heap, they are insufficien
produce particle segregation. The heap properties were fo
to be relatively insensitive to the value of the friction coe
ficient in the sensible range 0.2,m,0.6. This indicates tha
heap properties and stability are dominated by geometr
criteria. However, there is some sensitivity to the analy
form of the configuration component of the normal intera
tion.

IV. CONCLUSION

We have established the methodology required to fo
free-standing 2D heaps by granular dynamics. A continu
interaction law between the particles~which can be regarded
as a separation-dependent linear spring! gives a more realis-
tic description of granular heaps than a Hooke law mod
Experimentally verified features of granular heaps~M pro-
files of normal force on the base and shear banding! are far
more apparent in simulations using the continuous inter
tion. Furthermore, a tapered long-range region of this in
action, which governs the details of assembly deformation
required to reproduce many of the features of granular m
terial in heaps. A parameter exploration was carried out t
showed a sensitivity to a relatively small level of polydispe
sity ~which is necessary to break up quasicrystalline str
tures and mechanics!. However, the results were insensitiv
to the value of the contact friction coefficient, indicating th
the heap properties are dependent on geometry on a le
scale at or above that of the particle diameter rather than
contact-zone scale of two interacting particle surfaces. It
pears that the contact friction interaction is only required
‘‘pin’’ the particles together with an adequate degree of e
durance, but the assembly behavior is relatively insensi
to its analytic details. The GD technique used in the wo
presented in this paper is especially useful as it allows u
relate the base normal force to the internal structure
stresses in the pile.
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