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Coupling between two resonant waves in a waveguide free-electron laser
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The coupling between two resonant branches of a waveguide free-electron laser is studied. It is shown that
the induced electron energy spread, which is produced along with the bunching by the radiation, strongly
influences this coupling. In a low-gain oscillator, the growth of a lower frequency branch results in large
induced energy spread, which stops the development of the upper frequency branch. On the other hand, in a
high-gain amplifier, a strong signal can be obtained at high frequency by injecting a signal at low frequency
that bunches the electron beam without large induced energy spread. In this way, the contradiction about the
nonlinear interaction of two resonant waves in a waveguide free-electron laser is explained.
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I. INTRODUCTION hand, in a high-gain amplifier, this kind of energy spread
even at the saturation of radiation is smaller than the allow-
One important feature of the use of a waveguide in aable energy spread for the upper resonant waves, so by in-
free-electron lasefFEL) is the existence of two different jecting a signal at lower frequency, which bunches the elec-
resonant frequencigil—4] at which the FEL can operate. tron beam without large induced energy spread, a strong
Then competition and coupling between the upper and lowePunching and signal can be obtained at the upper frequency
frequency waves will take place. We have studied the gaifparticularly when the frequency ratio between them is an
[1,2] of a waveguide FEL. Kawamuret al. [3] have ob- integer. In this way, we analyze and explain the contradic-
served the coupling between two oscillation branches in &0n.
waveguide FEL oscillator. They found the wave form of the
upper branch is modulated at the rate of the period of the Il. EQUATIONS
mode-locked oscillation of the lower branch. This phenom- _ _ . . .
enon was explained as the temporally periodic modulation 1€ dispersion refation 2for Ehe eélectromagnetlc wave in
[3,5] of the gain of the upper-branch oscillation by the elec-t€ waveguide is given blgg=k+1'*, wherek, andk are
tromagnetic radiation of the low-branch oscillation throughth€ radiation wave number in vacuum and waveguide. For
the periodic bunching of the electron beam. They guessed [{'€¢ TEoi mode in a plane or rectangular waveguide,
is impossible for the electron beam to have gain in the uppel = 7/b, whereb is the waveguide gap. By equating the FEL
branch when the electron beam was strongly bunched by tH&Sonance conditioks= B(k,,+ k), whereg is the average
radiation of the lower branch. On the other hand, Piovells@xial velocity of the electron beam and,=2w/k,, is the
et al. [4] have theoretically studied the nonlinear space andViggler period, to the dispersion relation, we obtain the ex-
time interaction between two resonant waves in a high-gailression for the two resonant frequendiés3, 4.
amplifier. They found the unexpected result that a strong 5
signal and bunching at the upper frequency are produced by Ks1.2= By Ku(1£BA) @)
injecting a signal at the lower frequency in a high-gain FEL ) )
amplifier, which means that a bunching of the electron bear§ith wave number k; ;= By;k,(8=A), where y;=1/
by the radiation of the lower frequency results in bunching(1—B%),A%=1—(T/Byky)?. _
and gain at the upper frequency. Then there is a contradiction When the frequency separation betwden and ks, is
about the nonlinear interaction and coupling between the twégrger than the gain bandwidft,4], the interference effects
resonant waves. between two waves can be ignored. They couple each other
In this paper, we investigate the nonlinear interaction pethrough nonlinear interaction with the electron beam. We
tween two resonant waves in a waveguide FEL oscillatorderived the following set of one-dimensional FEL differen-
We find that the induced energy sprd#q7] of the electron  fial equationg 1] to describe this nonlinear interaction:
beam that is produced along with the bunching of the elec-
tron beam by the radiation strongly influences the coupling d_7:_ ﬂ[k Fy|ag,|sin(6; + ¢;)
and the development of resonant waves. In a waveguide FEL dz 2yB," st 1Tt 1T 1
oscillator, the growth of lower frequency branch results in

large induced energy spread of the electron beam, which +KeaF 2| as[SiN 62+ @2) ], @
stops the development of the upper frequency branch be-

cause this energy spread is much larger than the maximum dil,z_k ke o Ker o] 3
allowable energy spread for upper frequency. On the other dz  KwtkKiamKaol Bz,
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In these equationsy is the electron energyd the pondero- 2 2
. . . o] o]
motive phasea,=eB,/(mc’k,) the dimensionless vector & =
potential of the wiggler,u?=1+a2/2, the mass shift, L
as=|adexple),|ag d =eE; »/(Mmcky »), E is the field am- PASS NUMBER PASS NUMBER
plitude and ¢ the phase, vy the group velocity, 310 3105
F12=J0(¢19 —J1(é12), where J is the nth-order Bessel g @ (d)
funct|on of the first kind andé&; =K, ZaW/(872kW) Z oo Z oo
=4me’n,/m the electron beam plasma frequency g g
squared() represents the average over electrons. g8 £
Considering the steady state, i.e., without slippage be- & ™% g oy
tween the radiation and the electron beam, this limit can be ¢ e

reached with a long enough electron pul8g¢ such as that oxe” - 0x10°

provided by an electrostatic accelerator, E4). becomes 0 oo 040 0 1 20 w4
PASS NUMBER PASS NUMBER

dasl,Z i wbaW 12< exp(—i6;5)/7) 6) FIG. 1. The development of the power in the cavity(at the
dz ZCzk 12177 upper and(b) the lower frequency when they couple with each
other;(c) the upper andd) the lower frequency when they develop
In an oscillator, after one round trip in the cavity resona-independently, respectively, far=3.5.
tor, waves will decrease due to the output and the loss in the
waveguide wall:

waveguide FEL amplifief4]. They found that a strong
312 =015 2, () power and bunching at the upper frequency can be obtained
by injecting a signal at a lower frequency whenis an

whereq?,=1—x12, x12is total loss. integer.

Il. RESULTS FROM NUMERICAL SIMULATIONS
) ) ] IV. INDUCED ENERGY SPREAD IN A WAVEGUIDE FEL
Equations(2), (3) and(5)—(7) have been integrated using

the following parameters of the oscillator experimef®s|: The key factor to explain the above paradox is the in-
A,=5 cm, B,=1.44 kG, number of wiggler periods duced energy spread of the electron beam. The relation be-
N, =17, transverse dimensions of the waveguate1.02  tween energy loss and induced energy spread is governed by
cm andb=2.29 cm, electron curreht=2 A, y=1.905 with

the maximum small signal gain aky=4.468 cm 1 . .
k,=1.489 cml, and a=kg/ky,=3; y=1.985 for 30 @ > )
kg =5.128 cm !, k,=1.465 cmi 1, anda=3.5, y;=11%
andy,=5% for a coupling hole of 3 mm in diameter and the
length of the waveguide of 122 cm, a small power of 0.1
mW for both frequency branches is put in first pass, 256
electrons are used with no initial energy spread.

The numerical simulations confirm the observation of the o1 ‘ ox1c? ‘
experiments that the buildup of the lower frequency branch 0 10 20 30 40 0 10 20 30 40
suppresses the development of the upper branch. In Fig. 1, PASS NUMBER PASS NUMBER
for example, the average power in the cavity at the upper sxiwo° 3x10°
frequency is only about 5% of that at lower frequency, while © (@
it should be almost the same as the latter if it developed
independently as shown in Fig(c). A less important result
is that the evolution of both branches when they couple to z
each other speeds up because the electron beam is bunch@ 1x10° /fNVVW
quickly by both wave$4,9]. Furthermore, unlike the case in @
an amplifier{4], little changes happen as the frequency ratio  gx1o®
varies in the range from 3 to 4, even if it is an integer, which 0
again proves the results of the experiments. As an example,
we show the results witk=3 in Fig. 2; one can see thatit  FIG. 2. The development of the power in the cavity(atthe
is almost the same as Fig. 1. upper and(b) the lower frequency when they couple with each

All preceding results seem to be in contradiction with theother;(c) the upper andd) the lower frequency when they develop
theoretical prediction of Piovell@t al. about a high-gain independently, respectively, far=3.0.
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FIG. 3. Final energy spread at each pass,der3.5 when(a) two waves couple with each other, there is ofily an upper andc) a
lower frequency wave.

the Madey theoren6] in the linear regime when the signal From Egs.(2-6), the Pierce parameter of a waveguide
is small: FEL is

(vi—v)=

19
5 55 (=), (8) (@b aluPFi, kG| 13
Yi P12 c2 64,3475k3v Ky,
where y¢ and y are final and initial energy. This theorem . o ]
implies that the induced energy spread is much larger thafir highly relativistic electronsyg; ;~c, with F,~F5, one
the mean energy loss as the optical amplitude is sifiglso has
it increases more quickly than the optical power in former [ po=
passes. When the saturation is reached in an oscillator with a P1ipP2=
constant parameter wiggler, the induced energy spogas In a high-gain amplifier, both the efficiency and the in-
on the same orddfypically large) as the mean energy 10Ss qyced energy spread will reach the pierce parameter and the
oy and the maximum allowable energy spread They are  maximum allowable energy spread is also abe(t0]. So
related by(7] the case reverses that in an oscillater;is larger thanp,.
The energy spread induced by the interaction of the lower
O~ 0~y (99  frequency wave is much smaller than the allowable energy
spread for the upper frequency. A strong bunching on the
The maximum allowable energy spread for both resonancpwer frequency also gives rise to an equally strong bunching

a3 (14)

frequencies has been given [8] on the upper frequency that is integer times of lower fre-
quency, so that a strong signal at the upper frequency can be
1 2%k, obtained.

Ta12~ 5 Wkers (10

V. DISCUSSION
From relationg9) and(10), if two waves can develop with-

. In conclusion, we hav i he nonlinear interaction
out coupling, we have conclusion, we have studied the nonlinear interactio

between the two resonant waves in a waveguide FEL. We
) have found that the energy spread induced by radiation
1 2y%y strongly influences the development of the two waves. In an

MECRTY] ,uzksm (11 oscillator the growth of radiation at the lower frequency pro-
duces large induced energy spread and will stop the increase
and of power at the upper frequency. On the other hand, in an
amplifier, the energy spread induced by the lower frequency
oixloi = a. (12 wave is small because little electron energy is extracted by it.

A strong bunching and signal at the upper frequency can be
When the oscillation of the lower branch can build up in obtained by injecting a signal at the lower frequency.

the waveguide cavity resonator with enough gain and a high Recently, Y-H. Liu and T.C. Marshalll1] reported test-
Q value of the cavity due to the small coupling hole throughing of an experiment that tries to obtain millimeter-harmonic
which it cannot be extracted, the induced energy takes thgeneration from a coherent microwave source in a FEL at
value of gj,, which is bigger. This analysis is confirmed by Columbia University. A quite small signal at the upper fre-
the numerical simulations shown in Fig. 3. Along with the quency was produced along with a gain of 20 at the lower
increase of power at lower frequency, the energy spread irfrequency wave. We think the reason is that they operated
creases, even faster according to Madey theorem. When tihe FEL at the middle gain regime with a small wiggler field,
approaches and exceeds the maximum energy sprgafdr ~ not the high gain regime; the energy spread of the electron
the upper frequency branch, the development of uppebeam and the energy spread is quite large, so the power at
branch is suppressed and remains at a quite low level of thiae upper frequency is small and the performance of FEL is
power. complicated. This regime needs more careful study.
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