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Crystallization kinetics of suspensions of hard colloidal spheres

J. L. Harland and W. van Megen*

Department of Applied Physics, Royal Melbourne Institute of Technology, Melbourne, Victoria 3000, Australia
~Received 27 June 1996; revised manuscript received 4 November 1996!

The crystallization of suspensions of sterically stabilized polymer particles, with hard-sphere-like interac-
tions, is studied by laser light scattering. Over the range of volume fractions examined, from just below melting
to the glass transition, crystallization occurs by homogeneous nucleation. After the suspensions are shear
melted, the intensity, position, and width of the main interlayer Bragg reflection are measured as functions of
time. From these the amount of crystal, the average linear crystal dimension, the number of crystals, and the
volume fraction of the crystal phase are obtained. No assumptions are made concerning the functional time
dependence of nucleation or growth processes. Below the melting concentration the observed crystallization
process is compatible with the classical picture of sequential nucleation and growth of isolated crystals.
However, when the melting concentration is exceeded, nucleation events are correlated, nucleation is acceler-
ated, and high nucleation rate densities suppress crystal growth. Above the melting concentration we infer,
with the aid of the equations of state for the hard-sphere fluid and solid, that the first identifiable crystals are
in mechanical equilibrium with the embedding fluid and, consequently, strongly compressed by it. Ensuing
nucleation lags expansion of the crystal lattice.@S1063-651X~97!12302-9#

PACS number~s!: 82.70.Dd, 64.70.Dv, 81.10.Fq
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I. INTRODUCTION

Colloidal suspensions of hard polymer particles show
freezing-melting transition, as well as a glass transiti
similar to those expected for a perfect hard-sphere system
suspension concentrations that lie between the freezing
glass transitions, crystallization occurs by homogene
nucleation. In this paper we describe time-resolved lig
scattering studies of this crystallization process.

The motivation for studies of the dynamical properties
model colloidal suspensions is not only to provide a be
understanding of the suspensions, but also for its poten
generic value. There is a formal equivalence of the therm
dynamic properties between an atomic system and a sus
sion of particles having the same interaction potentials@1#.
However, on the time scale of interparticle collisions, t
motions of suspended particles are diffusive rather than
listic, as is the case for atomic systems. Despite this fun
mental difference in their respective small-scale motio
studies of large-scale particle motions@1,2# and crystal
growth @3# indicate clear analogies in the dynamical prop
ties between suspensions and atomic systems.

Transformation of an undercooled fluid to the crys
phase remains one of the more interesting aspects
condensed-matter science. An experimental determinatio
the mechanisms of solidification of atomic or molecular fl
ids is severely hindered by very high crystallization rat
particularly at significant undercooling, slow dissipation
latent heat, and the domination of heterogeneous nuclea
due to impurities and container walls@4#. Furthermore, a
complete theoretical treatment of crystallization of a mole
lar fluid, taking into account the coupling among the nonco
served order parameter and the five conserved fields~energy,
density, and the momentum components!, has so far proved
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intractable. Understandably, the classical theory of solid
cation@5#, formulated some 50 years ago, still dominates o
current view. The basic version of this theory proposes t
isolated sharply defined spherical crystal nuclei form spon
neously by thermally driven density fluctuations, but that t
energy barrier posed by competing bulk and surface con
butions results in the survival of only those nuclei that e
ceed a minimum~critical! radius. In the absence of seedin
liquids can be cooled below their freezing temperatures w
out crystallization, but deeply quenched liquids crystalli
almost instantly. These observations support the notion
large nucleation barriers at slight undercoolings and sm
barriers at large undercoolings. They also suggest, a
borne out by experiments to date, that it is exceedingly d
ficult, if not impossible, to resolve the nucleation and grow
processes and determine their respective time depende
under the same experimental conditions@4#.

Crystallization of colloidal suspensions presents a m
tractable problem in terms of both theoretical description a
experimental resolution. Suspensions of ‘‘model’’ particle
spheres@6#, or rods@7# with narrow size and shape distribu
tions, and certain mixtures of spheres@8#, crystallize on ac-
cessible time scales, typically ten orders of magnitude slo
than is the case for deeply quenched molecular liquids.
continuous suspending medium acts as an effective the
sink. In addition, laboratory samples are sufficiently sm
and free from impurities that heterogeneous nucleation
avoided. Slow crystallization rates, combined with the we
lattice forces of colloidal crystals, allow studies of the stru
ture and particle dynamics of metastable colloidal fluids a
glasses@9#, as well as the kinetics of crystallization. It shou
also be mentioned that phase transitions in these suspen
occur at constant volume, rather than constant pressure,
the particle volume fraction or concentration is the only co
trol parameter. Temperature plays no~direct! role. Accord-
ingly, freezing and meltingconcentrationsare identified.
3054 © 1997 The American Physical Society
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55 3055CRYSTALLIZATION KINETICS OF SUSPENSIONS OF . . .
Given the slow crystallization of suspensions and the f
that the crystals can be detected with visible light, seve
different but complementary experimental procedures
measuring crystallization kinetics present themselves. Di
observation or video microscopy, low-angle laser light sc
tering ~which measures the development of particle conc
tration difference between the growing crystals and the e
bedding fluid!, and scattering from one or more sets
crystal planes~the light scattering equivalent of x-ray pow
der diffraction!, have been applied to suspensions of char
stabilized and sterically stabilized~hard-sphere-like! par-
ticles. The drawbacks and attributes of each of th
techniques were recently reviewed by Scha¨tzel @10#.

These studies show different crystal growth processes
the case of suspensions of particles with long-ran
screened Coulomb interactions, the crystal size is found
increase linearly with time@3# whereas, for particles with
hard-sphere-like interactions, the size increases with
square root in time@11#. For the hard-sphere system the d
ference in the number densities of coexisting crystal a
fluid phases is appreciable, and the observed nonlinear c
tal growth laws have been explained by the coupling of
~nonconserved! order parameter to the number dens
which, in the case of large attachment efficiencies, lead
diffusion-limited growth @12#. These and other studie
@13,14# have enhanced understanding of crystal grow
However, because constant nucleation rates were gene
assumed in these works, they have not clarified the t
dependence of the nucleation process nor the extent to w
nucleation and growth compete.

In this paper we describe measurements of the growt
the main Bragg peak during the crystallization of nonaq
ous suspensions of sterically stabilized polymer partic
The size, number, and density of the crystals are calcul
from the intensity of the peak, its width, and position.
principle no assumptions concerning the nature of the t
dependencies of the growth or nucleation rates are neces
One of the main observations of this work is an appar
change in crystallization mechanism when the melting c
centration is exceeded. Below melting, the observed crys
lization is compatible with the classical picture of the form
tion of isolated nuclei followed by growth. Above th
melting concentration, crystal growth of any significance a
pears to be suppressed by very high nucleation rates. M
over, as outlined in a preceding Letter@15#, nucleation in
very concentrated suspensions is accelerated rather than
stant.

In Sec. II we describe the suspension and its phase be
ior, the experimental arrangement, and the analysis
ployed to obtain the moments of the main Bragg reflecti
Results are presented in Sec. III followed by their discuss
in Sec. IV. Concluding remarks are presented in Sec. V.

II. EXPERIMENT

A. Sample description

The preparation and characteristics of the suspens
used in this work have been described previously@16#.
Briefly, the particles comprise spherical cores of poly~methyl
methacrylate! ~PMMA!, sterically stabilized by chemically
grafted surface layers of poly~12-hydroxystearic acid!
t
al
r
ct
t-
-
-
f

-

e

In
d
to

e

d
s-
e

to

.
lly
e
ch

of
-
s.
ed

e
ry.
t
-
l-
-

-
re-

on-

v-
-
.
n

ns

~PHSA! about 10 nm thick. The particles were suspended
a liquid mixture of decalin and carbon disulfide, the relati
amounts of which were adjusted until the suspension’s
bidity fell below about 0.05 cm21. Thus, when viewed in
1-cm path-length cells, the suspensions were virtually tra
parent and, therefore, suitable for light scattering stud
even at particle concentrations up to close packing. The
erage hydrodynamic radiusRh520062 nm and polydisper-
ity s'5% of the particles were measured by dynamic lig
scattering on very dilute samples@17#.

Rather than a temperature quench, the usual first ste
crystallization experiments with molecular systems@4#, a
quenched~metastable! state of a colloidal suspension is pr
pared by shaking or tumbling a sample. That such tumbl
action effectively randomizes the particle positions is th
evident from the amorphous appearance of the sample
well as the fluidlike shape of its static structure factor@18#.

As described elsewhere@6#, the phase behavior of thes
suspensions mimics that of the hard-sphere system. Free
and melting concentrations are respectively identified as
concentration where crystallization first occurs and t
where the suspension becomes fully crystalline. Equating
observed freezing concentration with the value,ff50.494,
known for the freezing volume fraction of hard spheres@19#,
gives a multiplicative factor with which concentrations of a
samples can be converted to effective hard-sphere vol
fractions,f. Importantly, the observed effective hard-sphe
volume fraction at melting,fm50.54560.003, agrees with
that expected for perfect hard spheres@19#, implying that the
particle interactions can be regarded as hard-sphere-
Measurements of diffusion coefficients and sedimentat
velocities on similar PHSA-stabilized PMMA suspensio
support this inference@16,20#. The effective hard-sphere pa
ticle radius,R520161 nm, was obtained from the measure
valueqs , and the valueqsR53.47 predicted for the position
of the primary maximum of the structure factor of the~hard
sphere! fluid at freezing@21#. Note that, aside from experi
mental errors, the hydrodynamic and effective hard-sph
radii are the same, and in the following discussion we use
valueR5201 nm for the particle radius.

The shear-melted metastable fluid is easily recove
from the crystallized colloid by tumbling the sample. Hom
geneously nucleated crystallization occurs in suspens
with concentration up tofg'0.58. This is evident from the
appearance, usually within about 30 min, of small Bra
reflecting crystals randomly distributed throughout t
sample. Interestingly, the concentrationfg coincides with
the value where, in the metastable colloidal fluid, large-sc
particle diffusion ceases@9,22#. Accordingly,fg is identified
as the glass transition concentration. Suspensions with
centrations greater thanfg still crystallize, at least partially,
by the slow growth of large and irregularly shaped cryst
on secondary nuclei, such as the container walls and reg
of shear-aligned structures remaining from the tumbling
tion @23#. In this work we study the crystallization of nin
samples in the concentration range 0.530–0.575, as liste
Table I.

B. Light scattering

Figure 1 shows a schematic diagram of the spectrom
used. It consists of a cylindrical thermostatted sample ho
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TABLE I. Sample designation~column 1!, suspension volume fraction,f, initial and final volume frac-
tions of the crystal phase,fc~0! andfc(t f ), and fluid phase,fl~0! andf l(t f ). Uncertainties in the stated
volume fractions are about60.002.

Sample f fc(t50) fc(t f ) f l(t50) f l(t f )

J0 0.530 0.558 0.552 0.503 0.498
J1 0.537 0.573 0.554 0.515 0.500
J2 0.548 0.598 0.564 0.538 0.508
J3 0.553 0.609 0.570 0.549 0.513
J4 0.557 0.611 0.574 0.551 0.516
J5 0.561 0.619 0.580 0.559 0.521
J6 0.565 0.623 0.583 0.564 0.524
J7 0.570 0.628 0.590 0.569 0.531
J8 0.575 0.631 0.599 0.573 0.539
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containing a liquid~a mixture of decalin and tetralin! having
the same refractive index~n51.50160.001! as the suspen
sion. A glass cell, of 10-mm-square cross section and 30
in height, containing the suspension is mounted along
axis of the sample holder and illuminated by a 3-mW dio
laser beam~wavelength5678.7 nm!, expanded and colli-
mated to 8-mm square cross section. The sample holde
cuses the scattered light to a vertical line which is then
cused to a point on the detector by a cylindrical le
positioned with its axis perpendicular to that of the sam
holder. The detector, an Oriel Instaspec III Diode Arr
Camera, consisting of a linear array of 512 diodes ove
length of 12.8 mm, is mounted on a goniometer rotating
the axis of the sample holder. Computer control of the go
ometer and detector allow data collection at preset an
and time intervals.

With the above arrangement, intensitiesI (q;t) were mea-
sured over a range of scattering vectors,Dq, such that
Dq/qm'0.1, centered on the positionqm of the main Bragg
reflection. The overall resolutiondq/qm was about 0.0005. A
given sample was prepared by tumbling it for several ho
on a rotary suspension mixer. It was then immediately pla
in the spectrometer~defining t50! and data setsI (q;t) col-
lected at predetermined times,t, up tot f520 h. This process
was repeated five times for each sample.

C. Data analysis

Large numbers of apparently randomly oriented crys
in the scattering volume should give a reasonable estima

FIG. 1. Schematic illustration of the spectrometer.
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the orientationally averaged diffraction pattern. Previo
work @24# has shown that the lowest-lying features of th
diffraction pattern, which consist of a sharp Bragg reflecti
superimposed on a much broader peak, result from a ran
stacking of close-packed layers of particles. However, t
random stacking along with scattering from any uncryst
lized suspension and the difficulty of estimating the sing
particle form factor all mitigate accurate isolation of one
more of the Bragg reflections, particularly during the ea
stages of the crystallization at low concentrations~f*ff!.
First, the random stacking smears out all reflections as
from those common to both fcc and hcp structures. Seco
all but the lowest interlayer reflection~$111% in fcc indexing!
tend to be weakened by the particle form factorP(q). In
addition, the main fluid structure factor peak and the smea
$200% reflection have roughly the same location as the int
layer reflection. Third, the close matching of the refracti
indices of the suspending liquid mixture and the partic
effectively precludes measurement ofP(q) with sufficient
accuracy to calculate the structure factorS(q;t), directly
from I (q;t)/P(q). Notwithstanding these difficulties, w
isolate the growth of the$111% reflection by the following
procedures.

Previous work@18# with suspensions similar to those use
here has shown that, in the region ofqm , the static structure
factor of the metastable colloidal fluids can be describ
quite accurately by the Percus-Yevick resultSPY(q) for the
hard-sphere fluid. Accordingly, we estimate the particle fo
factor aP(q) in arbitrary units, by dividing the intensity
I (q;0), measured immediately after shear melting,
SPY(q) at the hard-sphere volume fraction corresponding
that of the sample, i.e.,

aP~q!5I ~q;0!/SPY~q!. ~1!

The contrast factora varied from sample to sample, presum
ably due to small variations in the CS2 to decalin ratio. The
structure factorS(q;t) ~again in arbitrary units! of the crys-
tallizing suspension is then obtained~for t.0! from

S~q;t !5I ~q;t !/aP~q!. ~2!

The quantityS(q;t) represents the structure factor of collo
dal crystal plus fluid over the range of scattering vect
spanned by the detector. From this the Bragg peak is isol
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55 3057CRYSTALLIZATION KINETICS OF SUSPENSIONS OF . . .
between scattering vectorsq1 andq2 ~see Fig. 3! as follows.
To subtract the fluid contribution toS(q;t) the scale factor
b(t) is increased until the functionb(t)SPY(q) first comes
into contact withS(q;t). The scattering vectorq1, where this
occurs, defines one extremity of the Bragg peak. The o
extremityq2 is chosen whereS(q;t)2b(t)SPY(q) is a mini-
mum. The instantaneous Bragg peakSc(q;t) (q1<q<q2) is
then calculated from

Sc~q;t !5S~q;t !2b~ t !SPY~q!. ~3!

Here we assume that the diffuse scattering, due to ran
stacking plus the scattering from the remaining fluid, can
described bySPY(q). One can see from Fig. 1 of Ref.@24#
that the broadband of diffuse scattering from the crystal ha
similar shape to the fluid’s main structure factor peak.

From the Bragg peakSc(q;t), the positionqm(t) of its
maximum, and its widthDq(t) at half maximum, the follow-
ing quantities are obtained. First, the fractionX(t) of the
sample converted from fluid to crystal is calculated from@10#

X~ t !5cE
q1

q2
Sc~q;t !dq, ~4!

where the constantc is chosen such thatX(t f)51 at the
melting concentration~t f520 h is the duration of the mea
surement!. OnceX(t).0.03, we find thatX(t) and the other
moments ofSc(t), defined below, are insensitive to the wid
of the integration window, used in Eq.~4!, and to whether
bSPY(q) or simply a constant is chosen to subtract the
fects of the scattering from the fluid.

Second, the average linear crystal dimension~in units of
the particle diameter 2R! is given by@25#

L~ t !5pK/Dq~ t !R, ~5!

whereK51.155 is the Scherrer constant for a crystal of c
bic shape.

Third, the number density of~average-sized! crystals is

Nc~ t !5X~ t !/L3~ t !, ~6!

and the rate of addition of crystals, which we shall ident
as the nucleation rate density, is given byRc(t)5dNc(t)/dt.

Fourth, it is easily shown that the volume fractionfc(t)
of a fcc crystal is related to the locationqm(t) of the $111%
reflection as follows:

fc~ t !5
2

9p2)
„qm~ t !R…3. ~7!

Since the volume fraction of structures of close-pack
planes is independent of the stacking arrangement, we in
pret fc(t) as the average volume fraction of the crys
phase, which we assume to consist of close-packed pl
with reciprocal spacingqm(t).

Finally, the volume fractionf l(t) of the colloidal fluid in
mechanical equilibrium with the crystal is calculated w
the aid of the equations of state established from comp
simulations for the hard-sphere fluid@26# and crystal@27#.
Then, assuming mechanical equilibrium between crystal
fluid phases to hold during the course of crystallization,
er
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obtain another estimate of the fraction,X* (t), of crystal in
the sample from the requirement

f5X* ~ t !fc~ t !1„12X* ~ t !…f l~ t !. ~8!

III. RESULTS

In the following presentation and discussion of the da
all lengths are expressed in units of the particle diame
(2R) and times in units of the Brownian characteristic tim
tb5R2/D0 ~50.047 s!, whereD0 is the free-particle diffu-
sion constant. We also introduce the~dimensionless! interac-
tion time t I5D21, whereD5D(f) is the long-time single-
particle diffusion coefficient in units ofD0. t I5t I(f)
represents the time taken for a particle to diffuse a dista
equal to its radius.

The quantities defined in Eqs. 4–7 were determined
suspensions at concentrations listed in Table I. In Fig. 2
show the intensitiesI (q;t) spanning the detector window
during the early and most rapid stage of crystallization fo
suspension below@f50.537, Fig. 2~a!# and for one above
@f50.557, Fig. 2~b!# the melting concentrationfm . The ba-
sic features are preserved after form factor division~Fig. 3!,
according to Eqs.~1! and ~2!, and subtraction of the fluid
structure~Fig. 4! according to Eq.~3!. The scattering vectors
q1 and q2 bracketing the Bragg peak are also indicated
Fig. 3. The obvious difference between the widths of t
emerging peaks, seen for the two suspension concentrat
reflects the respective difference in average crystal s
Shifts in the positions of the peaks to lower scattering v
tors, indicating expansion of the crystal lattice, are seen
accompany increases in peak intensities.

Figure 5 shows a typical result for the fraction of cryst
calculated from the area under the Bragg peak by Eq.~4!, as
a function of time, at the suspension concentrationf50.548.
As in other work@11,14#, the initial fast rate of conversion
from colloidal fluid to crystal is attributed to nucleation an
growth, and the slower rate of conversion, seen at lon
times, to coarsening. The procedures by which the induc
time tind and crossover timetcross are determined are als
indicated in Fig. 5. These times are shown as functions of
suspension concentration in Fig. 6.

The broad dynamic range of the crystal growth proces
illustrated more clearly in plots of log10@X~t!# versus log10@t#
shown in Fig. 7. The overall rate of conversion increases
the suspension concentration is increased from 0.530
about 0.55@Fig. 7~a!#, and then decreases with further in
crease of the concentration to 0.575@Fig. 7~b!#. Note also
that, with increasing concentration, the interval whereX~t!
increases most rapidly is preceded by a stage of prog
sively slower conversion which becomes sublinear in time
the glass transition~fg'0.58! is approached. Power-law ex
ponentsm, shown in Fig. 8, were obtained from the slopes
straight lines fitted to the steepest sections of the log10@X~t!#
versus log10@t# plots of Fig. 7.

In Fig. 9 we compare, for a suspension from the middle
the range of sample concentrations, the fraction of crys
X~t!, calculated from Eq.~4!, with that obtained from

X~t!52cE
qm

q2
Sc~q;t!dq. ~9!
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3058 55J. L. HARLAND AND W. van MEGEN
The agreement between the two estimates of the fractio
crystal occupying the sample volume indicates that a
asymmetry of the Bragg peak aboutqm has a negligible ef-
fect. In Fig. 9 we also show the complement 12b~t! of the
amplitude of the fluid structure factorSPY(q) subtracted
from the total structure factorS(q;t) @in Eq. ~3!#, to yield the
structure factorSc(q;t) of the crystal phase. Assuming tha
during the course of conversion of fluid to crystal, the red
tion of light scattered by the fluid is proportional to the i
crease in intensity of the$111% reflection and the increase i
diffuse scattering due to random stacking, then 12b~t! rep-
resents another measure of the fraction of the sample o
pied by crystal. Note thatb and X have been normalized
such thatb~0!51 and, for a sample that is fully crystallized
X(t f)51. Aside from random differences at short times,X~t!
and 12b~t! are proportional, giving further support to th

FIG. 2. Intensities in arbitrary units vs the~dimensionless! scat-
tering vector 2qR shown at 20-s intervals. Consecutive data sets
displaced by 0.08 units. Data are shown for~a! f50.537 and~b!
f50.557.
of
y

-

u-

procedure, described in Sec. II C, used to isolate the Br
peak. The constant multiplicative difference of about 10 b
tweenX~t! and 12b~t! indicates that most of the ‘‘back
ground’’ subtracted, in Eq.~3!, is diffuse scattering resulting
from the random stacking of close-packed layers rather t
scattering from the fluid.

The average linear crystal dimensionsL~t! calculated
from the peak widths via Eq.~5!, are shown in Fig. 10. For
the lowest two suspension concentrations~f50.530 and
0.537! the data suffer from considerable statistical uncerta
ties, particularly at early times, due to poor orientational a
eraging over small numbers of crystals in the illuminat
region. Consequently, it is not possible to specify power-l
growth-rate exponents in these cases. Nonetheless, one
see thatL~t! has increased significantly over the same tim
interval whereX~t!, in Fig. 7~a!, shows its strongest rate o

e

FIG. 3. As in Fig. 2, but now showing total structure factors,
arbitrary units, obtained after division of intensities by particle fo
factors. The window used in the calculation of the moments of
peak is bracketed byq1 andq2. See text for further description.
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55 3059CRYSTALLIZATION KINETICS OF SUSPENSIONS OF . . .
increase. For the sample with concentrationf50.548, close
to the melting value, however, there is an interval where
crystal dimension increases as the square root in time~see
Fig. 10!. The increase inL with time, seen for suspensio
concentrations up to aboutfm contrasts the behavior a
higher concentrations where, during the interval over wh
X~t! shows its sharpest rate of increase, the crystal size
mains virtually constant.

The crystal number densitiesNc~t! @calculated from Eq.
~6!# are shown as functions of time in Fig. 11. These res
reflect more explicitly the change, apparent from the beh
ior of L~t! andX~t!, in the crystallization mechanism tha
occurs around the melting concentration. Both the maxim
rate of addition of crystals and the maximum number
crystals increase sharply, by more than two orders of ma
tude, as the suspension concentration traverses the me

FIG. 4. As in Fig. 3, but now showing crystal structure facto
in arbitrary units, obtained from the total structure factors af
subtraction of scattering by fluid. See text for further details.
e

h
e-

s
v-

m
f
i-
ing

value. Power-law exponentsn, corresponding to the steepe
sections of log10@Nc~t!# versus log10@t#, are shown in Fig. 8.
The maximum nucleation rate densitie
Rmax5„dNc(t)/dt…max and the maximum crystal numbe
densities,Nmax, are shown as functions of the suspensi
concentration in Fig. 12. Average nucleation rate densi
Rav, calculated from the time to reachNmax, are also in-
cluded in this figure.

From the position of the Bragg peak we calculate, us
Eq. ~7!, the time dependence of the average volume fract

,
r

FIG. 5. Fraction of crystal vs time forf50.548. Time is re-
duced with respect to the Brownian time, as discussed in the
Also shown are the induction and crossover timestind and tcross,
respectively.

FIG. 6. Logarithm of characteristic timestind ~d! andtcross~j!
vs volume fraction. The solid line shows the~dimensionless! time
t I5D21, whereD5(12f/fg)

2.6 represents a fit to the measure
@29# long-time single-particle diffusion coefficients. See text f
details.
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3060 55J. L. HARLAND AND W. van MEGEN
fc~t! of the crystal phase. This is shown for the differe
suspension concentrations in Fig. 13. Then, with the aid
the equations of state for the hard-sphere fluid and crys
we obtain the volume fractionfl~t! shown in Fig. 14, of the
fluid in mechanical equilibrium with the crystal. From Fig
7, 13, and 14, one sees that conversion of fluid to crysta
accompanied by decreases in volume fractions of both c
tal and fluid phases. The second estimate of the fractio
the sample occupied by crystal,X* ~t! @Eq. ~8!#, is shown in
Fig. 9.

The initial and final crystal volume fractionsfc~0! and
fc(t f), and initial and final fluid volume fractionsfl~0! and
fl(t f), obtained from Figs. 13 and 14, respectively, are lis
in Table I. An indication that equilibrium has effectivel
been established at the termination of the measurement
the lowest suspension concentrations~f,fm! is evident
from the observation that the crystal volume fraction at
time t5t f is, within experimental uncertainties, equal to t

FIG. 7. Logarithm of the fraction of crystal vs the logarithm
reduced time. Suspension volume fractions are indicated. Po
lawsX;tm are drawn by dashed lines for exponentsm indicated.
t
f
l,

is
s-
of

d

for

e

melting concentration@i.e.,fc(t f)'fm#.
Table II displays the timest~Ẋmax!, t~Ṅmax!, andt~ḟmax!

where we find the maximum rate of crystallization, the ma
mum rate of addition of crystal, and the maximum rate
crystal lattice expansion, respectively. Due to experimen
errors, mentioned above, any differences between th
times are probably not significant for the lowest two susp
sion concentrations. However, forf>0.548, errors in these
times are down to about 3%, and the significance of
differences between them will be discussed below.

Finally, from the crystal number densitiesNc~t! ~Fig. 11!,
and the concentrationfl~t! ~Fig. 14!, of uncrystallized sus-

er

FIG. 8. Power-law exponentsm and n vs volume fraction, for
the fraction of crystalX(t);tm ~j! and number of crystals
Nc(t);tn ~d!.

FIG. 9. Logarithm of the fraction of crystal, estimated by met
ods indicated, vs the logarithm of reduced time forf50.557. See
text for details.
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pension in mechanical equilibrium with the crystal, we elim
nate t to obtainRc(f l). The latter quantity expresses th
nucleation rate densities, shown in Fig. 15, in terms of
actual prevailing concentration of colloidal fluid. This e
pression of the nucleation rate is arguably more meanin
than maximum nucleation rate densities expressed as f
tions of the total suspension concentration~shown in Fig.
12!. For f&fm the estimated total errors inRc(f l), due to
accumulation of experimental errors and possible system
errors in readingfl from the equations of state, are too lar
to obtain meaningful results by this procedure.

FIG. 10. Logarithm of the average linear crystal dimension~in
particle diameters! vs the logarithm of reduced time. Suspensi
volume fractions are as indicated in Fig. 7. The dashed line in
cates the power lawL;t (0.5).

FIG. 11. Logarithm of the number density@in units of (2R)23#
of average sized crystals vs the logarithm of reduced time. Sus
sion volume fractions are as indicated in Fig. 7. The dashed lin
the power lawNc;tn for n53.
e

ul
c-

tic

IV. DISCUSSION

A. Intensities and widths of Bragg peaks

We begin with a discussion of the features inferred fro
the intensities and widths of the Bragg peaks. The bro
features of the crystallization processes that occur in th
hard-sphere suspensions are displayed in Fig. 7. The in
tion and crossover times~tind and tcross shown in Fig. 6!,
which may be interpreted, respectively, as the time at wh
nucleation commences and the time for the completion

i-

n-
is

FIG. 12. Experimental maximum crystal number densit
Nc~max!, ~1!, maximum nucleation rate densitiesRmax ~d!, and
average nucleation rate densitiesRav ~s!. Also shown are nucle-
ation rate densities calculated from Eq.~10! for g50.65 ~dashed
line! and g50.50 ~solid line!. Nucleation rate densities are in d
mensionless form, in units ofD0(2R)

25.

FIG. 13. Volume fraction of the crystal phase,fc~t!, vs loga-
rithm of the reduced time. Suspension concentrations are as
cated in Fig. 7.
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3062 55J. L. HARLAND AND W. van MEGEN
crystallization, quantify previous observations@28# that the
crystallization rate varies nonmonotonically with the susp
sion concentration, between freezing and the glass transi
with a maximum rate occurring around the melting conc
trationfm . Note also that as the glass transition concen
tion fg is approached,tind and tcross scale approximately
with the inverse of the long-time single-particle diffusio
coefficient@29#. For the purposes of the following discussio
we define the~concentration! quench depth by the quantit
D5(f2f f)/(fm2f f), so thatfm is the concentration tha
delineates shallow~D,1! from deep~D.1! quenches.

In Figs. 7 and 11 three stages of fluid to crystal conv
sionX~t!, and crystal additionNc~t!, can be identified:~i! an
initial relaxation stage which becomes slower with incre
ing suspension concentration;~ii ! a fast stage of conversion
associated with nucleation and growth, that crosses ove

FIG. 14. Volume fraction of the fluid phase,fl~t!, vs logarithm
of the reduced time. Suspension concentrations are as indicat
Fig. 7.
-
n,
-
-

-

-

to

~iii ! a stage of much slower conversion that might be ide
fied with coarsening. We discuss each of these stages in

~i! As the suspension concentration is raised an incre
ingly prominent slow stage of conversion~Fig. 7! and crystal
addition~Fig. 11! precedes the stage of rapid nucleation a
growth. We attribute this slow stage to the relaxation of
sidual shear-aligned structures formed during tumbling of
samples. It seems plausible that, with increasing suspen
concentration, dissipation of any strongly asymmetric, a
therefore thermodynamically unstable, structures beco
slower and competes increasingly with the process of ho
geneous nucleation. In colloidal glass~f.fg! these shear-
aligned structures appear to remain partly intact, and seed
growth of quite large and irregularly shaped crystals@23#.

~ii ! From Fig. 7 one sees that, at least over a limit
interval, the stage of most rapid crystallization can be

in
FIG. 15. Nucleation rate densityRc(f l) vs actual volume frac-

tion of the fluid phase. Suspension concentrations as indicate
Fig. 7. Vertical lines indicate error estimates.
g
n
tions

e charac-
TABLE II. The first column shows the sample concentrationsf; t~Ẋmax!, t~Ṅmax!, andt~ḟmax! are, respectively the times correspondin
to the maximum rate of crystallization (dX/dt)max, the maximum rate of nucleation (dNc/dt)max, and the maximum rate of reductio
2(dfc/dt)max of the concentration of the crystal phase.~Errors in the stated times are about 3% for all except the lowest two concentra
where they are about 20%!. The fifth column lists the time differencesdt5t~Ẋmax!2t~ḟmax!, and the last column lists the timest I5D21

required for a particle to diffuse a distance equal to its radius; the diffusion coefficient is given by the expressionD5(12f/fg)
2.6, which

fits the measured long-time single-particle diffusion coefficients. The times shown here are expressed in units of the free-particl
teristic Brownian time~see Sec. IV A for further details!.

f t~Ẋmax! t~Ṅmax! t~ḟmax! dt tI

0.530 6.93104 4.13104 5.83102

0.537 1.13104 1.03104 1.13104 8.73102

0.548 4.53103 3.53103 4.03103 4.63102 1.83103

0.553 4.53103 4.33103 3.23103 1.43103 2.93103

0.557 5.13103 4.93103 4.13103 9.43102 4.43103

0.561 8.13103 7.93103 6.43103 1.83103 7.23103

0.565 1.33104 1.33104 9.63103 3.73103 1.33104

0.570 3.73104 3.73104 3.13104 6.53103 3.83104

0.575 2.13105 1.63105 5.33104 2.33105
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scribed by a power law, i.e.,X~t!;tm. The growth exponents
m shown in Fig. 8 range from about 4, at the lowest conc
trations studied, to around 2 as the glass transition is
proached.

For shallow quenches~f,fm or D,1! @Fig. 7~a!# the fast
increase inX~t! is accompanied by a significant increase
the average linear crystal size,L~t! ~Fig. 10!. As discussed in
Sec. III, experimental noise does not allow us to specify
power-law growth exponents forL~t! at the two lowest con-
centrations,f50.530 and 0.537.

SinceX(t)5L3(t)Nc(t);tm andm'3 for f50.530 and
m'4 for f50.537, one obtains, by assuming constant nuc
ation rates, crystal growth exponents of about 0.7 and
respectively. These exponents agree with those obta
from small angle scattering on suspensions of the same
ticles@30#. However, the assumption of a constant nucleat
rate cannot be justified on the basis of our data, and
possibility of accelerated nucleation along with more
tarded crystal growth laws cannot be precluded for the lo
est two suspension concentrations studied here. Indee
the slightly higher concentration,f50.548 ~sample J2!,
where the data permits better resolution of the peak widt
early times, growth is slower and sublinear@L~t!;t1/2# ~Fig.
10! and the accompanying nucleation~Fig. 11! is clearly
accelerated. Whether this sublinear growth applies to an
lated crystal can obviously not be discerned by means
these or, for that matter, small angle, scattering experime

At still higher concentrations~f*0.55!, or deeper
quenches~D.1!, the observed crystallization is qualitative
different. The smallest crystal size detected,L'20, remains
virtually constant over the time interval whereX~t! @Fig.
7~b!# shows its strongest rate of increase, suggesting
crystallization is dominated by nucleation. Moreover, as
dicated by the fact that the power-law exponents exc
unity, nucleation is accelerated:X(t);Nc(t);tn, with n.1
~see Figs. 8 and 11!. The approximate agreement betwe
the maximum and average nucleation rate densitiesRmax and
Rav at the higher suspension concentrations~Fig. 12! sug-
gests that crystallization proceeds by the appearance of c
tals in a burst. This sudden appearance of large numbe
nuclei, separated by regions of fluid that extend only ab
20 particle diameters, seems to be responsible for supp
ing significant crystal growth.

~iii ! At the longest times the combination of the slo
increase in the average linear crystal dimensionL~t! ~Fig.
10!, and slow decrease in the number of crystalsNc~t! ~Fig.
11!, indicates coarsening of large crystals at the expens
smaller ones. However, the intensity of the Bragg reflect
continues to increase, albeit at a much slower rate, to the
of the measurement. In addition, we find that the power-
growth exponents associated with the increase in crystal
at long times~Fig. 10! range from about 0.005 to about 0.
These values are smaller than 0.5, predicted for the clas
coarsening process of crystals in contact@31#. These features
suggest the existence of processes other that coarsening
explanations are offered here.

First, due to the polydispersity, which is about 5% for t
particles used in these experiments, some compositi
change may occur as the particles from the middle of
particle size distribution are preferentially accommoda
into nuclei and growing crystals. Indeed recent Monte Ca
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simulations by Bolhuis and Kofke@32#, who computed the
coexisting solid-fluid phase boundaries for hard spheres w
continuous and symmetrical particle size distribution
showed that the solid phase has a lower polydispersity t
the fluid. For a system with an average polydispersity of 5
the difference in polydispersity of coexisting fluid and so
phases was found to be about 1%. Although the fractiona
required to attain this small difference in composition m
pose a negligible kinetic impediment during initial nucl
ation and growth, ensuing growth may be strongly hinde
due to the need for increasingly significant particle re
rangements as an increasing fraction of dissimilar partic
becomes trapped in the regions between the crystals.
slow ongoing growth will contribute to the intensity of th
Bragg peak, but it may also delay the onset of coarsenin
crystals in contact and obstruct its progress. While the larg
power-law exponents extracted here from the long-time
havior of the average crystal size are smaller than predic
by the classical coarsening model, the increasing slope
log10@L~t!# versus log10@t# seen at long times~in Fig. 10!
also suggest the possibility that the classical coarsening
cess has not been attained during the period of observa

Second, recent measurements imply@33# that the extent of
random stacking slowly decreases when these colloidal c
tals are left undisturbed for long periods. The gradual red
tion in stacking faults as the stress on the crystals is rela
~see Fig. 13! will increase the fraction of close-packed plan
and, as seen in Fig. 7, gradually increase the intensity of
corresponding Bragg reflection. Our detector window w
too narrow to observe the other signatures associated
random stacking effects@24,33#.

In Fig. 7~a! one sees that the fraction of crystal,X(t f),
present at the termination of the measurements incre
with increasing suspension concentration. This increase
X(t f) is consistent with the increasing equilibrium fractio
[(f2f f)/(fm2f f)] of crystal expected for samples wit
concentrations~f50.530 and 0.537! between the freezing
and melting values. Recall thatX~t! has been normalized s
thatX(t f)51 for f50.545. However, as the suspension co
centration is increased@Fig. 7~b!#, X(t f) continues to in-
crease to a maximum value, given by log10„X(t f)…'0.3 at
f50.561. Since we have already concluded that crystall
tion is dominated by nucleation at the higher concentratio
a corollary to the suggestion of the preceding paragrap
that fewer stacking faults are formed during nucleation th
during growth. Current work is aimed at addressing this
sue. Beyond the concentrationf50.561, log10„X(t f)…, de-
creases, presumably due to the rapidly slowing particle
fusion as the glass transition is approached@22,29#.

B. Peak positions

In this section we discuss the behavior determined fr
the position of the Bragg peak. Figures 13 and 14 indic
that in all cases the volume fractions of the crystal phase
the fluid phase decrease monotonically with time. Since
total volume of suspension is fixed, a decrease in the volu
fraction of the fluid is expected to accompany the format
of a solid phase that is more densely packed than the fl
The reduction infl produces a decrease in the~normal!
stress on the crystals and allows them to relax. From th
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3064 55J. L. HARLAND AND W. van MEGEN
results and Table I, one observes that for samples whose
concentrations~f50.530 and 0.537! are below melting,
f l(t f) andfc(t f) coincide, within experimental error, with
the freezing and melting concentrationsff~50.494! and
fm~50.545!, respectively, of the hard-sphere system. Th
at the termination of the measurement~t f520 h!, these sus-
pensions have phase separated into crystal and fluid in e
librium. For f.fm one expects, at equilibrium, a cryst
phase with volume fraction equal to that of the sample. Si
t f is the same for all experiments, the increasing differe
fc(t f)2f between the volume fraction of the crystal pha
at t5t f and the~total! volume fraction of the sample~i.e., the
difference betweenf andfc(t f) in Table I! indicates a pro-
gressively slower approach to equilibrium as the suspen
concentration is increased.

One also sees, from Table I, that the volume fractions
the first identified crystals are significantly higher than t
total volume fraction of the suspension. In fact, the init
crystals have a volume fraction greater than the volume f
tion at melting [fc(0).fm], even when the~average! sus-
pension volume fraction is less than the melting value.
comparing the values forf andfl~0! ~Table I!, one notices
that, for shallow quenches, the volume fraction of the fluid
mechanical equilibrium with the crystal is significantly le
than that of the suspension, i.e.,fl~0!,f. Bearing in mind
that when the Bragg peak can be first identified with con
dence only a few percent of the suspension has actually c
tallized, the picture that emerges is one where the crystals
encapsulated by a region of fluid of lower concentration th
the average suspension concentration. As discussed rec
by Ackerson and Scha¨tzel @11,12#, a depletion zone develop
during the growth of crystals in the coexistence region
systems, such as hard spheres, where there is a signifi
concentration difference between~equilibrium! crystal and
fluid phases.

Note also from Table II that, forf50.548, t~Ṅmax!
,t~Ẋmax! andt~Ẋmax!'t~ḟmax!. It is evident, therefore, tha
nucleation precedes crystal growth, but that lattice expan
occurs at the same time as crystal growth.~Experimental
uncertainties prevent quantitative comment for the low
two concentrations!.

For shallow quenches our observations, along with
small angle scattering studies in Refs.@11# and@30#, suggest
that solidification proceeds by the formation of isolated n
clei and crystal growth. The results suggest further that
varying degrees, growth is limited by diffusion of particles
the crystal-fluid interface, and that growth is the domina
mechanism by which fluid is converted to crystal.

Continuing the discussion of Figs. 13 and 14 and Tabl
for deep quenches, one sees that, forf.0.55,fl~0!'f, i.e.,
the volume fraction of the fluid in pressure balance with
crystal phase is almost identical to the~total! volume fraction
of the suspension. Thus, if the colloidal crystal and flu
phases obey the equations of state predicted for the h
sphere system, a premise supported by the equilibrium p
behavior observed for these suspensions~see Sec. II A, and
Refs.@6# and@16#!, these results indicate that the first crysta
observed are effectively in mechanical equilibrium with t
fluid. However, when comparing~in Fig. 9! the estimates of
tal

,

ui-

e
e

n

f

l
c-

y

-
s-
re
n
ntly

r
ant

n

t

e

-
o

t

II

e

rd-
se

the fraction of crystal,X~t!, obtained directly from the Bragg
peak intensity@Eq. ~4!# andX* ~t!, based on the assumptio
of mechanical equilibrium between fluid and crystal pha
@Eq. ~8!#, one notices thatX~t! lagsX* ~t! slightly.

From Table II one sees that for deep quenches, si
t~Ẋmax!'t~Ṅmax!, crystallization and nucleation occur to
gether. However,t~ḟmax!,t~Ẋmax!, i.e., nucleation lags lat-
tice expansion. A possible picture suggested by these ob
vations is that the concentration gradients, produced in
colloidal fluid in the wake of nucleation, relax prior to fur
ther nucleation. The time intervals ~Table II!
dt5t~Ẋmax!2t~ḟmax! are significantly smaller than the time
t I required for a particle to diffuse a distance equal to
radius. The timesdt may be sufficient, however, for the re
laxation of concentration fluctuations of wavelength comp
rable to the estimated average surface to surface dista
about 20 particle diameters, between the nuclei. We note
for suspensions of hard-sphere particles, the collective di
sion coefficient characterizing relaxation of concentrat
fluctuations on this scale is almost independent of the c
centration@34#.

The nucleation rate densities are shown in Fig. 15
each suspension concentration~f.0.55! as functions of the
prevailing ~average! fluid concentration. A reasonable coin
cidence of the nucleation rates is obtained for colloidal flu
concentrations,fl , from about 0.535 to about 0.555, for th
four samplesJ3–J6. Thus, during the initial stages of nucle
ation, pressure balance between crystal and fluid appea
be maintained, and the nucleation rate is independent of
initial suspension concentration. At the highest two susp
sion concentrations initial nucleation is more strongly su
pressed than at lower concentrations by relaxation of
sheared fluid. As nucleation proceeds, the time lags betw
the nucleation and relaxation of crystal and fluid concen
tions, discussed in the preceding paragraph, translate~via
Fig. 14! into the diverging nucleation rates, seen in Fig. 1
when the fluid concentration falls below about 0.535.

C. Effects of polydispersity

As mentioned in Sec. IV A, Bolhuis and Kofke@32# re-
cently explored the freezing-melting transition of assemb
of hard spheres with continuous particle size distributio
PSD’s by means of Monte Carlo computer simulation. Th
found that polydispersity alters the volume fractions of t
coexisting solid and fluid phases; for a system with an av
age polydispersity of 5% the freezing and melting volum
fractions increase, respectively, from 0.494 and 0.545,
values for the one-component hard-sphere system, to a
0.502 and 0.550~as read from Fig. 3 of Ref.@32#!. Therefore,
one could argue that in order to allow for the effects of t
5% polydispersity, estimated for the suspensions used h
the stated effective hard-sphere volume fractions should
multiplied by the factor 0.502/0.494. However, to facilita
comparison with previous studies of the particle dynam
and the glass transition@22#, which were performed on the
same suspensions as the crystallization studies reporte
this paper, we refrain from applying this multiplication her

In another recent experimental study@35# the particle dy-
namics and crystallization kinetics were compared for s
pensions of hard-sphere PMMA particles with polydisper
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ties of 6% and 11%. However, the broader PSD w
negatively skewed rather than symmetrical, as used in
computer simulations@32#. No appreciable difference in th
equilibrium phase behavior was found between the two s
pensions and, when the volume fractions were scaled by
one-component hard-sphere freezing volume fraction, as
lined in Sec. II A, no significant differences in the partic
dynamics nor the location of the glass transition were
served. The only significant difference in the observed
havior of the two suspensions was that crystallization in
more polydisperse system was about ten times slower.
reduction in the crystallization rate was rationalized in ter
of a fractionation process in which the smaller particles
ejected from the nucleating and growing crystals@35#.

The experiments in this paper and those on Ref.@35#,
along with density functional theory@36# and computer
simulation @37#, which predict partial demixing on solidifi
cation of a binary mixture of hard spheres when the diff
ence in radii exceeds about 6%, and complete demix
when the difference is 15% or more, suggest the follow
scenario for the crystallization process of polydisperse s
pensions. When the polydispersity is small, say less t
about 5%, the fraction of particles that cannot be incor
rated into the crystal phase is small and, as conjecture
Sec. IV A, only growth at late stages, when the final comp
ment of crystal is close to being attained, and coarsening
likely to be impeded by the need to eject particles from
extremities of the PSD. However, in systems with sign
cantly larger polydispersity there will be an increasing
quirement for fortuitous composition fluctuations to occur
concert with concentration fluctuations in order to form n
clei and effect growth. The symmetry of the PSD is a
likely to play a significant role. It is not difficult to appreciat
that a polydisperse system in which the PSD is negativ
skewed is more favorably disposed to crystallization, in
netic terms, than those with an equivalent but positiv
skewed PSD. The issue of polydispersity is interesting
important, and we are presently engaged in a system
study of the influence of polydispersity on the particle d
namics and crystallization kinetics.

D. Classical nucleation theory

The classical theory of nucleation@4,5#, recently reformu-
lated for hard spheres@38,39#, gives the following result for
the nucleation rate density:

Rclass5Af5/3D expF2
4p3g3

27f2Dm2G ,
whereg @in units of kT/(2R)2# is the surface tension of th
fluid-crystal interface,Dm ~in units ofkT! is the difference in
the chemical potential between the crystal and fluid pha
A is a dimensionless factor, andD is the particle diffusivity
relative to the free-particle diffusion constant,D0. In evalu-
atingRclasswe calculateDm from the equations of state of th
hard-sphere crystal@26# and metastable fluid@27#. For the
dimensionless diffusivity we use the expressi
D5(12f/fg)

2.6 which fits to the long-time single-particl
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diffusion coefficient measured on metastable fluids of th
particles @29#. The constantA and the surface tension ar
treated as free parameters.

Rclass is shown in Fig. 12 for two values ofg with
A50.01. SinceRclassfollows the data for values ofg that fall
in the range of current theoretical and computational e
mates for the surface tension of the fluid-crystal interface
hard spheres@40#, it seems that nucleation in hard-sphe
suspensions can be described by classical nucleation the
It should be mentioned, however, that the theoretical e
mates ofg apply to planar interfaces separating fluid a
crystal in equilibrium. The extent to which these estima
apply to the curved interfaces and the nonequilibrium con
tions that prevail during the crystallization process is n
clear.

With the aid of Fig. 12 it is not difficult to appreciate
possible mechanism for the accelerated nucleation see
Fig. 11. When the colloidal fluid is quenched to a concent
tion to the right of the maximum inRmax versusf, the nucle-
ation of crystals more compact than the fluid results in
reduction in the concentration of the remaining fluid~Fig.
14! in which, according to Fig. 12, the nucleation rate
greater than in the original fluid. Thus nucleation is a po
tive feedback process forf*fm .

Caution must be exercised, however, in interpreting
above as confirmation of classical nucleation theory, c
tainly at the higher suspension concentrations. First,Rclass is
very sensitive to the details of the equations of state and
Fig. 12 illustrates, to the value ofg. Second, if the nucleation
could be described by the formation of isolated nuclei, o
would expect to find the nucleation rate density to be
unique function of the concentration of the fluid,fl , and
independent of the total suspension concentration,f. For
deep quenches the results of Fig. 15 show this not to be
case in general. Rather than independent nucleation ev
the time lags between lattice expansion and nucleation
the accelerated nucleation suggest that nucleation events
served here are strongly coupled.

E. Small angle light scattering

Small angle light scattering~SALS! has also been used t
study the crystallization kinetics of suspensions of PHS
stabilized PMMA particles@11,30#. In these latter studies
tetralin instead of CS2 was mixed with decalin to achiev
refractive index matching of particles and suspending liqu
However, previous work with these suspensions@16# indi-
cates that this difference in solvent has no effect other tha
change in the solvent viscosity. In SALS the amount of cr
tal and the crystal size are obtained from the maximum
tensity I m and the positionq1/2 of the low angle peak@11#.
This method gives the strongest signal at low suspens
concentrations~f&fm! where scattering arises from larg
isolated crystals but then the signal deteriorates for conc
trations above the melting value. SALS therefore comp
ments the Bragg angle scattering employed here, whic
clearly most reliable at higher concentrations~f*fm! where
scattering emanates from large numbers of randomly
ented crystals.

In the concentration range, from about 0.53 to about 0.
where the two techniques overlap, significant similarities c
be inferred from the respective results. In SALS, nucleat
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and growth are identified with an initial sharp increase inI m .
This intensity increase is accompanied by a significant
crease inq1/2 for f<0.545, but it remains almost constant f
higher concentrations. The crystallization mechanism in
cated by these observations is crystal growth that is gene
sublinear~diffusion controlled!, accompanied by a constan
rate of nucleation below the melting concentration, and
celerated nucleation with comparatively suppressed cry
growth above melting. Crossover from nucleation a
growth to coarsening can be identified at times,tcrossthat are
in agreement with those obtained here.

An important difference between the two techniques
that Bragg scattering is sensitive only to those regions, w
average linear dimensionL, of an imperfect crystal or poly-
crystal that satisfy the Bragg condition, and the scatte
intensity is proportional toL3. In SALS the scattered inten
sity is proportional to the square of the volume of the wh
polycrystal. For these reasons the behavior observed in
coarsening regime, at long times, differs for the two a
proaches. Where the Bragg peak intensityX~t! increases
monotonically~see Fig. 7!, I m obtained in SALS show sig
nificant dips fort.tcrossbefore increasing in a manner that
consistent with coarsening. These intensity dips have b
attributed to the breakup of crystals along grain and fa
boundaries under the action of gravitational stresses.

F. Computer simulation

Computer simulation provides a view on microscop
length and time scales that is often inaccessible experim
tally and, since the first discovery of a nucleation event
Mandell, McTague, and Rahman@41#, numerous molecula
dynamics simulations have explored the process of homo
neous nucleation in undercooled liquids of simple ato
@42#. In more recent simulations@43,44# it has been possible
to delineate the formation of a critical nucleus from the on
and completion of rapid growth. For shallow quenches
nuclei are compact, and the time lag between nucleation
growth, signaled by the release of latent heat, decreases
quench depth. These features appear to be in accord
classical theory. For deep quenches, however, the cri
nuclei have a ramified, or some other thermodynamica
unstable, structure@42#. The times to nucleation and comple
tion of growth are independent of the quench depth, but
time interval from nucleation to the commencement
growth decreases with quench depth@42#. In addition, the
single-particle diffusion coefficient shows only a weak te
perature dependence. These findings for deep quenches
not be reconciled in terms of classical theory, and the ex
nation given for the appearance of unstable critical nu
and the increasing time lags is that nucleation is influen
by an underlying spinodal@43,45#.

It may be tempting to relate the departures from class
nucleation theory, observed for deep quenches, in comp
simulations with those in these hard-sphere suspensi
However, there are important differences. First, while
occurrence of strongly coupled nucleation events, obser
here forD.1, may be symptomatic of spinodal behavior,tind
and tcross ~Fig. 6! scale with the inverse of the diffusio
coefficient, which is a strong function of the quench dep
This suggests that the slowing down in nucleation, obser
-
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in the present work, is associated with the slowing of diff
sion as the glass transition is approached rather than cri
slowing. Second, we cannot identify a time lag betwe
nucleation and growth because, for deep quenches we
growth suppressed by very high nucleation rate densit
Third, the number of particles in the first identifiable crysta
is of order 1000, whereas the critical nuclei seen in the sim
lations are composed of tens of atoms.

Finally, we should point out that we associate the fi
identifiable feature that discerns itself from the fluid structu
with the interlayer reflection from close-packed planes.
this sense we essentially preclude potential identification
the ramified structures@42#, and possibly other thermody
namically unstable precursors@46#, found in computer simu-
lation studies. Current experimental work that explores cr
tallization kinetics over a much broader spatial window th
that used in the experiments reported here has so far faile
give any tangible evidence for the existence, although po
bly transient, of structures other than close packed.

V. CONCLUSIONS

Crystals in suspensions of particles with hard-sphere-
interactions consist of randomly stacked close-packed lay
Between freezing and the glass transition, crystallization p
ceeds by homogeneous nucleation. From the moments o
interlayer reflection we calculate the amount of crystal,
average linear crystal size, the number of crystals, and
average volume fraction of the crystal phase as function
time. In contrast to previous studies, crystal nucleation a
growth rates are obtained free from any assumptions c
cerning their time dependencies.

For shallow quenches we find that crystallization pr
ceeds by nucleation and growth. Moreover, a slight time
between nucleation and fluid to crystal conversion points
the classical picture of sequential nucleation and growth. O
findings for shallow quenches are compatible with those
SALS studies on suspensions of particles similar to th
used here.

For deep quenches we find several interesting featu
First, crystal growth is suppressed by high nucleation ra
In addition, we observe nucleation rates that are acceler
rather than constant as is generally assumed. Second
concentrations of the fluid and crystal phases decrease m
tonically during the crystallization process. Third, the fir
identifiable crystals are in mechanical equilibrium with t
fluid, and strongly compressed by it. Relaxation of the cr
tal lattice slightly precedes subsequent nucleation; we sp
late that continued nucleation requires relaxation of conc
tration fluctuations induced in the fluid by prior nucleatio
events.
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